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Abstract
It is shown that from the fact that the unique solution of homogeneous
problem is the trivial one it follows the existence of solution of nonhomo-
geneous problem in the Colombeau algebra.
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1 Introduction

We consider the following problem

(1.0) 2(0) = 3 Aw (O (1) + filt)
J=1

(1.1) Lk(.’l,‘k)zdk, dkER, k=1,...,n;

where Agj, fr and zj are elements of the Colombeau algebra G(R); d,, ..

'7d71

are known elements of the Colombeau algebra R od generalized real numbers
and Ly are operations on G(R) (see [1], [2]), the multiplication, the sum, the
derivative and the equality is meant in the Colombeau algebra sense. We prove
theorems on existence and uniqueness of solutions of problem (1.0)-(1.1). Our

theorems generalize some results given in [14], [15] and [17]-[18].

ax
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2 Notation

Let D(R) be the set of all C* functions R — R with compact support. For
g = 1,2,... we denote by A, the set of all functions ¢ € D(R) such that the
relations -

(2.1) / (t)dt =1, / thp(tydt =0, 1<k<gq
hold.

Next, £[R] is the set of all functions R : A; x R — R such that R(p,t) €
C(R) for each fixed p € A;.

If R € E[R], then DiR(p,t) for any fixed ¢ denotes a differential operator
in t (i.e. DkR(p,t) = 4:(R(p,1)) for k > 1 and DoR(p,t) = R(p, 1)).

For given ¢ € D(R) and € > 0, we define ¢, by

1 t

(22 octt) = 2o (3).
An element R of £[R] is moderate if for every compact set K of R and every

differential operator Dy, there is N € N such that there are ¢ > 0 and g > 0
such that

(2.3) sup | Dy R(pe,t)| < ce™™ for 0< e < ep.
tek

We denote by £a[R] the set of all moderate elements of E[R].

By I' we denote the set of all increasing functions a from N into R* such
that a(q) — oo if ¢ = oo.

We define an ideal N[R] in Ep[R] as follows: R € N[R] if for every compact
set K of R and every differential operator Dy, there are N € N and a € I' such
that the following conditions holds: for every ¢ > N and ¢ € A, there are ¢ > 0
and g¢ > 0 such that

(2.4) sup | Dy R(¢e,t)| < ce®@=N if 0<e<e.
teK

The algebra G(R) (the Colombeau algebra) is defined as quotient algebra of
Em[R] with respect to N[R] (see [1]).

We denote by & the set of all functions from A; into R. Next, we denote
by £u the set of all the so—called moderate elements of & defined by

(2.5) Em = {R € &: there is N € N such that for every ¢ € An there are
¢ > 0 and g such that |R(p.)| < ce M if 0 <e <o}

Further, we define an ideal A/ of £y by

(2.6) N ={R € &: there are N € N and a € I such that for every ¢ > N and
¢ € A, there are ¢ > 0, no > 0 such that |R(p¢)| < ce®D=Nif 0 < e < mp}.
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We define an algebra R by setting

R= 5{‘; (see [1])-

It is known that R is not a field.

If R € Em([R] is a representative of G € G(R), then for a fixed t the map
Y : ¢ - R(p,t) € R is defined on A; and Y € Ey. The class of ¥ in R
depends only on G and t. This class is denoted by G(t) and is called the value
of generalized function G at the point ¢ (see [1]).

We say that G € G(R) is a constant generalized function on R if it admits
a representative R(p,t) which is independent of ¢ € R. With any Z € R we
associate a constant generalized function which admits R(p,t) = Z(y) as its
representation, provided we denote by Z a representative of Z (see [1]).

(Throughout in the paper K denotes a compact interval in R containing
zero.) We denote by

Ray; (0:8), Rpr(p1), Rag;(9)s Rej(10)(9)s Raj(p,t) and Ry (1)
representative of elements Ay;, fi, Zoj, Zoj(t0), z; and z’; for k,j = 1,...,n. Let
A(t) = (Aki (1), F@&) = (A),--, )T, 2(t) = (21(8),...,z.()7,
z'(t) = (@) (), ...,z ()T, 2o = (210,-..,%n0)7,

where T denotes the transpose. We put

Ra(p,t) = (Ray, (9,1), Rrle,t) = (By(#,1),..., Ry, (0,1))7,

Ra(p,t) = (Ray (p:1), -+, Ry (0,1))7,
Ry (p,t) = (R; ( )s-oess Ry ((,D,t))q
Rao(p) = (Rz1o (50)7 SRR ‘tno (‘P)) ’

