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Abstract

This paper treats quartic splines smoothing mean values. Local rep-
resentation using the first and the second derivatives in knots is applied.
Two algorithms of computing these local parameters are presented for all
three types (natural, periodic and complete) of smoothing spline.
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1 Quartic spline interpolating mean values
1.1 Statement of the problem
Definition 1.1 Let us have the set of knots

(AIE) a=a:0<:1:1<...<a:n<zn+1=b, hiZSL‘,'+1—-£L‘i

The quartic spline S4; (z) with defect one on the knot sequence (Az) is a function
with properties: :

1. S41(w) is a fourth order polynomial on every interval [z;, zit1], ¢ = 0(1)n

2. S41 € C3[zp,Tnt+1]  (Continuity condition)

*Supported by grant No. 201/96/0665 of The Grant Agency of Czech Republic.
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80 Jiff KOBZA, Pavel ZENCAK

The vector space of functions satisfying these properties will be denoted by
Sy41(Az); it is known that dimSs (Az) =n + 5 (see [7]).

Definition 1.2 Let us have given values g;, 7 = 0(1)n. We say that the quartic
spline S4;(z) € Ss1(Az) interpolates mean values g; on the knot sequence (Azx)
(MVI spline) if the following conditions are satisfied:

/ Su(2)dz = higs, i =0(1)n (1)

Zi

Remark 1 Because dim S41(Az) = n + 5 we need prescribe four conditions
besides MVI conditions (for example two boundary conditions at both boundary
knots—function and some derivative values, periodicity conditions, more general
conditions). Some subclass of such splines will be used in the following.

Definition 1.3 Let us have given values s, Mo, Sn+1,Mnp+1. We call a MVI
spline Sy4; (z)

(a) anatural quartic spline if it satisfies boundary conditions
Sih(a) = Sia(6) = S (a) = ST ) = 0; (2)
(b)  a periodic quartic spline if it satisfies boundary conditions
i (@) = s ), 5 =0()3; 3
(c) a complete quartic spline if it satisfies boundary conditions

Ss1(a) = so, Si(a) =mo, Su() =sns1, Spd) =mpp1.  (4)

1.2 Local parameters, continuity conditions

Theorem 1.4 Let us denote by g; mean values (1) of Sa1(z) on [zi, Zit1], ¢ =
0(1)n and further m; = Sy, (z;), M; = S§y(z;) for i = 0(1)n + 1. Then we can
write the spline Sa1 on every interval [z;, zi11] with these parameters as

_ 2 (14 3 7 AR N
541(35) = g; +mih; (2(] Q" +q 20)+m,+1h,( 261 +q 20 +

1 2 1 1 1 1 1
g2f(la 25 Lo 1 g2l a4 1s 1
+ M;h; (4q 3¢ +2q 20>+M,+1hz <4q 3¢ +30> (5)

where ¢ = (z — z;)/hi is the local parameter, q € [0, 1].
Remark 2

o The local representation (5) we shall denote (m, M) representation of quar-
tic spline interpolating mean values on the knot sequence (Az) (for the
similar representation of quartic splines interpolating function values see

(7D
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e The coefficients (quartic polynomials in variable g) multiplying the pa-
rameters g;, m;, Mi+1, M; and M;y are often called basis functions of
the MVI problem in (m, M) representation.

e The local representation (5) used for neighbouring intervals ensures im-
plicitly the continuity of Sj; (), Sf;(z) in common point.

Theorem 1.5 The continuity conditions for Ss(z) and Sg) (z) in the knots
z;, 1 = 1(1)n we can write as recurrence relations:

3 7 3 1
éﬁhi—lmi—-l + 56(’%‘-1 + hi)m; + Oh iMit1 + 30h,_1Mi—1 +
+i(h?~h? )M~—1hM 1=0i—gi (6)
20 i i—1 1 30 i+ 1 i—1y
2
mi—1 + (pF — Vm; — pimip + ghiwlMi-I + g(hi——l + pihi) M; +
1
+Zhip? My =0, (7)

3
where p; = h;—1/hi, i = 1(1)n.

