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Abstract

The Leray-Schauder degree theory is used to obtain sufficient condi-
tions for the existence and uniqueness of solutions of the boundary va-
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156 Svatoslav STANEK

1 Introduction

Consider the one-parameter boundary value problem (BVP for short)
(1) " = f(t,z,z', 2", N),

2) z(0)=z(1)=0, 2'(0)-=2'(1)=0, z"(0)—=z"(1)=0,

where f € C°((0,1) x R*).

We say that (z, Ao) is a solution of BVP (1), (2) if (z,X0) € C3({0,1)) x R
and z is a solution of (1) for A = Ay satisfying (2).

This paper establishes sufficient conditions for the existence and uniqueness
of solutions of BVP (1), (2). The proof of the existence theorem is based on the
theory of completely continuous mapping and on the invariance of the Leray—
Schauder degree with respect to a homotopy. More precisely, we apply the
following theorem.

Theorem 1 [1, Theorem 1] Let X be a Banach space, A: X — X be a com-
pletely continuous mapping such that I — A is one to one, and let Q2 be an open
bounded set such that 0 € (I — A)(Y). Then the completely continuous mapping
T :Q — X has a fized point in Q if for any ¢ € (0,1), the equation

z=cTz+(1-c)Az
has no solution & on the boundary o0 of Q.

The application of the obtained results for the existence and uniqueness of
solutions for BVP (1), (2) leads in Section 4 to the investigation of functional
BVPs for fourth order one-parameter functional differential equations using the
quasi-linearization technique and the Schauder fixed point theorem.

We observe that BVPs for third order differential and functional differential
equations depending on the parameter were studied by Pachpatte [3] using the
technique of Green’s functions and the Banach fixed point theorem and by
the author [4]-[6]. In [4] using the Schauder linearization technique and the
Schauder fixed point theorem, in [5] using a method based on a combination
of the quasi-linearization technique, the Schauder fixed point theorem and a
surjectivity result in R™ and, finally, in [6] using a combination of the Leray—
Schauder degree theory, the quasi-linearization technique and the Schauder fixed
point theorem.

2 Existence theorem
Let X be the Banach space of C-functions z on (0,1) with the norm

llefl = max{lz(t)}; 0 < ¢ <1},

The proof of the existence theorem for BVP (1), (2) is based on the following
lemma.
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Lemma 1 Let h € C°((0,1) x R*). Assume there ezist constants AL
A2 >0, M >0, T >0 and a nondecreasing function w: (0,00) — (0,%) <0
that such

(3)  h(t,p—1y,9,0,X2) > 0 for (,p,y) €(0,1) x (0, M) x (0, M),

3") h(t,p—y,¥,0,A1) <0 for (t,p,y) € (0,1) x (—M,0) x (—M,0),

(4)  h(t,z,—M,0,)) <0 <h(t,z,M,0,}) for (t,z,2) €(0,1) x (—M, ,,
(A1, A2),

() 1h,2,3,2 M < wlel) for (2,3,,3) € (0,1) x (~M, M) x (Ag_pyy

R x (/\1, Az) and
T
/ 395 om.
o w(s)

Let (z, Ao) be a solution of BVP

) x

(6) " = h(t,z,z’' 2", N), (2),
such that Ay < Ao < Ag, ||z|| < M, ||2'|| < M, ||2"|| < T. Then
M<Ao<he, lell<M, |l<M, |2"|<T.