Rz(to)(@) = (Rzl(to)(‘p)7 LR Rzn(to)(w))Tv

t t
/ Ra(p,s)ds = < Ray; (o, s)ds) ,
to to

ot t t T
Rf(‘lgn‘b’)dé' = ( Rfl ((p,s)ds,...,/ an((p,s)d8> ’
Jito to to
1B 01 = 3 1Ra (00l IRk = Y sup|Ra, (0],
koj=1 k,j=11€K

IRs (0, )|k = 3_ sup Ry, (i0,1)].
i=1 teK
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If
Akj, f; €G(R), u=(u1,...,un) €R", v={(vy,...,0,) €R",
akj,bj GN[R]; Mkj,Dj GN, q; € R, Tj Eﬁ
for k,5 =1,...,n, then we write -

A = (Axj) € G™(R), f=-, )T € GM(R),
b= (b1,..-,bn)T € N*[R], a= (ax;) € N™"[R],

m = (my;) € N»*", p=(P1,-..,pn)T €N,
q:(ql""7qn)T€Rn7 7‘:(7’17~--,7‘11)T6ﬁn7
Ra(p,t) € E37 " [R], R.(p,t) € EY[R]

n
and (u,v) = Y u;v;.
i=1

We say that = = (z1,...,2,)T € G*(R) is a solution of system (1.0) if there
is 7 € N™[R] such that it holds

Ry (‘P7 t) = Ra ((P, t)Rz (‘P, t) + Rf (o, t) +n(p,t)

for all ¢ € A; and t € R, where R, denotes an arbitrary representative of z.
3 The main results
First we shall introduce four hypotheses.

Hypothesis H,

(3.1) Aeg™"(R), feg(R),

the matrix A admits a representative Ra(p,t) = (Ra,;(®,t)) with the following
property: for every compact interval K there is N € N such that for every
@ € Ap there are constants ¢ > 0, g > 0 and 7o > 0 satisfying at least one of
the following four conditions:

t
(3.2) ||/ |Ra,, (%,s)lds”K <c forO<e<epandk,j=1,...,n;
0

(3.3) (T, RA(pe,t)u) > vo(u,u) for0<e<eo, t € K and u € R,
(34) Ry, (pe,t) = —Rau(pe,t) fork=2...,n, t€ K and 0<e < &o;

(3.5) Ra;;(pe,t) >v for0<e<ey, teKandj=1,... n;

b



Boundary value problems for ordinary . .. 99

the matrix A admits a representative R4(p,t) = (Ra,, (¢,t)) with the following
property: for a fixed compact interval [a, b] there is N € N such that for every
@ € AN there are constants g > 0 and v > 0 such that

(3.6) B, = AZI/(L B, (e tldE < 5~ for 0 <& <éo.
—~

Hypothesis H,

(3.7) p7 q,r E LIIOC(R)7
b 4
a
b 4
(3.10) p € L),.(R), pis an w-periodic function such that

s 20, [“aeizo ["par <,

the elements p,q € G(R) admit representatives R,(¢p,t) and Ry(p,t) witl: the
following properties: for every compact interval K there is N € N such that for
every ¢ € Ay there are constants ¢ > 0 and ¢ > 0 such that

(3:2) H/Othp(we,s)lds“KSc, l] /otqu(wE,sndsHKSc

for 0 < € < €g, the elements p,g € G(R) admit representatives R,(¢,t) and
R,(p,t) with the following properties: for a fixed compact interval [a,b] there
is N € N such that for every ¢ € An there are constants v > 0 and g9 > 0
satisfying at least one of the following two conditions:

b
4
(311) / |Rp((p5,lf)‘dt S m - for0<e< €0,

b b
312 [ IRyoc0ldt+ [ 1RG0l < —y for0<e <z,

4
b—a+4

the element p € G(R) admits an w-periodic representative Rp(p,t) with the
following property: there is N € N such that for every ¢ € An there are
constants g9 > 0, v > 0 satisfying at leasi one of the following four conditions:

(3.13) Rp(pe,t) < —y for0<e<egpandt€R;
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(3.13) Rp(ec,t) <0 for 0 <e <epandt€R;

(3.14) |Rp(we,t)| >~ for0<e<epandteR;
. 16

(3.15) /{] | Ry (e, t)|dt < == for 0 < € < go.

