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Abstract

Continuity conditions for quartic splines as recurrence relations be-
tween function values and first derivatives of the spline at the knots are
used in the algorithms for computing its local parameters. Proper local
parameters of the biquartic splines on the rectangular mesh are investi-
gated for the use of tensor product technique. The appropriate boundary
conditions for interpolatory biquartic splines are given and the algorithm
for computing needed local parameters is described.
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1 Quartic splines
Let us have the set of simple spline knots
(Az) : 20 <21 <...< 2y < Tyt

on the real axis with stepsizes h; = zi+1 — z;. Denote S4(Az) the linear space
of quartic polynomial splines with the defect one s4(z) = s(z) € C? on the

*Supported by the internal grant No. 31103001 of the Palacky University, Olomouc, Czech
Republic. . \
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knotset (Az) with dimSs(Az) = n+ 5 (see [2], [4]). When we want to use
information placed at knots of a spline only, such a quartic spline can be uniquely
determined by
— conditions of interpolation s(z;) = s;i, i =0(1)n+1 ‘ (cn
— some boundary conditions; the simplest case is to prescribe

mo = S’(J:o), Mpy1 = S,(l‘n+1), M, = S"(zk), ke {O, Lo+ 1} (BC)
As in the similar quadratic case on the knotset (Az) some unsymmetry in
the local representation of such interpolatory spline and boundary conditions
is unavoidable (see [2]). Some another types of boundary conditions can be
considered too (see [3]).

1.1 Local representation

The Taylor’s representation of the spline s(z) is often used

s(z) = si + mi(z — 2:) + 3Mi(z — 2:)? + §Ti(z — 2:)° + 55Qi(z — 2:)* (1)
for € (zi, z;4+1) with the notation s; = s(z;), m; = s'(z),

M; =s"(2:), To = 8" (2:), Qi = sW(2i) = (Tig1 —T)/hi, i=0()n. (2)

We will use the simplest pieces of information given in the knots of the spline
for its local representation—the function values and the values of the first and
second derivatives. For z € (z;, z;41), we can write then a spline s(z) € Ss(Az)
in the local representation

s(2) = po(u)si + @1 (w)sis1 + hilpp(w)mi + @l (w)mis] + $hPp(uw)M; (LR)
with basis functions ‘ ' ‘
wo(u) = (v — 1)2(1 + 2u + 3u?), ¢1(u) = u3(4 - 3u),
) =u(e-12(1+2), gl =1u-1),  (BF)
po(u) = u?(1 - u)*.

1.2 Continuity conditions

The quartic pieces of s(z) on (z;, zi+1) are connected together with the C3
continuity. These continuity conditions (CC) we can express in various local
parameters of the spline. The most simple way is to use the Taylor’s parameters
(2)—we obtain the system of conditions

sj+ hjm; + %h?Mj + %h?T] + 2—14-]1? i = Sj41
m; + thj + %h‘?T] + %h?Qj = mjy
M; + hiT; + 3hjQ; = Mjp
Ti+hiQ; = Tjya, J=1{1n-1

(co)

Computing the local parameters (2) directly from this simple form of (CC)
leads to some large block systems of linear equations (see e.g.[2]). In the local
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representation (LR) the continuity of s(z),s'(x) is implicitly included. The
continuity of the second and third derivatives at knots can be expressed as

1 1
§(mi + mit1) + ‘l“2‘hi(Mi — Mit1) = (sig1 — si)/hi, (3)

5hipim; + 3(hip} + hig1)miy1 + higamiys + BIpIM; + hI Miyy =

= *‘817?55 + (Spf' - 4)8,‘+1 +4siy2, pi= h,’+1/h,~, 1= O(I)n - 1.
Given the boundary values mg, mn,4+1, M we can all remaining 2n local pa-
rameters needed in (LR) compute from the system of 2n equations with the
more simple block structure. Another relations follow from the fact, that the
derivatives s)(z) of s(z) are splines from Sy_;(Az) (see [3]—we can obtain
them also as consequences of some subset of relations (CC)). In case of the
equidistant mesh, the recursions between parameters T}, s; obtained by divid-
ed differences technique are mentioned yet in [1]. Using symbolic computing
means (e.g. MATHEMATICA), we can choose some proper subsets of (CC) for
elimination of chosen subset of parameters to obtain recurrence relations be-
tween remaining local parameters of s(z) (see [3] for more details). So we have
obtained the relation (which follows also from known Hermite interpolation for-
mula, hidden yet in (3))