Proof Assume g = A;. Since z(0) — (1) = 0 and 2'(0) — 2'(1) = 0, we have
0 <max{z'(t); 0 <t <1} =2'(¢) for a £ € (0,1).

a) If € = 0, then z'(t) < 2'(0) (= 2'(1)) on (0,1) and therefore :c"(()) <0,
z”(1) > 0 which implies ”(0) = 0 (= 2"(1)) since 2"(0) = z(1) by_(2),
Thus z(0) = 0, 2’(0) > 0, ”(0) = 0, "’(0) < 0 which contradicts z"(() =
h(0,0,2'(0),0,X2) > 0 by (3') with y = p = 2'(0).

b) If € € (0,1), then 2'(¢) > 0, 2”(£) = 0, ="'(£) < 0, and consequently
(27(€) =) h(€,2(6),2'(€),0,32) < 0. By (3), h(€,p— 2(€), 2/(£),0,13) > 0 for
all p € (0, M) and therefore z(§) = po — &'(§) for a po < 0. Thus z(¢) < 0 and
z(€) < —2'(¢) < —2'(t) for t € (0,1). Integrating the inequality z(¢) < —2/(t),
t € (0,1), from £ to 1 we obtain

2(€)(1 - €) < —2(1) + 2(§) = =(¢)

and then £ < 0, a contradiction.

Assume A9 = A;. Then (0 >) min{z(¢); 0 <t <1} = 2'(7) for a 7 € (0, 1).

a) If 7 = 0, then 2/(¢) > z’(0) (= /(1)) and therefore z”(0) > 0, 2/(1) < 0
which implies 2”(0) = z”(1) = 0 since 2”(0) = z”(1) by (2). Hence z(0) = 0,
z'(0) <0, "(0) = 0, z"(0) > 0 which contradicts 2”/(0) = h(0,0,2'(0),0,A;) <
0 by (3"”) with y = p = 2'(0).

b) If = € (0,1), then 2'(r) < 0, 2”(r) = 0, /(r) > 0, and consequently
(2"'(r) =) h(r,z(7),2'(1),0,A1) > 0. On the other hand

h(r,p—2'(7),2'(7),0,A1) <0  for all p € (—M,0)
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by (3”) and therefore (r) = po — 2'(7) for a po > 0. Thus z(7) > 0 and
z(7) > —2'(1) > —2/(t) for ¢t € (0,1). Integrating the inequality z(7) > —2'(t),
t € (0,1), from 7 to 1 we obtain z(7)(1 — 7) > —z(1) + z(7) = z(7), and then
7 < 0, a contradiction.

This proves Ao € (A;,Az). Assume {|z’|| = M, say for example z'(¢) = M
with an € € (0,1) (the case where z(¢) = —M treats similarly using the second
inequality in (4)). Then z”(¢) = 0 (cf. the first part of the proof) and z"/(¢) < 0
which contradicts z”/(¢) = h(e, z(¢), M,0,X0) > 0 by (4). Thus [|2|| < M and
then

lz(t)| = |Atx’(s)ds‘ <M forte(01).
Finally, by (5), we have
[2"'(t)] = |h(t,2(t), 2'(2), 2" (), do)| < w(|z"()]) ~ for t €(0,1)
and since z"(v) = 0 for a v € (0, 1), we can prove ||2”’|| < T using the standard

procedure (see e.g. [2]) and assumption (5). u]
We shall assume that for constants Ay < 0, A >0, M >0, T >0 and a

nondecreasing function w : (0, 00) — (0, 00) the function f satisfies the following
assumptions:
(Hy) ft,p—y,9,0,X3) >0 for (¢,p,y) € (0,1) x (0, M) x (0, M),
f(tvp-' Y, y)O”\l) S 0 fOl‘ (tapa y) € (01 1) X (—M,O) X (—‘M,O),
(H2) f(t,2,—M,0,}) <0 < f(t, 2, M,0,}) for (t,z,1) € (0,1) x (=M, M) x
(A11A2)1
(H3) |f(t,2,y,2, M) < w(]z]) for (t,2,y,2,4) € (0,1) x (=M, M) x (M, M) x

R x (/\1, /\2) and
T
/ 45 o,
o w(s)

Theorem 2 Assume assumptions (Hy)-(Hs) are satisfied with constants Ay <
0< A2, M >0, T >0 and a nondecreasing function w : (0,00) — (0, 00).
Then BVP (1), (2) has at least one solution.