Proof The recurrences follow from (m, M) representation when comparing
expressions for Sy (), Sﬁ) (z) at common point z; of intervals [z;—1, ;] and
[#i,zit1]. Let us mention that the conditions (6), (7) form 2n linear equations
with 2n + 4 unknown parameters m;, M;. ]

1.3 Computing local parameters m, M

For MVI spline on the knot sequence (Az) we have prescribed the mean values
gi- Let us denote s; = Sy (z;i), T; = S,u)(z,) for i = 0(1)n + 1. Unknown
local parameters m, M of the spline Ss; we obtain as the solution of the system
of linear equations created by continuity conditions (6) and (7) completed by
corresponding boundary conditions.

Let us mention the special cases introduced in the Definition 1.3

(a) Natural spline (Mo = Mypy1 =To =Tny1 =0)
The terms with Mp and Mp41 are left out in (6) and (7) and the whole
system is completed by expressions for Tp and Tp+; taken from (m, M)
representation:

—M;

|
=

®)
)

h2 — Mg + hz —my —

|
o

Mnt1 + —M; =

2
ho
Ty Mp + — 2
h2 27" by
(b) Periodic spline (Sp = Spt1, Mo = Mpy1, Mo = Mpt1, To = Tnyi)
Using mo = Mny1, My = My, continuity conditions (6) and (7) in
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knot z; are rewritten as

3 7 3 1
—hompt1 + %(ho + h1)mi + 5zhima + gﬁh(z)Mn-\‘-l +

20 20
1, . 1
+'2—6(hf - hg)Ml - —3-6th2 = g1 — 9o, (10)
2 2 1 2 2
Mpy1 + (PY — 1)my — pyms + §h0M1L+1 + §(h0 + pihi)M; +
1
+§h1p%M2 =0. (11)
Putting so = Sn+1, Zo = Tn+1, the system (6), (7), (10), (11) is com-
pleted by
3 7 3 1
%hnmn + %(hn + ho)mn+1 + E—O-homl + @hiMn +
1 1
+§5(hg = h2)Mpy - §6th1 =90 = gn, (12)
1
mn + (Phyy — Dmngs — pArimi + ghnA[n +
2 1
+§(hn + P2 1ho)Mpy1 + Ehopi+1M1 =0, (13)

where pp+1 = hn/ho.

(c) Complete spline (with prescribed values so, spi1, Mo, Mpt1)
The terms with prescribed mg and mn+1 are transferred to the right sides
of (6) and (7) and the whole system is completed by expressions for sg
and 8,41 in (m, M) representation:

3ho h2 no Tho
- 20 my — %Mo + 30M1 = Sop—go+ —2—0—m0 (14)
3hy, h? hZ 7h
2 M~ '2’8Mn+1 + '3'6Mn = Sp41—Gn — z—onmn—u (15)

In all three cases the completed system has formally similar form:

Al A2 m B1

<A3 A4>(M)"(B2>”' (16)
The elements of the matrices A1, A2, A3, A4 and B1,B2 are described in con-
tinuity conditions (6),(7) and boundary relations (8),(9) (eventually (10) -(13)
or (14),(15) ). They depend on the geometry of the knot sequence (Az) only.
The matrices A1, A4 are tridiagonal and A2, A3 are band matrices with three
nonzero bands (or all matrices are cyclic tridiagonal in case of periodic boundary
conditions). We can prove the regularity of the matrix ( j:; 2: ) for equidis-

tant knot sequence (Az) using more detailed concepts of diagonally dominant
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matrices (given in [2]). In the case of general knot sequence the computations
did not show any problems with the regularity, but we have not proved it in
general. The vector p contains prescribed mean values (and prescribed bound-
ary conditions in case of complete spline) and m, M are vectors of unknown
first and second derivatives in knots.

In the case of regular matrix of the system (16) we can denote

-1
Al A2 B1
S_(A3 A4) (BZ)’ (17)
and we write the solutions of (16) as
m
( M) - Sp. (18)

Remark 3 The (m, M) representation and some other representations of quar-
tic splines interpolating mean values and algorithms for computing unknown
parameters of these representations are described in [3], [4] and [9].