Hypothesis H;

L; (i =1,...,n) are operaticns such that:

(3.16) Li(y) eR fory€ G(R) and Li(y) € R for y € C®(R),

(3.17) Li(Myr + Aoya) = M Li(y1) + Ao Li(y2),

where y1,y2 € G(R) and A1, A2 are constant generalized functions on R,
(3.18) hi(¢) = Li(R, (p,1)) € Ent

for all € Ay and y € G(R) such that R,(p,t) € Em(R],

(3.19) LilRy(p,1)] = [LiRy(p,1)] for all y € G(R),

(3.20) L1 =1,

if the matrix A € G"*"(R) has property (3.2) and if £ € G"(R), then there is a
compact interval [a,b] and N € N such that for every ¢ € Ay there are g9 > 0
and < > 0 such that the relations (3.6) and

(3.21)

Li ( /‘ Ra,,; (e, 5)Ra; (e, s)ds)} < ( / ' Ra,, (e t)[dt) 1Rz (%, t)ll{a,b)

are valid for all i,j, k = 1,2,...,n and € € (0,¢0)-

Hypothesis H,
L; have properties (3.16)—(3.19) fori = 1,...,n;

L; (i =1,...,n) are operations such that:
(3.16)’ Li(y) € R fory € C(R),
(3.17)' Li( My + Aoy2) = MLi(y1) + A2 Li(ya),

where A, A2 € R and y;,92 € C(R),
(3.18) Lily) = Li(y) fory e C*(R),
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if y. € C*°(R) and y. = y as € — 0 (almost uniformly), then
(3.19)’ Li(ye) = Li(y)-

Now we shall give theorems on the existence of the solution of problem
(1.0)-(1.1). Apart from problem (1.0)-(1.1) we shall consider the homogeneous
problem

(3.22) T (t) = Y Agj(t)a; (1),
j=1

(3.23) Li(zk) =0, k=1,...,n.

Theorem 3.1 We assume conditions (3.1)-(3.2), (3.16)—(3.18). Moreover, we
assume that the trivial solution is the unique solution of problem (3.22)-(3.23)
in G"(R). Then problem (1.0)-(1.1) has ezactly one solution in G*(R).

Remark 3.1 If A and f have properties (3.1)-(3.2), then the problem
(3.24) z'(t) = A(t)z(t) + f(t),

(3.25) z(to) =20, to€R, zp€ER

has exactly one solution z € G"(R) (see [13]). Besides every solution z € G"(R)
of equation (3.24) has a representation

(3.26) z(t) = Z(t)c + Q(¢),
where Z(t) = (2;(t)) is a solution of the problem
(3.27) Z'(t) = A@)Z(t), Z(to) =1, to€ K,

¢ = (c1,...,¢q)T, ¢; are generalized constants functions on R for i = 1,...,n,
I denotes the identity matrix and @ is a particular solution of system (3.24).
The solution z is the class of solutions of the problem

(3.28) z'(t) = Ra(p, t)z(t) + Rs(p,t)

(3.29) z(to) = Ry (@), @€ A (see [13]).
Remark 3.2 Let = = (21,...,2,)T € G*(R) and let
Li(z:) = zi(a), Li(z:) = 2:(b) — zs(a), Li(z:) = mi(ts),

where a,b,t; € R, i = 1,...,n. Then the operations L!, L?, L? have properties
(3.16)-(3.19). The operations L? have not properties (3.20).

