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Abstract
In the theory of linear second order differential equations of Jacobi
form
y" = q(t)y, (@)

where g € C2(J), the associated linear second order differential equation
of Jacobi form and associated linear second order differential equation
with parameters o, # € R are considered together with equation (q).
The associated equations are used in the theory of dispersions and phases
of equation (q). In this paper we will extend the notions of the first
associated equation and the associated equation with parameters o, f to
the equation (q) to the case of the linear second order differential equations
of Sturm form

(e()y') —a(t)y =0 (pa)

and to equations of general form ;
y" +a(t)y’ +b(t)y =0. (ab)
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128 Jitka LAITOCHOVA

1 Introduction

We will deal with homogeneos second order linear differential equations
(p()y')Y —q®)y=0 resp. ¥y’ —q(t)y=0 resp. y"'+a(t)y +b(t)y=0,

where the first equation is called of Sturm form, the second one of Jacobi form
and the third one of general form. We will define the associated equation with
parameters o, f € R to each of them. Then the first associated equation is
obtained by a special choice of parameters «, 8. The results are summarized in
two theorems.

The first associated equation and the associated equation with parameters
to the equation (q) were introduced in [1], [2].

A mapping of the space of solutions of the equation (ab) resp. (q) onto the
space of solutions of the equation

YY"+ AR)Y' + B(t)Y =0 (AB)
resp.
Y =Q®)Y, (Q
which is given by the formula
Y(t) = a(t)y + )Y,

a, B € C3(J), where y is a solution of (ab) resp. (q), shows a context to
the associated equation with parameters «, 3 € R resp. of the first associated
equation. The mapping was studied for example in [3], [4], [5], [6]. While in [5]
the coefficients A, B of the differential equation (AB) depending of the functions
a, B and the coefficients a, b of the equation (ab) are determined in respect of
the above mentioned mapping, we will deal both with the problem to find the
solution of (AB) in the form

o o %),

where o, B € R and p = p(e, B, a,b, A) and with the problem to find an explicite
formula for the coefficient B of the equation (AB) for a given coefficient A.

An analogous problem is solved also in the case of the equation (pq) of Sturm
form.

2 Linear second order differential equations of
Sturm form

Theorem 1 Consider two homogeneous linear second order differential equa-
tions of Sturm form

(p(t)y')' — q(t)y =0, _ (pq)
(PRY')Y — Q)Y =0, (PQ)
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where p,q, P € Co(J), p#0, P #0. Let o, f € R be parameters, o?+ 6% >0.
Let

K=ﬂ2q—a2%¢0 (1)

fort € J. Let

q 1 1/ K\ P/P K\? a\' P
—dp_Zprn__|(pt L B )
@=,P-3P 2( ) Ta\PtE A\y) 7 @
Then Q € Co(JT).
Let y € (pq) be a solution of the differential equation. Then the function

Y = play + Bpy’) ©))

1s a solution of equation (PQ), where the multiplier p is given by the formula

c
P —— 0
IP(Bg - =)
and ¢ € R s an arbitrary constant.

Proof In the interval J we search for a function p = p(¢) so that the function Y
given by equation (3) for any solution y € (pq) and parameters &, 3, a®+4% > 0,
is a solution of the equation (PQ) for a given coefficient P € C2(J).

By consecutive differentiation and by the help of (pq) we get

Y' = pllay+Bpy')+ play’ + Bey),

PY’

Il

Pp'(ay+ Bpy') + Pp (%py’ + ﬂqy) , (5)

and

Qv = (PY')
P'p'(ay + Bpy') + Pp'"(ay + Bpy') + Pp'(ay’ + Bay)

+ P'p(ey’ + Bay) + Pp'(ay’ + Bay)

+ Pp

1\’ «a
a (—) py' + —qy+PBa'y + ﬁqy’] :
p p
After a rearrangement we have
(PY') = P'p'(ay+Ppy) + Pp"(ay + fpy)

+ PP%(ay + Bpy') + 20'[P(ay’ + Bay)]

1 !/
a (;) py + Bd'y

L

+p {P’(ay’ +Bqy) + P
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where

{P'(ay’ +Bqy) + P la <1—1)) Yy + Bq”y}} =a (—g) py' + B(Pq)'y.

If we substltute mto (PQ) terms (3), (5) and (6) we get
0= (PY') —
= (aPp' + aPp” +agPp+2BqPp'+ ﬂqP’p + ﬁq’Pp - aQp)y
+ (85P"p' + BpPp" + PaPp+ 2aPp + aP'p— a&P BrQp)y'-

This ldentl’cy is valid for any solutlon Y€ (pq) provxded the coefficients of y and
Y’ are identically zeros . ¥

aP'p +aPp+al Pp + 2ﬂqu + ﬂqP’p + py’ Pp—aQp=0,
BpPp" + BpPp" + BePp + ZaPp +aP'p— a;P —BpQp =10

I we multiply the first equation by ﬂp,énd the second one by « and subtract
them we get after'a rearrangement .,

pf_(2,32qu - 2a2Py+p ()??’qu’ + 3?¢'pP — ’P' + 02%P) =0
and dividing by p we have ..