1.4 Extremal properties of MVI quartic splines

Let us denote

V. = {feW3la,b]; [, f(z)dz = higi, i = 0(1)n},
ver = {f € V; fis periodic with the period (b— a)},
Veom = {f € V;f(a) = s0; f'(a) = mo, f(b) = sn+1, f'(b) = mpy1}

where Sg, Sp41, Mo, Muy1 are prescribed numbers,

and further introduce the functional
b
L) = 1712 = / [/ (@)Pds (19)
a

(J1(f) can be considered as some measure of smoothness of the curve f (2))-
Theorem 1.6 Functional J1(f) attains its minimum

(a) on the set V at some natural spline Sy1;

(b) on the set Vper at some periodic spline Sy1;

(c) on the set Veom at some complete spline Sy .

Tit1
Proof Assume that f € V and Sy, interpolates mean values g; = 7%- J f(z)dz
i

for i = 0(1)n. Using integration by parts we have

oo Qi _ b S"(f — "oy — o[ "oe "
(S41» Si1)2 = n(f = Sa)'dz =" Sii(f — Su)'dz =
a Ti

=0
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= > {[Sh(f — Su) 1z — [Sf1(f — Sa)lzi +

=0

+ [ S0 - su)da) = IS = Sl ~ 1SS - Sl
Then any from former mentioned boundary conditions
(a) natural conditions S§; (a) = S§;(b) = S}j(a) = Sii(b) =
(b) periodic conditions S (a) = S (b), j = 0(1)3;
(c) complete conditions

Su(a) = fla) =50, Su(d) = f() = sn+t1, .
Sii(a) = f'(a) =mo, S4(b) = f'(b) = Mmny1,

imply (Si,f" — Si1)2 =0. Using it and writting

17" = SEllE = I1F"1Z = 2(Sgh, £ — Sih)2 — 1S53
we obtain ||f"||2 = ||S5 13 + || f" — S11|3; therefore the inequality
IF7113 > IS1113  holds. =

Remark 4

e We say that splines introduced in the previous theorem have the extremal
properties mentioned here with respect to the functional J;.

e The general theorem for spline of even degree is formulated in [6]. (The
general theorem for splines of odd degree can be found here, too.)

o Some special theorem of this kind for quartic splines is referred in [5].

2 Quartic smoothing spline

The smoothing splines gives some compromise between an interpolation of pre-
scribed values and a least squares approximation of them. The statement of the
general smoothing problem for even (and also odd) degree splines is given e.g
in [6]. The algorithms for linear (see [6],[9]), quadratic (see [6],[8]) and cubic
splines (see [1],[6],[9]) are often mentioned. The high order splines on equidis-
tant knot sequence are often used too (see [5]). In this section two algorithms
for quartic splines on general knot sequence are described.
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2.1 The smoothing problem

Let us have given a knot sequence (Az) with prescribed values g = (go, .. .gn)7,
positive weight coefficients w = (wp,...,wn)T { in case of complete spline
9 = (M0,30,90,91, - - Gn, Snt1,Mn41)T and w = (w_z,..., wn42)T } and some
smoothing parameter a > 0.

Let us denote:

Va

W22[$01 mn-’rl]’

Viger {f € V¢; f is periodic with a period (b— a)},

I

Tigl
'hl—,. f(z)dz, i = 0(L)n,

Ti

Di

and further introduce the functionals

b
L) = IF"112 =/ [f"(z)]’dz  ( a measure of smoothness ),  (20)
Ei(f) = Zn:w,-(gi —pi)?  ( a measure of interpolation ), (21)
=0

Ex(f) = w-a(mo —mo)” +w_1(50 — 50)* + E1(f) +
+Wni1(8nt1 — Snt1)? + Wop2 (Mt — Mng1)? (22)
( boundary conditions acceptance measure included ).

Theorem 2.1 Let the knot sequence (Az), values g and coefficients w,a be
given. Then the functional

Bo(f) = 1(f) +aBr(f) (23)
attains its minimum
(a) on the set V*° at some natural spline Sy ;
(b) on the set V. at some periodic spline Sy .

The functional
J3(f) = J1(f) + aBx(f) (29)

is minimized on the set V*° by some complete spline Sa1. (Let us mention that
in all cases the extremal spline interpolates some unknown mean values p;.)