Ifz; € C*'(R) and if L}(z;) = z/(a), then I:,-l have properties (3.16)'~(3.18)’,
and L; have not property (3.19)’ in general.
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Proof of Theorem 3.1 To this purpose we consider the following systems of
equations

(3.30) Hoc=b

and i

(3.31) H-c=0,

where

(3.32) H = (H;), Hi=Li(zi;), b= (b1,...,bn)7,

bi=Li(Qi), Q= (Q1,---,Qu)T; d,j=1,....n

and Z,Q have properties (3.26)—(3.27). From assumptions of Theorem 3.1 and
from [16] we infer that det H is an invertible element of R. This proves the
Theorem 3.1. =

Theorem 3.2 We assume that
(3.33) all the assumptions of Theorem 3.1 are satisfied,

(e, t) is a solution of the problem

(3-34) .’L"(t) = Ra(pe, t)x(t) + Rf (‘PEa t),
(3.35) Li(zi(pe,t)) = Ra,(pe), @€ AN, i=1,...,n
(for sufficiently large N and for small e > 0).
Then
(3.36) z(p,t) € Ey[R] and z = [z(p, )]

is a solution of problem (1.0)—(1.1) (we put (e, t) = 0 if (e, t) is not solution
of problem (3.34)-(3.35) ).

Proof First we examine the problems
(3.37) Z'(t) = Ra(pe, t)Z(t), Z(to) =1, to €R.

Let Rz(pe,t) be a solution of problem (3.37). Then every solution z(¥e,t) of
equation (3.34) has the representation

(338) z((PE ) t) = RZ(QpEa t)c(()OE) + Q(WE; t);

where

t
(3.30) Q(gert) = Rz(ert) /0 (Rz(er5))™" Ry (e, 8)ds.
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Now we consider equation (3.34) with the conditions
(3.40) Li(z, (pe,t)) = Ra,(pe), i=1,...,n.
By (3.34), (3.38) and (3.40) we obtain the systems of equations

(3.41) H(pe)e(pe) = blye),
where

H(pe) = (Hij(pe)), Hij(pe) = Li(2ij (e, 1)),
(zij(pe, 1)) = Rz(p:,1),  bi(pe) = Ra,(we) — Li(Qilpe, 1)),
(3.42) b(@e) = (bi(we), - - balpe))T,
Qpe,t) = (Q1(9e, 1), -, Qulp, )T,
c(pe) = (cr(pe), .- enlwe))s 45 =1,...,n.
Taking into account relations (3.38)-(3.42), assumptions of Theorem 3.2 and

Theorem from [16] we conclude that there is N € N such that for every p € Ay
there are ¢ > 0, €9 > 0 such that

(3.43) | det H(p:)| > ce™ for 0 < e < €.

Using (3.38)-(3.43) we deduce that problem (3.34)-(3.35) has exactly one so-
lution z(pe,t) (for ¢ € A;, ¢ > N and 0 < € < gp). By (3.41)-(3.43) we
get

(3.44) c(pe) = H™ (e )blpe)

(for ¢ € Ay and 0 < € < gp). The last equalities, Remark 3.1 and relations
(3.16)-(3.19) yield (we put ¢;(pe) = 0 and z(pe,t) = 0 if det H(p:) = 0).

(3.45) ci(p) €&y fori=1,...,n.

Since

(3.46) Rz(pt) € Ey"[R],  (Rz(p )™ € E (R,

therefore

(3.47) 2(,1) € EY[R]

which completes the proof of Theorem 3.2. 0

Remark 3.3 We assume conditions (3.1)-(3.2) and Li(zx) = zx(a), a € R,
i =1,...,n. Then problem (3.22)-(3.23) has only the trivial solution in G"(R)
(see [13]).
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Remark 3.4 We assume that the matrix A admits an w-periodic representative
Ra(p,t) = (Ra,,(p,t)) satisfying conditions (3.1)-(3.3). Then system (3.22)
has only the trivial w-periodic solution in G*(R) (see [17]).

Remark 3.5 We assume that the matrix A has an w-periodic representative
Ra(p,t) = (Ra,,(p,t)) satisfying conditions (3.4)—(3.5). Then system (3.22)
has only the trivial w-periodic solution in G*(R) (see [17]).

Remark 3.6 If the element p admits an w-periodic representative R, (¢, t) sat-
isfying conditions (3.2) and (3.13), then z = 0 is the unique w-periodic solution
of the equation

(3.48) z"(t) + p(t)z(t) =0

in G(R) (see [15]).

Remark 3.7 If the element p admits an w-periodic representative Ry(ip,t) sat-
isfying conditions (3.2)" and (3.14)—(3.15), then = 0 is the unique w-periodic
solution of equation (3.48) in G(R) (see [15]).

Remark 3.8 If conditions (3.10) are satisfied, then = 0 is the unique
w-periodic solution of equation (3.48) in the Carathéodory sense (see [11]).