M, = (G/h())(mo+m1)+M0+(12/h(2))(30—81). (4)
The following recurrence relation
a;M;_y + 2M; + ciMiy = fi i=1(1)n ' (5)

a;i = hi/(hi-1 + hi), ¢i =1—ai, fi = 3[ci(mis1 — mi)/hi + ai(mi — mi_1)/hi]
is the consequence of the fact that s'(z) € S3(Ax) and the corresponding (CC)
for the cubic splines on the knotset (Az) (see [3]). We can compute then

M;, i =2(1)n+ 1 by recursion using (4), (5) from know values

{si,mi, i = 0(1)n + 1} and some given My, k € {0,...,n+ 1}
The values {m;, i« = 1(1)n} we can compute from continuity conditions ex-
pressed in terms of local parameters s;, m; by elimination of another local pa-
rameters from some proper subset of (CC) (or by elimination of M; from the
first equation in (3) and substitution into the second equation in (3)) as

po(6 + 5po)mo + 3(1 + po)?my + my = (6)
= (4/h1)[~P5(2po + 3)s0 + (2P3 + 3P — 1)s1 + 2] — h1 Mo (1 + po),
pi_pimiy + @pil(1+ pi-1)(3 + 2pi) + pi1pilmi+
+[14 (24 3p;i—1)(1 + pi)]mip1 + bimiys =
4 . — .3 — 1y _ 1—
= ;l—i{—p?—lpisi—l —pi[2bi+T —p;_1]si +pi-1 [b; (2—~ E) +c,~] Sip1+ Ebi5i+2},

—_14pio1 g ltpioipi _ 3pioitp _ higa

;= = , , Di = ;o t=1(1)n—-1.
' l+p 1+ pi 1+pi P hi W)
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Given mg, Mp41, Mo, the system (6) consist of n linear relations for n unknown
parameters m;, ¢ = 1(1)n. The matrix of that system is nonsymmetric, with
four nonzero diagonal band.

In the equidistant case h; = h we obtain the following system

1 1 h 11
-éz(].2m1 + mz) = m(—?OSo =+ 1651 + 482) - ﬂMo - ﬂmo
E—i(llml + 11mgy + m:5) = -6%;(~30 — 351+ 352 + S3) - —2%m0
1 1
‘ '2—4(mi—1 + 11my + 11miyq + migs) = ‘@("si—l —3si + 3si41 + siy2) ,
i=21)n—-2, (7)
1, = 1 1
ﬂ(mn—2 +1lm,_; + llmn) = G—h("sn—2 — 381+ 3sn + 5n+1) - ﬂmn+l-

1.3 Algorithms for computing 1D local parameters

Let us summarize the results of the Sections 1.1 and 1.2 into two algorithms
for computing the local parameters of the one-dimensional quartic spline under
boundary conditions (BC).

Algorithm (m,M)

Given the data {(z;,s;), i = 0(1)n-+1} on the knotset (Az) and boundary values
Mo, Mpy1, Mk

1. compute hi,p; for given knotset (Az);

2. compute the components of the matriz and of the right-hand side of the
system (3);

3. solve the block system of equations (3) for the parameters (m,M);

. 4. use the computed local parameters {s,m,M} in the local representation
(LR) for the full description of the spline s(x) (e.g. graphic visualisation,
applications).