Proof

(a) Assume that f € V* gives a minimum to J; on V? and that p; are cor-
responding mean values of f(z) and that natural spline Sy (z) € V* in-
terpolates these mean values. Then F;(f) = E1(S41) and extremal prop-
erties of Sy; from Theorem 1.6 imply J1(S41) < J1(f); we have therefore
J2(Sa) < J2(f), Vfe V™.
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(b) In case of periodic spline the proof is similar.

(c) Assume that f € V*® gives a minimum to J3 on V? and that p; are corre-
sponding mean values of f(z). Let Sq(z) € V? interpolate mean values
p; and satisfy boundary conditions so = f(20),8n+1 = f(Tnt1),m0 =
f'(®0),Mns1 = f'(Tns1). Then E3(f) = E»(S41) and extremal properties
of Sy imply J1(S41) < J1(f); we have therefore J3(S41) < J3(f),Vf € V*.

(m]

Remark 5 The minimization problems (23) and (24) in Theorem 2.1 are often
called the smoothing problems.

2.2 Functionals J, E; and E, in m, M terms

We give the more detailed descriptions of functionals to be minimized in terms
of (m, M) local representation here.

Theorem 2.2 If Sy1(z) is MVI quartic spline then we can express functional
Ji1(S41) as a function of the first and the second derivatives of Sq; in knots z;
as follows:

n
_ 6,02, 6 2 2h; 2h; 6
J(Sn) =2 (5h,- M+ grmip + TEMY + TFME 4 2(- ghmiman +

1=l
+5miM; + f5miMipy — Jsmia M — Emigpa Mg — g—(‘,MiMiH))
(25)
Proof Differentiating twice the (m, M) representation we obtain

Si1(z) = Ai(@)mi + Bi(@)mis1 + Ci(@) M; + D;i(q) Mit1

with
Ai(q)

Ci(q)

6(¢> - @)/hi, Bi(g) = —Ai(q),
3¢ —49+1, Di(g) = 3¢*-2¢.

Il

i

Tit1

1
Using the identity [ (S}, (z))’dz = hs [(S}1(g))dg we can compute:
zi o

hi | A2(q)dg = 6/(5h); e ] CP(q)dq = 2hs/15;
0 0
h [ DXy =215 [ 44a)Ci@da = 1/10
s f A0 Dula)dg = 1/10; i [ C:@Dla)da = ~hif30

: i .
Substituting these results into Jy(Sa1) = . [ (Si (z))zda: we obtain (25). O

=0 g
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2.2.1 Natural spline

87

Under natural boundary conditions (2) we can write (25) in the following matrix

form

J1(Sa1) = (mT, MT) (

Gl G2
G2T G4

m

M

) ()

(26)

where we use the vector and matrix notation: m = (my,... mn+1)T € R*t2,

M

G1

G2

G4

G4

€

(Ml,...Mn)T €R", Gle R(n+2)x(n+2),
( 6 5
5h, 5h
_8 & 7 6
5ho 5ho 5hy 5hy
‘. l' Pl
6 6 6 _ 6
T8hnli Shn: T Bh. T hn
\ 6 6
5hn Shn
1
0 L
10
-1l g L1
10 10
. . n+2)xXn
T. ER( ) )
1 1
“0 0 1
-1
\ 10 1
10
X
Rn 'n’
2hoth1)  _hy
15 30
_hi 2(hathy) by
30 15 30
_hn—2 2(hn_2thn-1) _hna
30 15 30
_haa 2(hn—1+hn)
30 15

(tridiagonal matrices; elements not described are equal zero).