Proof We denote by Y the Banach space of C?-functions on (0,1) with the
norm ||z|]2 = ||z|| + ||z’]| + ||z”]|, Z the Banach space of C3-functions with the
norm [[z|ls = ||z|]2 + |lz”]], X x R = {(z,)); z-€ X, A € R} the Banach
space with the norm [|(z, A)|| = ||z|]| + |Al, Yo = {z; = € Y, « satisfies (2)},
Zo =ZNYe Yo xR = {(z,); z € Yo, A € R} the Banach space with the
norm [|(z, A)||2 = [|zll2+[A], Zox R = {(z,A); 2 € Zg, X € R} the Banach space
with the norm ||(z, A)||s = ||z||s+[A| and S = {(z, fol z(s)ds); z € X} C X xR.
Clearly, S is a Banach space. Set

£ = min (gﬂ(_ol)%ﬂ— k-._EL
- M i T 2max{-A;, A}
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Define the operators L, F, K : Zo x R — S by
(L(z, ) (@) = (2"() + 22 (t) + kX, kX),
1
(F(z, ) (1 (f(t,z(t),m'(t),m"(t),x), / f(s,z<s),r'(s),w”(s),x)ds),
0
(K(z,2)(1) (€22 (t) + kX k).
Consider the operator equation
(6¢) L(z,A) = e(F(z,A) + K(z,))) +2(1 — ¢)K(z, ), c€(0,1).

We see that BVP (1), (2) has a solution (z, Ao) if and only if (2, A) is a solution
of (61). The existence of a solution of (61) will be proved using Theorem 1.

We will show that L : ZoxR — S is one to one and onto. Let (u, fol u(s)ds) €
S and consider the equation

Lz, )) = (u /01 u(s) ds) ,

(7) , 2" 4%z’ + kX = u(t),
1
kX :/ u(s) ds,
0

where z € Zy and X € R. The function

Il

that is, the equations

z(t)= — sm(et) - = cos( 1) — — + // u(7)sin(e(s — 7)) drds + c3

is the general solution of (7), where ¢1, ¢z, c3 are integration constants. We can

easily check that there exists a unique solution zo(t) of (7) with A = ¢ fol u(s)ds

satlsfylng the boundary conditions o(0) = 0, z4(0) — z5(1) = 0 and z{(0) —
zg(1) = 0. Integrating the both sides of the equality

zg'(t) +e%2o(t) + kA = u(t),  t€(0,1)

from 0 to 1 we obtain zo(1) = 0 since z§(1) — z§(0) = 0, zo(0) = 0 and
kX = fo u(s)ds. Hence L™ : S — Zo x R exists, L™! is a linear bounded
operator by the Banach theorem and (6.) can be written in the equivalent form

(8.) (2,)) = (L™ Fj(z,\)+ L Kj(z,A)+2(1—c) L7 K j(2,)), c€(0,1),

where j : Zg x R — Yy x R is the natural embedding, which is completely
continuous by the Arzela—Ascoli theorem and the Bolzano—Weierstrass theorem.
Define

Q={(z,X); z€Zo, NER, NzH <M, |le'|| < M, ||2"|| < T, [|l2"|| < w(T) + 1,
A1 <A< X}
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Then Q is a bounded open subset of Zy x R. L™'Fj + L~1Kj is a compact

operator on  and 2L-'Kj is a completely continuous operator on Zg x R. In

order to prove that (8;) has a solution, that is, L='Fj + L~1Kj has a fixed

point, we have to show (cf. Theorem 1) that

(@) (z,A) —2L"*Kj(z,A) = (0,0) implies (z, ) = (0,0), and

(b) for any c € (0,1) equation (8.) has no solution on the boundary 89 of Q.
To prove (a) consider the equation

(z,)) = 2L~ K j(z,)) = (0,0),
which is equivalent to the equation
9) L(z, ) = 2K(z, )).