Algorithm (m)

Given the data {(zi, si), 1 = 0(1)n + 1}; mo, mny1, Mo

compute h;, pi € (6) (in the general case);

compute components of the matriz and right hand side in (6) or (7);

solve the system (6) or (7) for mi;

ébmpute M from (4) and M; recursively according to (5);

S N

use the computed local parameters in (LR) for computations with s(z).
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2 Biquartic splines

We use the tensor product technique now for construction of biquartic spline on
the rectangle D with the grid (A):
D = (20, Zn41) X (Y0, Ym+1), (D) = (Az) x (Ay), (A)
(DY) =g <y <...<Yn<Ym+, L=Yir1-Y-
Let us denote further
Dij = (@i, Tiy1) x (Y, Yj+1), i = 0(1)n, j = 0(1)m (the local rectangles),
s(z,y) = Y27 jo @ijz’'y —the biquartic spline s € C>*(D),
S44(A) the linear space of biquartic splines on (A),
sk (z,y) = 5%3(35, y) k,0=0,1,2,... the derivatives of s(z, y).

To apply the tensor product technique to the construction of biquartic spline
s(z,y) on D, we have first to consider some appropriate local parameters of
s(x,y) on the subrectangle D;;.

2.1 Local parameters

It is preferred usually to choose 25 local parameters of the biquartic spline in the
vertices of the subrectangle D;;; we have to do it in a proper way to guarantee

e existence and uniqueness of s(z,y) determined by such a parameters,
¢ storage economy {a low number of local parameiers over ihe whole grid},
e the possibility of repeated use of the one-dimensional algorithms for the

calculation of parameters and of the spline function values for (z,y) € D;;.

Theorem 1 The following 25 local parameters uniquely determine biguartic
spline s(z,y) over Dij = (xi, ip1)% (¥, ¥5+1), 1€ 4{0,1,...,n},7€{0,1,...,m}

1° the values of s,s'0,801, 520, 511 502 s21 12 522 qt  (z;,y);
90 5,510, 501 g1l 502 12 (Tis1, ¥;);
3° §,8 7,8 7,8 7,8,8 (fb'i,yj«}-l);

40 5,510, 01 g1 (i1, Yj41)

(LP2)

(see Fig. 1a).

Proof The matrix of linear relations between coefficients a;; and parameters
(LP2) has a nonzero determinant, as can be easily verified. Let us denote by

Sij Si+1,j S}Jp 31140-1,]' s?})
Si,j+1 Sit+1,j+1 S}S‘H 51'121,j+1 5?3‘+1
My=| sty s by o ®)
3?,}+1 3?-11-1,j+1 3},1]'+1 S%—}—l,]’-}-l 3?,§'+1
sty Sy s sihy SY

the “mapping matrix” of 25 chosen local parameters of s(z,y) on Dj;.
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Remark 1 We need to store only 9 local parameters (LP2) at every grid point
for the full description of s(z,y) on D.

5, 510, 01
i1 520 521 5,510 01 gl s, 501
Yj+1
Di;
¢ (z,y)
Y5
1 .
s, 10 s0 5,810 501 z; 5,801 s0 Tit1
520 gl 02 sil 502 g2
21 12 .22
57,87,8 Fig. 1a Fig. 1b

2.2 Algorithm for computing function values in 2D

We can use repeatedly the one-dimensional local representation (LP) for com-
puting s(z,y) from two-dimensional local parameters (LP2) in D;;.

Let us denote u = (z — z;)/hi, v = (y = y;)/; for (z,y) € D;j.

With the one-dimensional basis functions ¢, ¢1, ¢}, ¥1, ¥2 given in (BF)
we can compute stepwise the values
1° s(z,yx) = polu)sik+e (u)sip1 e+hipg(u)siy +hiol (u)sily +5h20F(u)sE;