2.2.2 Periodic spline

Under periodic boundary conditions (3) we can write (25) in the following matrix

form

Ji(Sa) = (mT, MT) (

Gl G2
Gc2T G4

m
M

J()

where we use the notation: m = (mq,...mu41)T € R*,

M = (M,...M,y1)T € R*H,

Gle R(n+1)x(n+1) ,

27
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6 4 . 6 =6 =6
5ho 5hy 5hy 5ho
=6 6 L 6 -6
Shy 5h, 5ha 5ha
(;1 = . ‘. )
=6 _6 ., 6 =6
Shn—1 Bhn-1 + Shn S5hn
\ =6 =6 6 6
5ho 5hn 5h. ' Bho
1 1
0 1 ~10
-1l g L
10 10
. . . n+1)x(n+1
(;2 = .. .. .. € I{('+ ) (n+ %
L 1
10 0 10
L ~-L 0
10 10
G4 € RUx(ih)
2(ho+hy) by _ho
15 30 30
e 2(hitha) _hy
30 15 30
G4 = N
_har 2(hn-_1+h,) _hy
30 15 30
_ho _hn 2(hn+ho)
30 30 15

(cyclic tridiagonal matrices).

2.2.3 Complete spline

Under complete boundary conditions (4) we can write (25) in the following
matrix form

nisa) = oM7) (Ggr g ) (5 )+ "™ (13 )+
+pT(H17, H2") ( o ) +9"Kp (28)

. T
where we use the notation: p = (mq, $0,P0,P1 - - -, Pn, Sn+1,Mny1) € RS,

m = (my,...mp)T €R", M= (My,...Mp11)T € R™2, G1 € R™™,

6 6 —6
Bho T Bhy  Bhy
6 6 4 6 -6
5hy 5hy 5ho 5ho
Gl = . )
—6 6 + 6 —6
5hn—2 5hn—2 5hn-—1 5hn—1
=6 8 4 6
5hy—1 Shn-i 5hy
L L
10 0 10
— . . . nX(n+2
G2 = ST € Rx(n+2),

1 1
\ -5 0 1%
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2hg  _h
15 30
_hg 2(hoth) _hy
30 15 30
— . . . - n+2) x(n+2
G4 = .. .. . € R x(n+2),
_ha1 2(hn-1thn) by
30 15 30
_ha 2hy
30 15

Hl € Rnx(n+5), H2 € R(n+2)x(n+5), Ke R(n+5)x(n+5),

—6/(5hg) 1=j=1
(H1);; = { =6/(5hs) i=n, j=n+5
0 others
110 i=1,2j=1 .
(H2);; = -1/10 i=n+1,n+2; j=n+5, H=<H2>’
0 others
6/(5ho) i1=35=1
(K)ij = ¢ 6/(5hy) i=j=n+5
0 others.

We shall use the matrix notations also for functionals E;, E2 in all cases of
boundary conditions mentioned. When we denote the diagonal matrices of
weight coefficients

D; = diaglw;]%, ,D: = diagw;]?

i=—2
then the matrix forms of functionals E; (defined by (21)) and E» (defined by
(22)) are:
E; = (9-p)"Di(g-p), (29)
B; = (9-p)"D2(g-p). (30)

il

2.3 Computing local parameters of the smoothing spline

- (% %)

Let us denote

G2"7 G4
where G1, G2, G3, G4 are matrices given by (26) (eventually (27) or (28)). Let
us have the matrices S (defined by (17)), G, D1, D2, H, K (described in (28))

and vector g. The algorithm for computing local parameters of quartic splines
smoothing given values g can be described in special cases mentioned as follows:

(a) Natural (or periodic) spline
Substituting (29), (18) and (26) (or (27)) into functional J, defined by

(23) we obtain the value of J(S41) as the function of p (with the same
notation) given as

J2(Sa1) = Ja(p) = p"STGSp + a(g — p)TD1(g — p).
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From necessary conditions of minima,
J3(p) = 28"GSp — 20Dy (g - p) =0

we obtain the system of linear equations for computing unknown mean
values p:
(STGS + aD,)p = aD1g (31)

Finally we compute unknown parameters m and M using computed p and
(18).

(b) Complete spline
Substituting (29), (28) and (18) into J3 (defined in (24)) we obtain

J3(p) = p"STGSp + p"STHp + p"H"Sp+ p"Kp + a(g — p) " Ds(g - p).
The necessary conditions of minima,
Ji(p) = 2(STGS + STH+HTS + K)p — 2aD3(g —p) =0
produce the system of linear equations for computing unknown values p:
(STGS +STH + HTS + K + aDs)p = aDag (32)

Then we again compute unknown parameters m and M using (18).