"2p'PK + p(P'K + PK') = 0.

According to (1) we get

¢ __LPKY -
p 2 PK’ o
and therefore 1 '
=c R
P IPK|

where ¢ € R is an arbitrary constant. Thus formula (4) holds.

Transformation (3) assigns multiplier p given by (4) to any coefficient P €
C2(J). The equation (PQ) yields that the coefficient @ is determined by the
equation.

. We will show now how to calculate the coefficient using functions p and p’.
From (PQ) we get by the help of (6) and (3) that
PYI ! Pl / P /!
Q = ————( ) = =r + — il + = P
Y p PP

= M 2p P(ay + fgy) | o(5)py +B(Pa)'y
p ay+Ppy ey + Apy ’

®)
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Substituting (7) for p'/p we get
2p' P(ay' + Bay) a(%)’l’yl + B(Pq)'y
p  oy+pBpy ay + fpy’
_P'Play +Bgy) P4 +*L Play + By)
P oay+fPpy  Fq—o’; oy+Ppy

o~ Bypy + B(P'g+ Pg)y  afPakz +4'})

+ =
ay + fpy’ al — %
Since —'”— + P Qp— we calculate by the help of (7) that
7 !
_, 1 18%¢ + oL
Py = (“'2‘1)'»0 2WPP

F2q—a?l 2 B2q—a?l

. (_1,,7_ 1E_zj_ip) ;
2q — a2t :
2 2 ﬁ g—a’;

204 2p" 32,0 1 2B
_ |-l (ﬂ_q:f__> p_zf’_q_ﬂ_pz,y},,
P

Therefore
7 7
(Ppy)’ _ _lpu__ ﬁ2ql+a2% P
P 20 2\ fq-a?;
4 v 2
IR PV OV i o)
2 B2 —a?l \2P 2 p%—a’l

1y 2 '
P{p B +a’l\ Plgks +4'3)
P B —atl ~P+ ,8—1—_—@"

Therefore formula {2) holds. The assumptions on coefficients p, ¢, P and condi-
tion (1) imply Q@ € Co(JT).

Definition 1 The differential equation (PQ) with a given coefficient P € Co{J)
and coefficient () given by (2) is called the associated linear differeniial equation
with paramelers «, § € R to linear differential equation {pq).
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Special cases:
1. Let p(t) = P(t) =1, a® 4+ % > 0. Then equations (pq) and (PQ) are of
Jacobi form. Transformation (3) is of the form
Y = p(ey + By')
and with multiplier p, which is given in this case by the formula
1

p= e
V0a? — %]

transforms a solution y of the differential equation (q) into a solution Y of the
differental equation (Q), where

1 2 1 3 4,12 !
Q) =qt)+ 35 azﬁ_qﬁg?(tj t1 [a2ﬁ—qﬁ251t()t)]2 e = gz)q(t)’

It is the associated equation with parameters ¢, 3 according to the differential
equation (q) (see [2]).
2. Let p(t) = P(t) =1, @« =0, § = 1. Then transformation (3) is of the form

Y =py

with multiplier p
1

p=c—=,
Vil

and it transforms a solution y of the diferéntial equation (q) into a solution Y

of the differential equation (Q) with coefficient

. 1¢"(t)  34°(t)
V=103 Yo

It is the first associated equation according to the differential equation (q) (see

).

3 Linear fse¢ond order differential equation in
general form

Theorem 2 Consider two homogeneous linear second order differential equa-
tions in general form
y" +a(t)y +b(t)y =0, (ab)
Y"+ A®t)Y' + B(t)Y =0, (AB)
‘where a,b, A € C2(J). Let o, € R be parameters, o® + 2 > 0. Let

2; T o?
L = f%e” + Z(# 0),
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where . :
I= / a(t)dt ©)
to
and ty € J is an arbitrary number.
Let

1L" 3L7% ot 1,
5T "1zt Tt (10)

Then B € Co(J).
Let y € (ab) be a solution of the differential equation. Then the function

Y = p(ay + Bey) ‘ (11)
is a solution of (AB) with multiplier p
1 1/
p=——————exp |~ A(t)dt ), (12)
|62be + 2| to

where to € J is an arbitrary number.

Proof In the interval J we search for a function p = p(t) such that for any
solution y € (ab) and given parameters «, 8 € R the function given by (11) is a
solution of (AB) for a given coefficient A € C(J).