2° 5% (2, 9k) = po(u)sih + p1(u)siiy x + hivg(w)siy + hiei(u)siyy p+

+ahied(uwshs k=3j+1
3% s%(z,u5) = polu)si] + e1(u)siy ; + hiwg(u)si) + higy(u)sidy ;+
+3hied(u)si;
4 s(z,y) = po(v)s(z,y;) + @1 (v)s(2, yi+1) + Lo (v)s® (2, 95)+
Hip1s® (2, yj+1) + 313 08(v)s% (z, y5)- (FV2DS)
Remark 2 The values computed in the steps 1°-4° are shown on Fig. 1b.
Remark 3 Using the mapping matrix M;;, we can write ()
polu
p1(u)
s(z,y) = [po(v), v1(v), lj(p(ll(v): lj()oi (v), %l_?‘P(Z)(v)] “M; - hﬂpé(u) 9)
hap} ()
1h2eB(u)

as a symbolic description of the algorithm presented in a matrix form.
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2.3 Boundary conditions

According to the construction of S44(A) we have
dim Sy4(A) = (n+5)(m+5) = (n+2)(m+2) + 3(n+2) + 3(m+2) +9. (10)
The conditions of interpolation
s(zi,y) =sij, 1=01)n+1, j=0(1)m+1 (cn

represent altogether (n + 2)(m + 2) given parameters.

The remaining conditions for the unique determination of s(z,y) we have to
prescribe e.g. as boundary conditions on D in such a way to enable us to compute
all local parameters for s(z,y) on every subrectangle D;;.

Theorem 2 Given the conditions of interpolation (CI) on the grid (A) in D,
the following boundary conditions given at the boundary gridpoints determine
uniquely the biquartic spline s(z,y) on D:

1° the values s'0,s%° in the  (zo,¥;)
10 boundary (zn+1,¥5), 7 =01)m +1

90 s01 502 points  (zi,Y0)

501 (i, Ym41), i=0(1)n +1 BC2
30 s, 8?1 512 §22 inthe (2o, Yo) ( )

si1) 512 corners  (Zn+1,%Y0)

sit, 52 (20, Ym+1)

st (Tn+1, Yms1)

(see Fig 2. for the location of boundary values prescribed).

Proof will be given in the next section as an algorithm for the computing all
local parameters on D;; from (CI) and (BC2).

811, s21 01 sil
D
810,820 Slo
801, 302
Sll, 521,812, 22 311, sli2

Fig. 2
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2.4 Algorithm for computing 2D local parameters

We will repeatedly use the one-dimensional Algorithm (m) in z and y direct-
ions applied to s*!(z,y) on grid lines for computing all local parameters of
s(z,y) in every subrectangle D;; from given (CI) and (BC2). We split the
whole algorithm into two stages.

2.4.1 Computing local parameters on the boundary lines (BLP)

on lines function  boundary computed
values values local parameters
1° & =20, Eny1 s 01, 502 | 501 501 502
— 10 420 | (10 10 .20
Y = Y0, Ym+1 s 519,52 | s 57,8
20 z =20, Tny1 510 st 512 | st 11 512
— 01 11 21 | (11 11 21
Y =Y0,Ym+1 s 7,8 |S 57,8
3° 2= 2o, Tni1 520 521,522 | 521 21 522
— 02 12 .22 | (12 12 22
Y = Y0, Ym+1 s s?,5%% s s'?)s

2.4.2 Computing local parameters inside the rectangle (ILP)

When we apply the Algorithm (m) now to the horizontal and vertical inner
lines of our mesh grid, we can compute

on lines function boundary computed
values values parameters
1° y=y s 510,520 | 510 s10 520
¢ =z s 501, 502 | 501 s01, 502
2 y=uy; $01 si1) 52t | g1 sl g2
z = 510 sil) 512 | sl (s11),512 «
3P y=y; 502 512,522 | 512 (s12),5%2 *

(x —only recurrences for the second derivate in Algorithm(m) can be used,
because the first derivatives are known yet from foregoing step.)

Together with the known values s we have thus (uniquely) computed all local

parameters in each subrectangle D;;.

Remark 4 We can obtain variants of the Algorithm (ILP) by changing the
directions in steps 1°-3° in 2.4.2.