A couple (z,)) € Zo x R is a solution of (9) if and only if A =0 and z is a
solution of the equation

(10) y" =y

satisfying

(11) ¥(0)=0, ¥(0)-y(1)=0, ¥"(0)-y"(1)=0.
Since

Cl ¢t C2 _ct
t)= —e 4+ =e ' +¢
y(t) c s 3

is the general solution of (10), where ¢;, ¢2, c3 are integration constants, we can
easily verily that y = 0 is the unique solution of BVP (10), (11); hence z = 0.
We shall now prove (b). Consider the differential equation

(12.) " = cf(t,z,z' 2", \) + (1 = c)(e%2' + k), ce(0,1).
Assume (z, Ac) is a solution of BVP (12.),(2). We show that (z¢, Ac) € 6, that
is, for any ¢ € (0,1) equation (8.) has no solution on 8Q. Set p.(t,z,y,2,) =
cf(t,z,y,2,A) + (1 — ¢)(e2y + k) for (t,2,9,2,4) € (0,1) x R* and ¢ € (0, 1).
Then (c € (0,1))

Pc(t;P -YY, 01)‘2) = Cf(t,p— Y, OaA2) + (1 - c)(ezy + kAZ) >0
for (t,p,y) € (0,1) x (0, M) x (0, M),

pc(tap -y y,O,/\l) = Cf(t,p -y yJO,’\l) + (1 - C)(€2y+ k’\l) <0
for (t,p,y) € (0,1) x (—M,0) x (—M,0),

pe(t, T, —M,0,)) < cf(t,z,—M,0,A) +(1— c)(—e*M + k)z) <

2
_ _e2 ___.E_M_AZ__ 0
<@ c)( &M+ 2max{-—/\1,/\2}) <
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for (t,z,)) € (0,1) x (=M, M) x (A1, Az),
pe(t,z, M,0,)) > cf(t,z, M,0, ) + (1 — c)(e?M + k) >

EZMAl
S (1— 2
>(1 c)<6 M+—_2max{—A1,Az}> >0

for (¢,2,) € (0,1) x (=M, M) x (A, As),

€2
[pe(t, 2, y,2, )| < cw(|z]) + (1 —¢) ( 20 4 21‘4) <

< cu(jzl) + 220 (a1 1 (M/2)) = cu(fel) + (1 = Ju(0) < w(le])

for (¢,z,y,2,A) € (0,1) X (=M, M) x (=M, M) x R x (A1, A2).
Thus A1 < Ae < Ag, |lzel| < M, [[27]| < M, |]of]] < T by Lemma 1, and
22" ()] = Ipe(@e(t), 2e(t), 2 (1), A)| < w(lad (B)]) < w(T)
for t € (0,1). This proves (z, A;) & Q. The proof is finished. O
Corollary 1 Let f € CO(RY),
f(t+ l)m)ylz)A) = f(t)z)yvsz)
for all (t,z,y,2,A) € R®. Assume assumptions of Theorem 2 are satisfied. Then
there exists a Ao € (A1, A2) such that equation (1) for A = Ao has a I-periodic
solution z satisfying z(0) =
Proof Corollary 1 follows immediately from Theorem 2 since f is a 1-periodic
function by the assumption. m]

Example 1 Let a,b € C°(0,1)), ¢ € CO(R), b(t) > a(t) > 0 for t € (0,1),
¢(0) # 0, limsupy,|_.oo [272¢(z)| < co. Consider the differential equation

(13) 2" = a(t)z +b(t)z" +q(") + (L +[z"])A.
‘The assumptions of Theorem 2 are satisfied with Ay = —A; = |¢(0)],
2|(0)|

~ min{b(t) — a(t);0 < t < 1}

and w(z) = A+ Bz?, where A, B are sufficiently large positive constants.