2.4 Existence and uniqueness

Theorem 2.3 Let us have given the knot sequence (Azx) with prescribed values
g = (go0,--.9n)T, weight coefficients w = (wo, ..., w,)T { in case of complete
spline g = (Mo, 30,90, 91, - - - Gn> Snt1, Mnt1)? and w = (w—a, ..., war2)T } and
the smoothing parameter a > 0. If the matriz of system (16) is regular, then
the natural, periodic and complete smoothing quartic spline exist and they are
determined uniquely for all @ > 0.

Proof The definition of functional J; implies J; > 0. The matrices D; and
D, are positive definite (i.e. «TD;u > 0, Yu # 0, i = 1,2) because D; and Dy
are diagonal with positive factors on the diagonal. Then

(a) 0 < Ji(u) + cuTDyu = uT(STGS + aD;)u, Vu # 0 for natural and
periodic splines. ’

(b) 0 < Ji(u) + cuTDou = uT(STGS + STH + HTS + K + aDs)u, Vu # 0
for complete spline.

These relations imply that matrices (STGS + STH + HTS + K + aD») and
(STGS + aD;) are regular and therefore systems (31) and (32) have only one
solution p. The parameters m, M are then uniquely determined from (18). O
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2.5 Computing local parameters by optimization
techniques

The smoothing problem (23) for natural and periodic spline has the following
form of quadratic programming problem (relations (16), (29), (26) or (27) used):

Gl G2 O m
Minimize mT,MT,p")| G2T G4 o0 M |+
0 0 aD; p

0
+ (mT, M7, pT) 0 +ag™Dyg
—2aDlg

" Al A2 -B1 m 0
under conditions (AS Ad ——BZ) (]\1/;[) = (0>

The smoothing problem (24) for complete spline has the following form of the
quadratic programming problem (using (16), (28) and (30)):

Gl G2 H1 m
Minimize (mT,MT pT) | G2T G4 H2 M|+
H1T H2T K + oD, p

0
+ (mT, M7T,pT) 0 +agTDyg
——2&ng

.. A1 A2 -B1\ [T\ (o
under conditions (A3 Ad —BZ) (]\pl) = <O)

Remark 6 These quadratic programming problems are equivalent to solving
the Kuhn-Tucker conditions as the systems of linear equations with sparse ma-
trix.

2.6 Numerical examples

The algorithms in sections 2.3 (Alg. 2.3) and 2.5 (Alg. 2.5) were realized in
MATLAB. Both algorithms give identical results.

Example 1 The smoothed values are obtained as sum of mean values of func-
tion f(z) and randomly (with uniform distribution) generated error values. This
values are smoothed for different parameters a.

(a) Natural smoothing spline:
function f(z) = 3z%exp~2, knot sequence z = [—1: 0.1 : 4] (see Fig. 1).

(b) Periodic smoothing spline:
function f(z) = sin(2nz), knot sequence = = [0: 0.02 : 1] (see Fig. 2).
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(c) Complete smoothing spline:
function f(z) = (2 — 25)2/100, knot sequence z = [—5 : 0.1 : 5] (see
Fig. 3).

10 T T T T ¥ T T T T

Figure 1: Natural quartic smoothing splines for & = 0.05 (dotted), a = 20
(dashdot), @ = 1E6 (solid) and original function (dashed).

1.5 T T T T T T T T T

-1.5 ! 1 1 L ! L ! 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Periodic quartic smoothing splines for a = 5 (dotted), a = 100
(dashdot), a = 1E9 (solid) and original function (dashed).
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Figure 3: Complete quartic smoothing splines for @ = 0.005 (dotted), a = 20
(dashdot), & = 1E6 (solid) and original function (dashed).

Example 2 This example gives a comparison of ”computing time” (measured
by Matlab function cputime) with respect to density of knot sequence (Az).
The function is identical as in example 1.a and a = 1000 is used. The results
are summarized in following table:

n 10 | 20 | 50 100 200 500 | 1000
alg. 2.3 | 0.22 | 0.5 | 4.28 | 32.69 | 270.62 - -
alg. 2.5 | 044 | 06 | 1.1 | 2.25 5.38 | 28.56 | 39.27
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