By consecutive differentiation of (11) and by the help of equation (ab) we
get
: Y = pl(ay+ Bely’) + play + Bey')

= p'(ay+Bely’) + p(—pbe’y + ay),

and

Y” — pll(ay+ﬂ61yl)+2pl(_ﬂbely+ayl)

+ pl(—BY e* — Babe? — ab)y — (Bbel + aa)y], (13)
AY' = Ap'(ay + BeTy') + Ap(—Bbety + ay), (14)
BY = Bp(ay + fe’y). (15)

Substituting into equation (AB) we get
0 = Y'+AY'+BY
= [ap” — 2BbeTp' + (—pBb'eT — Babe? — afB)p + aAp’ — BbAet p+ aBply
+ [Be%p" + 2ap’ — (Bbe® + aa)p + BATp' + aAp + BBeZp).

This identity is valid for any solution y € (ab) provided the coefficients of y and
y' are identically zero. So we have conditions

ap” — 20be%p' — Bb' €% p — Babe® p — abp + aAp — BbAeTp +aBp =0
BeZp" + 2ap’ — Bbel p — aap + ALY + aAp + BBetp = 0.
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Multiply the first equation by Be? and the second one by a. Then subtract the
second one from the first one to get

P (=2B%bexp® T — 2a?) + p(—B%b exp? T — f2abexp? T
- ﬂsz epoI + a?a— azA) =9.
Therefore after dividing by eZ we get

—2p [32bez+a—2 = ﬂz(b’ez+abel)—a2—a-+A ,6‘21)61—%9i
P ez ) TP el e J|°

From here )
2}" _ (ﬂ2b61+ Z_I)/

P eI+

1 1t
p= ———————¢xp (~§/ Adt>,
|ﬂ2b61+-§v| to J

which corresponds to formula (12).

The transformation (11) assigns multiplier p given by (12) to each coefficient
A € C3(J). Then equation (AB) implies that coefficient B is determined by
the equation. We will show how to calculate the coefficient using the functions
p and p'. From (AB) we get using (13), (14) and (15) that

and

Y/I Y/
-B = ‘? + A?

and therefore ~
_B=— P 20 (=Bbely + ay) _p
P p (ay+pely)

_ (B e* — Babe?)y + cay’
ay + fely’

P, =By +ay
+A—4+ A ——""
P + ay + ety

First we calculate the partial sum identity

20" (—Pbely +ay')  (Bb'el — Babel)y + aay’

P {ay+pety) (ay + BeTy))
A—ﬁbezy +ay afb’
ay+ Bely’ T B2bel + 2‘—;

‘We have

and therefore
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Since )
po_ 1%+ ) 1
P 2(B%el+2) 27
we have
<pl>l B 1(,82bez + g)"(ﬂzbel+ %;) —(ﬂzbel-}- _g;),z
p 2 (B2be? + 27)”
and

2 2
(p4)2 B 1 (ﬂ2b61+ %f)l + A
p) A\ PB2bel + %i— ’
So we can calculate

" / r
_B = p__|_A."l__b_____O’ﬂb_m2
P 14 ﬂzbEI-[—eT
2,2 2
_1(,3217614-%;)" 1(ﬁ2b61+t:_f)/ _1' (ﬁ2b81+g;‘)l
2 ﬁzbeI-i—%; 2 (ﬂ2b61+§;)2 4 (ﬁ2b61+£§)

2peZ a?y /
+A( 1(F%e” +52)' IA)_I, affb

_2(ﬁ2b61+%12r)_§ _ﬂzbez-{-%;.’

which agrees with formula (10). The assumptions on coefficients a, b, A and
condition (9) imply B € Co(J).

Definition 2 The differential equation (AB) with given coefficient A € Ca(J)
and with coefficient B given by (10) is called the associated linear differential
equation with parameters «, 3 € R to the linear differential equation (ab).

Special cases:
1. Let a(t) = A(t) = 0, a® + 82 > 0. Then equations (ab) and (AB) are of
Jacobi form. Since e = 1, transformation (11) is of the form

Y = play + BY),
where multiplier p is given by

1

P I+ o

and it transforms a solution y of the differential equation y” + by = 0 into a
solution Y of the differential equation Y 4+ BY = 0 with coefficient

B 1 g2(t) 3 /WD) a b (t)
B =W+ 3 mpy 1o ~ (@0 + 22 T 7B £ a7
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which is coefficient —Q (with ¢ = —b) calculated on page 132. As we have
already noted here, it is the associated equation with parameters ¢, # according
to the differential equation (q) (see [2]).

2. Let a(t) = A(t) =0, « =0, B = 1. Transformation (11) is of the form

Y =py,
where multiplier p is given by the formula

1

p=—r=
lb]

)

and it transforms a solution y of the differential equation (—b) into a solution
Y of the differential equation (—B) with coefficient

" 12
B(t) =b(t) + %bb((tt)) B %zZ((tt)) '

It is the first associated equation according to the differential equation (q) (see

(1)-
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