3 Uniqueness theorem
Unless otherwise stated, we shall assume that f satisfies the assumptions:

(H4) f(t,.,9,2,A) is increasing on R for each fixed (t,y,2,)) € (0,1) x R3,
(Hs) f(t,z,.,2,]) is increasing on R for each fixed (¢,z,z,)) € (0,1) x R3,
(He) f(t,z,y,2,.) is increasing on R for each fixed (¢,z,y,z) € (0,1) x R3,

(H7) f(t T2, Y2, 2, )‘) f(t L1,%,%, A) > 0 for all (t Tiy Yiy %, A) € (0 1) X R4
(:=1,2) and —(z2 —21) <y2—y1 > 0.
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Lemma 2 Let —g%, %‘5— € C°({0,1) x R*). Assume
(14) %—’;(t,x,y,z,;\) > g—i-(t,x,y,z,,\) >0  VY(t,z,y,z,A) € (0,1) x R%.

Then f satisfies assumptions (Hy), (Hs) and (H7).

Proof First, %5 > 0 (resp. % > 0) implies that assumption (H4) (resp. (Hs))
is satisfied. Further, let —(22 — ;) < y2 — y; > 0. Then the Taylor formula
and (14) imply

f(t7$2,y272,>\) - f(t>rlaylvz,>,‘)f:

, 9
= '%(t,f,v,z, Az —z1) + a‘i(t,f,u,z,/\)(yz —y)=
_ g%‘(t"f’ v, 2, ) (@2 — 21 + o — y1 )+

+ (g_jyt(twf,l/,z,/\) - g_ﬁ"(t,fal/,%)‘)> (2 — 1) > 0,

where ¢ and v lie between 1, 2 and yi, y2, respectively. Thus (Hv7) is satisfied.
i 0

Theorem 3 Let assumptions (Hy)-(Hz) be satisfied with constants Ay < 0 <
A2, M > 0, T > 0 and a nondecreasing function w : (0,00) — (0,00). Then
BVP (1), (2) has a unique solution.

Proof By Theorem 2 there exists at least one solution (z1,p1) of BVP (1),
(2). Assume (z2,pu2) is another solution of BVP (1), (2). Without loss of
generality we may assume gy > p1. Set w = 23 — ;. Then w(0) = w(1) = 0,
w'(0) — w'(1) = 0, w”(0) — w"’(1) = 0. Assume w # 0. Let max{w'(t); 0 <
t <1} = w'(r) for a 7 € {0,1). Since w(0) = w(l) = 0 and w # 0, it is
necessarily w'(7) > 0. If 7 = 0, then »”(0) <0, w”(1) > 0 and with respect to
w”(0) = w”'(1) we have w"(0) = 0. Thus

wlﬂ(o) = f(O: 0) xl2(0)7 Z{?I(O)’ ,L’LZ) - f(oa 01 xll(o), xlzl(o)a :ul) > 0)
a contradiction. This proves 7 € (0,1) and then w”(7) = 0, w"(r) < 0 which
imply w(r) < 0 (cf. (Hq)-(Hs)). Since w(1) = 0, there exists a £ € (7,1) such
that w(t) < 0 on (r,&) while w(€) = 0, and consequently
' 3
—w(7) = / w'(s)ds < w'(T)E — 1) < w'(7).
Hence —(z2(7) — z1(7)) < z(7) — 21(7) (> 0) and by (Hs) and (Hy) we have

w"(1) = f(7,22(7), 23(7), 25(7), 1) — F(7, 2(7), 21 (7), 25(7), p1) >
2 f(r,22(7), 25(7), 25(7), m1) — F(7,21(7), 23(7), 25(7), 1) > 0,
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which contradicts w"’(7y < 0. Thus z2 = ;. i X3 > X; then

0= 23'(t)—2{"(t) = f(r,22(), 25(t), 25 (2), pa) = F (7, @2(t), 25(t), 25 (t), 1) > O,
a contradiction. This completes the proof. (]

Example 2 Let a(t),b(t) and ¢(t) be as in Example 1 and, moreover, a(t) > 0
on (0,1). Then Theorem 3 can be applied to equation (13).