Remark 3.9 If conditions (3.8) are satisfied, then the problem
(3.49) z'(t) + p(t)z(t) =0, z(a) =z(b) =0, a#b, a,beR

has only the trivial solution in the Carathéodory sense (see [3]).
If p and g have properties (3.9), then the problem

(3.50)  z"(t) + p(t)z'(t) + q(t)xz(t) =0, =z(a) =z(b)=0, a#b, a,bER
has only the trivial solution in the Carathéodory sense (see [4]).

Remark 3.10 If the element p admits a representative fulfilled conditions (3.2)"-
(3.11), then problem (3.49) has only the trivial solution in G(R) (see [14]).

If elements p and ¢ admit representatives Rp(p,t) and Rgy(yp,t) satisfying
conditions (3.2)"; (3.12), then problem (3.5) has only the trivial solution in

G(R) (see [14]).

Theorem 3.3 We assume that the element p € G(R) admits a representative
R,(yp,t) satisfying conditions (3.2)'; (3.13)". Then problem (3.49) has only the
trivial solution in G(R).

Proof Let z be a nontrivial solution of problem (3.49) in G(R). Then

(351) Rz”(‘pa t) + RP(9067t)RI(‘P€at) = 7’(‘p€’t)’
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where
(3.52) n(e,t) € N[R], Re(p,a) €N, R.(p,b)eN.

Hence we get
b b
(3.53) / Ryn (‘Psvt)Rz(‘Psyt)dt‘*"/ Rp(%,t)Ri(sOs,t)dt = N(pe),

where () = [/ n(¢p, t) R (p, t)dt € N
Taking into account (3.31)—(3.53) we infer that
(3.54)

b b
(Ror (9, 1) R (90, )L — / R (pe, t)dt + / R, (e, )R (e, )t = 7(2).

Since

(355) RIE' (993 b)R-t ((pa b) E Na RLII’ (‘pa e)RI(SO’ a) E N:
therefore
b
(3-56) / (Ri' (e, t) - Rp(‘PEa t)Ri((,OE, t))dt = 7" (ee),
b
(3.57) / R (g, t)dt e N (by (3.13)")
and
t
(3.58) R, (pe,t) = / R,/ (pe,8)ds + Ry (e, a),

where 7*(¢) € N. Conditions (3.57)-(3.58) and the Schwarz inequality imply
(3.59) I Re (e, t)llja. < ce(@M
where ¢ € Ay, ¢ > Nj and 0 < € < ;. On the other hand we have

(3.60) Ry (pe,t) = — /at(t = 8)(Rp(pe, 8) Ra (e, 8) — (e, 8))ds
+ Ry (@e,a) + Ry (e, a)(t — a).

Consequently (putting t = b)

(3.61) Ry (pe,a) EN

and (using the Gronwall inequality)

(3.62) 1Dy Ra (e, )|k < cpe® @M

for ¢ > N, p € A; and 0 < € < €. Thus

(3.63) R.(p,t) € N[R]

which completes the proof of Theorem 3.3. )
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Theorem 3.4 We assume conditions (3.1)-(3.2), (3.16)—(3.21). Then =z =
(0,...,0)T is the unique solution of problem (3.22)—(3.23) in G™(R).

Proof Ifz = (z1,...,2,)T € G*(R) is a nontrivial solution of problem (3.22)-
(3.23), then -

(3.64) Ry (p,t) = Ra(p,t) Rz (0, ) + 1(ep, 1)
and
(3.65) Li(zi(p,t)) =i €N,

wheren € N*[R], i=1,...,n and R, is a representative of z. By (3.64)-(3.65)
and (3.16)—(3.21) we get

n t

(3.66) Retont) = ([

RAkj (e, S)R-’L‘j (e, 3)) ds
Jj=1

=1 @

Applying (3.20)—(3.21) and (3.66) we have

n t
(3.67) (Res(es < 3 [ Ry, (00 OB, (Dl
j=17a

t n b
+ / |7lk(90e»t)|dt + |Tk| + Z ”le (‘Pe, t)”[a,b] / |RAkj (LPE’ t)ldt'
a J"‘l a

Hence

(3.68) 1Re (e, )l(a,8) < 201 Re (e, t)ll(a,b1Be + T1(e),
where 7(p) € N. Thus

(3.69) l|Re (e, t)llfapy(1 — 28:) < 2e* @
Using (3.6) we obtain

(3.70) IDs Re (e, t)lljay < @

forpe Ay, g> N, and 0 < e <E.
On the other hand

t
(371)  Rulpe,t) = Ralerto) + / Ra(e,8)Ra (e, 8) + (e, 8)ds,
to

where ¢y € (a,b).
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By virtue of (3.70)-(3.71) and the Gronwall inequality we get
(3.72) 1D R (o, )| < Ere(0
for g > N), p € A; and 0 < € < ¢’ and consequently
(3.73) Ry (p,t) € N'[R].