Remark 5 The one-dimensional Algorithm (m,M) can be used in formally
a quite similar way.
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3 Examples

Example 1 Let us have the function

f(z) =3z 7"

On the Fig 3.a we can see plots of f(z) and s4(z) on the knotset (Az)

69

{z; =, 1 = 0(1)10} and with (BC) computed from the function f(z). On the
Fig 3.b the plot of s4(z) is given with mg, mn 41, Mo approximated from given

data §; as mg = (31 - 50)/h, Mpy1 = (Sn+1 - Sn)/h, Mo = (So - 231 + Sz)/hz.

On the Fig 3.c we see s4(z) for the knot set (Az) = {z; = 0.5-¢, 7 = 0(1)20}

and (BC) approximated as in 1.b.

On the Fig 3.d the foregoing knot set is used and (BC) are computed exactly

from the formula for f'(z).
2 = N 18 S —
18f 19} N
/ \
L 3 / \
18 j/‘" \\.“ 14} / \"
/
14 F 2t/ \
H ]
/ !
12t ! 1 i
1
' 6 i
! /
T '\ ost
/ !
osf | 1 osF ! \
! N ! X
; %\ ]
o8 / 3, oA i N
! * / N,
oA ¥ N o2}/ ‘\
! o, / N
o2f/ RN 0 _A
/ it S
ol R e o . R
o 1 2 3 4 s e 71 8 9 0 1 2 5 6 71 8 10
Fig. 3a Fig. 3b
18 . . 18
18 X ;‘ 18}
>N
14 ; 3 /,(
i S 14 II
! % )
12| i Y !
* [ 12 J \
! 1 %
1 H % i H \\
osf | \ / b
i % os | \
ool ; \
; oo | \
o4f / ¥ 1 ; *
!/ 00 o4t | AN
o2f/ - ~ I N
H ‘.,' "R - ,‘ k]
1 WY W W o2t/ N
of < \ A [' '\‘
! .
02 " N . . " " . o ! s — N L L it T
¢ 1 2 s 4 S5 8 7 8 9 10 3 4 5 & P
Fig. 3¢ Fig. 3d
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Example 2 Let us have the knot set {z; =1, i = 0(1)20} with the prescribed
function values

s =[s;] =[15,11,3,5,0,-2,-7,-1,6,10,12,16,19,17,13,12,8,6,4,1, 0].

The unstable error propagation is demonstrated on the following figures:
Fig 4.a shows s4(z) with mo, mn41, Mo approximated from the values s;,
Fig 4.b—s4(x) corresponding to small changes in s;; m; are computed from
s; on the boundary and My = 0. The changes of My seemed to have a small
influence on the plots. :
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Example 3 Shape preserving properties
On the Fig 5.a we can see that for the monotone data

s=1[1,2,5,6,7,12,15,22, 24,25, 35, 36, 37, 45, 47, 48, 55, 56, 58, 59, 60]

the spline S4(z) needn’t be monotone.
On the Fig 5.b the interpolating spline S4(z) preserves convexity of the data

s = [0,7,13.9,20.5,26.9,32.9, 38.4,43.2,47,49.3,49.6,48.7,
46.8,44,40.6,36.8,32.3, 27, 20.7, 12.4, 0]

. L " L . 2 " 1 o " s " L L " L

10 12 1“4 18 18 0 ] 2 4 8 8 10 12 14 18 18 20

8
Fig. 5a ‘ Fig. 5b

Example 4 Let us have the 2D data shown in the Fig 6.a (n = 4,m = 7).
When we compute 51, s°1 on the boundary from differences and put s2°, s11, 502
512,521 5?2 equal to zero, then the corresponding s44(z, y) is plotted on Fig 6.b.

)
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Example 5 For the function f(z,y) = (¢ + 3y®)3 and meshgrid (A) =
{(zi,y;); i = 0(5)30, y; = 0(3)12} there is no significant difference between

plots of s44(z,y) for exact (Fig 7.a) and rounded (Fig 7.b) boundary values of
510 5010

Fig. 7b ;

Remark 6 The above examples were worked out with MATLAB. The cor-
responding M-files can be obtained from the author.
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