Using Corollary 1 and Theorem 3, we obtain
Corollary 2 Let f € C°(R?),
fit+1,2,y,2, %) = f(t,z,y,2,A)

for all (t,z,y,2,X) € RS. If assumptions of Theorem 2 and assumptions
(Ha4)-(H7) are satisfied, then there exists a unique Ao € R such that equa-
tion (1) for X = Ao has a I-periodic solution z, (0) = O and, moreover, this
solution 1s unique.

4 An application

We give the application of the above results for BVP

(15) 2@ = (g(z,2' (1), 2"(t), 2" (), \)) (1),
(16)  a(z) =0, 2'(0) = (1) = 0, 2"(0) — 2" (1) = 0, 2"(0) —2""(1) = 0,

depending on the parameter X. Here g : X x R* — X is a locally bounded
continuous operator, & : X — R is a continuous increasing functional (i.e.,
z,y € X, z(f) < y(t) on (0,1) = a(x) < o(y)) mapping X onto R, a(0) = 0.
We observe that a(z) = 0 for an z € X implies z(£) = 0 for a £ € (0,1) (see,
e.g., Remark 1 in [5]).

The special case of (15) is the differential equation

e® =r(t,z,2' 2" ")), reC’((0,1) x R%).

We say that (z, Xo) is a solution of BVP (15), (16) if (2, o) € C*({0, 1)) x R
and z is a solution of (15) for A = A satisfying (16).

We shall assume that there exist constants A, <0, A2 >0, M > 0,7 > 0
and a nondecreasing function w : (0,00} — (0,00) such that the operator ¢
satisfies the following assumptions (¢ € (0,1), Xy = {z;z € X, ||z|| < M})

(A1) (9(p,p—y,9,0,X2))(t) > 0 for all (¢,p,y) € Xar x (0, M) x (0, M),
(9(o,p—y,4,0,A1))(t) <0 for all (¢,p,y) € Xpr x (—M,0) x (—M,0);

(As) (g(p,2,—M,0,X))(t) < 0 < (g(p, 2, M,0,2))(t) for all (p,2,A) € Xps x
(=M, M) x (A1, As);
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(43) 1(9(e,2,9,2,2)®)] < w(]z]) for all (p,z,y,2,A) € Xm X (=M, M) x
(ZM, M) x R x (A1, Ag) and

T
/ 395 o,
o w(s)
(A4) (9(®,-,9,2,X))(t) is increasing on R for each fixed (p,y,2,A) € Xpr x R3;
(4s) (g9(p,z,.,2,X))(t) is increasing on R for each fixed (¢, z,2,A) € X x R3;
(

(46) (9(p,z,y,2,.))(t) is increasing on R for each fixed (p,z,y,2) € Xp x R3;

(A7) (g(¢1 T2,Y2, Z’A))(t) - (g(%xlyyl;z; A))(t) > 0 for each (%xi;yi,Z, A) €
Xu xR*(i=1,2) and —(z2 —z1) < y2 — 1 > 0.

Theorem 4 Let assumptions (A1)-(A7) be satisfied with constants A\, < 0 <
A2, M > 0, T > 0 and a nondecreasing function w : (0,00) — (0,00). Then
BVP (15), (16) has at least one solution.

Proof Set S = {z; =z € Z,||z|| < M, ||2'|]| < M, ||z"|| < M, ||"| < T},
where Z is defined in the proof of Theorem 2. Then S is a bounded closed
convex subset of Z. Let ¢ € Xpr and f,(¢,2,y,2,) = (g(go,r,y,z,)\))(t) for
(t,z,y,2,X) € (0,1) x R*. Then f, satisfies assumptions (H1)~(H7) with the
constants A\; < 0, Ay > 0, M > 0, T > 0 and the function w. Therefore there
exists the unique solution (v, Ap) of BVP (1), (2) (with f = f,) by Theorem 3.
Moreover, va)ﬂ <M (i=0,1), [lvgll £ T, A1 < Ay < Ay by Theorem 1 and
the proof of Theorem 2. The function & : R — R defined by