This proves the theorem. O

4 Final remarks

Remark 4.1 Let p € L],.(R), then we put

loc

(4.0) Ro(e.t) = | "t + W) = (px 9) (1),

— 00

where ¢ € A;. Hence p* 9. — pin L}, .(R) and Rp(p,t) has property (3.2). It
is known that every distribution is moderate (see [1]). The problem (3.24) need
not have a solution in G"(R) (see [13]). Multiplication in G(R) does not coincide
with usual multiplication of continuous function in general (see [1]). We denote
the product in G(R) by o. If p,xz € C*°(R), then the classical product pz and

the product po z in G(R) give rise to same element of G(R) (see [1]).
Theorem 4.1 We assume that
(4.1) Aj fr €C®(R), dy €R for k,j=1,...,n;

z=(0,...,0)T is the unique solution of problem (3.22)-(3.23)

(4.2) in the classical sense,

T = (T1,...,%n) ! is the solution of problem (1.0)—-(1.1)

(4.3) in the classical sense,

T = (41,...,%,)T € G*(R) is the solution of the problem

(4.4) Ti(t) = > Axj(t) o zi(t) + fi(t),
=1
(45) Lk(.’l,‘k)Idk, k:l,...,n;
(4.6) the operations L; have properties (3.16)—(3.19).

Then T and & give rise to the same element of G™(R).
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Proof Let # = [Rz(,t)] be a solution of problem (4.4)-(4.5). Then

@7) T (6) = D AT (8) + felt), Lilzs) =di, k=1,...,m
j=1

and

(4.8) Re(Pest) =) Agj(8)Re; (e t) + fr(t) + me(pe, t),
j=1

(4.9) Li(Tk(pe, b)) = di + T (@e), k=1,...,n,

where n, € N[R]. T € N, 0 < € < g9, p € Ay, N sufficiently large and
k=1,...,n. Hence

(4'10) Rz'(‘Pe» t) = A(t)Rz(pe,t) — n(pe, t)

(4.11) Li(Ra(pe,t)) = —M(pe), k=1,...,n.
where

(4.12) Ry(pe,t) = Z(t) — Ra(pe,t),  A(t) = (Ar;(1))-

On the other hand R (p,t) has the representation (3.38), where Ra(p,t) = A(t)
and

t
(413)  Q(pert) = ~Ralps?) /0 (Rz (e, 8) " n(e, 5)ds € N™[R].

We consider system (3.41). The relations (4.6), (4.13), (3.38), (4.10)-(4.11),
(3.42)-(3.44) and (3.46) yield

(4.14) clp) e N
and consequently
(4.15) T — Rz(p,t) € N'[R].

This proves of Theorem 4.1.

“To repair” to consistency problem for multiplication we give the definition
introduced by J. F. Colombeau in [1].

An element u of G(R) is said admit a number W € D'(R) as the associated
distribution if it has a representative R, (y,t) with the following property; for
every ¥ € D(R) there is N € N such that for every ¢ € Ay we have

(4.16) im [ Ru(pe, ) (t)dt = W (3).

e—0 — 0
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Theorem 4.2 We assume that

(4.17) Akj, fr € Lj,.(R) for k,j=1,...,n;

z* = (0,...,0)T is the unique solution of the problem

(4.18) o (t) =) Ak (H)z;(t), Li(zx) =0, k=1,...,n
j=1

(in the Carathéodory sense),
x 1s the solution of the problem

(4.19) i (t) =D Aej(®)z;(t) + fu(t), Li(ex) =di, dx €R, k=1,...,n
Jj=1

(in the Carathéodory sense),
T € G*(R) is the solution of the problem

(4.20) Tp(t) = D Axj(t) o mi(t) + £5(1),
j=1
(4.21) Lk(:L'k) de, k= 1,...,77,’
(4.22) Li,Lr have properties (3.16)(3.19), (3.16)'—(3.19)’".
Then Ty admits associated distribution which equals z (k=1,...,n).

Proof follows from the facts that Ra,;(pe,t) = (Ar; * @e)(t) — Ag;(t),
Rf (e, t) = (fx * 9e)(t) = fi(t) in L, (R) (for k,j = 1,...,n, € = 0)
and the continuous dependence of z on coefficients Ag; and fi. Indeed, let
Rz (e, t) = (R:;;(¢e,t)) be the solution of problem (3.37). Then we conclude
that

(423) ;I—I)r(l) R:,’,‘ (9067 t) = Zij (t)

(almost uniformly for every fixed ¢ € A;) and i,57 = 1,...,n. By (3.19)' and
(4.18) we have

(4.24) lin}) det H(pe) =9 #0, ge€R,

for every ¢ € A; (det H(p:)) is defined by (3.42). Let R(y.,t) be a solution
of problem (3.34)-(3.35) (for small € > 0, ¢ € An and sufficiently large N).
Relations (3.38)-(3.42), (3.34), (4.23)-(4 24), (3.16)—(3.19) yield

(4.25) lir% R:, (pe,t) =zk(t), k=1,...,n.
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(almost uniformly for every fixed ¢ € Ay) and = = (z1,...,2,)7 is a solution
of problem (4.19) in the Caratheodory sense. On the other hand 7 = [R;(y, )]
is the solution of problem (4.20)-(4.21) (we put R,(ge,t) = (0,...,0)T if
det H(p:) = 0). Proof of the fact is similar to the proof of Theorem 3.2. This
proves of Theorem 4.2. - ]

Corollary 4.1 We consider the following problems

(4.26) { L(z) = z™(t) + Pl_(t)z‘”“’(t) + oo+ Pa()T(t) = Py (t)
Liw) =di, dieR i=1,...n

and
(4.27) L(z)=0, Li(z)=0, i=1,...,n;

wherep; € GR) (j=1,...,n+1) and L; (i =1,...,n) have properties (3.16)-
(3.19). We assume that the matriz

0 1 0 0
A= 0 0 1 0
—Pn —Pn-1 e e —D1

satisfies condition (3.2) and the trivial solution is the unique solution of problem
(4.27) in G(R). Then problem (4.26) has ezactly one solution z in G(R).
The proof of the fact is similar to the proof of Theorem 3.1.

Corollary 4.2 We assume that

(4.28) p; €C®[R), dieR, j=1,...n+1,i=1..n,
(4.29) the zero function is the unique solution of problem (4.27),
(4.30) x is the solution of problem (4.26) in the classical sense,

T € G(R) is the solution of the problem

(4.31) L(z) = 2™ + pi(t) o™= (t) + ... + pa(t) 0 z(t) = pnt1(t)
' Li(z) = d;,

(4.32) the operations L; (i = 1,...,n) have properties (3.16)—(3.19).

Then x and T give rise to the same element of G(R).
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Corollary 4.3 We assume that

(4.33) p; €LL(R), dieR;j=1,...,n+1 i=L....n
Li (i=1,...,n) are operations such that:

(3.16)* Li(y) e R fory € C""1(R),

(3.17)" LiOwys + Aays) = M Li(y1) + A2 Li(y2),

where A\, X2 € R and y1,¥2 € C" H(R),

if ye € C®(R), y&" = y@ as e — 0 (almost uniformly)

(3.19)* ) o
fori=0,1,...,n—1, then L;(yc) = Li(y),

the operations L;, L; have properties (3.16)-(3.19), (3.18)’,
the zero function is the unique solution of the problem

(4.34) L(z) =0, Li(z)=0, i=1,...,n

in the Carathéodory sense,
x 1s the solution of the problem

(4.35) L(z) = ppsi(t), Li(x)=d;, i=1,...,n

in the Carathéodory sense,

(4.36) Z € G(R) is the solution of problem (4.31).
Then T admits an associated distribution which equals x.

Remark 4.2 Noncontinuous solutions of ordinary differential equations can be
considered on the other way (for example: [1], [5]-[10], [12]-[13], [19]-[22]).
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