k(c) = o (/Ot vo(s)ds + c)

is continuous increasing and maps R onto R, and so a unique ¢, € R exists
such that k(c,) = 0. Set

t
z,(t) = / vp(s)ds + ¢, for t € (0,1).
0

Then a(z,) = 0 which implies z,(£) = 0 for a £ € (0,1). Hence

Mt):/g vo(s)ds  on (0,1),

and consequently |z,(t)] < M|t —&| < M. This proves z, € S. Define the
operator T': S — S by T(¢) = z,. We see that to prove of Theorem 4 it is
sufficient to show that 7" has a fixed point.

Let {z,} C S be a convergent sequence, lim,_, o z, =  and let z, = T(z,),
z = T(z). Then, by the definition of the operator T, we have

a(zn) =0, 2,(0) = 2,(1) = 0, 2,(0)—2,(1) =0, 2,'(0)~2,'(1) =0, m €N,
a(z) =0, 2'(0) =2'(1) =0, 2"(0) —2"(1) =0, 2”(0) - z""(1) =0
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and there exist sequence {s,} C (A1, A2) and po € (A1, A2) such that the equa-
lities

£0(t) = (9(2n, 20 (8), 70 (8), 20 (D), 1)) (1), mEN,
(1) = (9(2, (1), 2" (1), 2" (2), o)) (1)
hold for ¢ € (0,1). Moreover ||z5”|| < L (n € N), where

L= sup{ll(g(w,x,y,z,/\))ll; ¢ € X,
z,y,€ (-M, M), z € (-T,T), A€ (/\1,)\2)} (< 00).

In order to prove that {z,} is convergent let {Z,} be a subsequence of {2,} and
{fin} be the corresponding subsequence of {u, }. By the Arzela—Ascoli theorem,
we can select a convergent subsequence {Zx,} of {Zn}, limy— oo Zk, = u, and
since {fin} is bounded without loss of generality we may assume that {fy, } is
convergent, lim,_. fix, = 7. Thus, taking the limit in the equalities

t
B (1) = 2 (0) + / (9(e., 24 (), 50 (), 50" (s), i) () ds, n €N
0

as n — 00, we have

t
u''(t) = u"'(0) +/ (g(z,u'(s),u"(s),u"(s),7)) ds, te€(0,1).
0
‘Therefore (u, ) is a solution of BVP

rO(t) = (9=, 7'(), 7" (1), 7" (1), 7)) (1), (16).

Since this BVP has a unique solution (z, g) we have (u,7) = (2, o). Hence
every subsequence of {z, } has in turn a subsequence that converges to z, and we
conclude that {z,} is convergent lim, .o, 2, = z and T is a continuous operator.
Since

T(S) C {z; z€SNCY (0, 1), LV < L} (= 2)

and .Z is a compact subset of Z, T(S) is relatively compact subset of Z. Now,
the existence of a fixed point of T follows by the Schauder fixed point theorem.
(m}

Example 3 Consider the functional differential equation

¢
(1) 290 = [ In(s)lds +a(0e'()+ HOR"O) + 4" (0) + (14,
0 -
where a,b € C°({0,1)), ¢ € C°(R), b(t) — 2 > a(t) > 0 on (0,1), ¢(0) # 0 and
limsup,|_, o |272¢(2)| < co. The assumptions of Theorem 4 are satisfied with
constants
1 3l¢(0)|

~ D+1 . 2D- ~
M= —lO) 5= Az—lQ(O)Im, M =77,
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T > 0 sufficiently large and w(u) = A + Bu?, where D = min{b(t) — a(t); t €
(0,1)} and A, B are suitable positive constants. Hence, there exists a solution
(z,Ag) of BVP (17), (16) by Theorem 4. Note that for example the functionals

1
/0 z(s)ds, max{z(t);te€ (0,1)}, min{z(¢); ¢t € (0,1)} and =z(&) (£ € (0,1))

satisfy the assumptions imposed upon « in (16).
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