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Abstract

To any (0,2)-tensor field on the tangent and cotangent bundles of a
semi-Riemannian manifold, we associate a global matrix function ‘mutatis
mutandis’ as in the Riemannian case. Based on this fact, natural (0,2)-
tensor fields on these bundles are defined and characterized.
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1 Introduction

In [1] and [2] we lifted to suitable bundles (0,2)-tensor fields defined on the tan-
gent and cotangent bundles over manifolds endowed with Riemannian metrics
so that to look at them as global matrix functions. These matrix representa-
tions allowed us to define and classify natural (0,2)-tensor fields with respect
to Riemannian metrics from a simple point of view. The main result that let

*Partially supported by UBACYT 1998.
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us characterize these tensor fields is Lemma 3.1 of [1], which is related to the
orthogonal group of R™. In this paper the main result is Theorem 2.1, which is
a generalized version of this Lemma to non-degenerate symmetric bilinear forms
on R*. We apply this result to charaterize natural (0,2)-tensor fields—defined
in the sense of [1], [2]—on tangent (Proposition 3.1) and cotangent (Proposition
4.1) bundles over semi-Riemannian manifolds.

Throughout, all geometric objects are assumed to be differentiable, i.e. C*

2 The main result

For any integer n > 2 and v =0,1,...,n—1, let us define the following diagonal
n X n matrices:

-1

Iy = I (the unit matrix) I, =

Let q : R* — R be the quadratic form defined by q(z) =z . I, . =, where
z stands for a row vector. Let O, (n) be the orthogonal group associated to q,
ie.,a€ O,(n)ifandonlyifa.l, .at =1,.

Theorem 2.1 With the notations introduced above, if a differentiable map A :
R® — R"*" satisfies A(x . a) = a . A(z) . a for any a € O,(n) and z € R?,
then there exist differentiable functions o, 3 : R — R such that

A(z) = a(q(@)) . I + B(a(2)) . 2" . @.

Proof If v = 0, the result is Lemma 3.1 of [1], so we assume that v = 1,...,n—1.
We will divide the proof in three steps.

Step 1. Let <, > be the bilinear form associated to q. Sincev =1...,n—1,
there exist two linearly independent vectors u,v € R™ such that gq(u) = q(v) =0
and < u,v >= % Hence, if we define §(t) = u + t . v, one gets that q(f(t)) =t
forany t € R. Let F : R* - R be a continuous function at zero such that
F(z .a) = F(z) forany ¢ € R* and a € O, (n). If Fof : R — R is differentiable
we conclude that there exists a differentiable function f:R — R such that

F(z) = F(u) +q(2) - f(a(z)) (2.1)

for any € R™. In fact, let z € R be a vector satisfying q(z) =t # 0. Since
0, (n) acts irreducibly on R* and = # 0 , 6(t) # 0, the condition q(z) = q(8(t))
implies that there exists a matrix a € O, (n) such that = . a = (). Setting
h = F — F(u), one gets:

h(z) _ h(z.a) _ Rh(8(1)) B h(0(t)) ~ 1 _d_ . ]
qa(z) q(z.a)  q6(t)) ¢t —/0 ds(h 0)(s . t)ds
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Hence, if we define

1
f(t)=/0 dis(hoe)(s.t)ds

for any t € R, it follows that f is differentiable and satisfies (2.1).
Step 2. Here we prove that a differentiable map B : R* — R"*" satisfying

B(zx.a)=a"!.B(z).a (22)
for any z € R" and a € O,(n) may be written in the form
B(z) = a(q(z)) . T+ B(qx) . I, . o' .z (2-3)

where a, f : R — R are differentiable functions.
We observe that the function F': R® — R defined by

F(z) = tr(B(z)) (24)

satisfies F(z . a) = F(z) for any a € O,(n). Hence, by the first step, there
exists a differentiable function f : R — R such that

F(z) = F(u) + q(z) - f(a(z)) (2.5)

On the other hand, for any z € R" satisfying q(z) # 0, let us denote,
respectively, with R . z, (R . z)*, the subspace generated by x, and the or-
thogonal complement with respect to <,>; hence, R* =R .z & (R . z)*. If
0, C O,(n) denotes the isotropy group at x, for any a € O, one gets that
B(z) = B(zx . a) = a~! . B(z) . a. Let T, be the orthogonal symmetry with
respect to q associated to the 1-dimensional subspace generated by z. It is clear
that T,(y) = ¥ . a with a € O,; consequently R . z and (R . z)* are invariant
under B(z). We may identify O, with the orthogonal group associated to the
quadratic form q restricted to (R . £)*. Consequently, there exist real numbers
G(z) and a&(z) such that

z.B(x)=G(2) .z (2.6)
and

y.Bx)=a).y (2.7)
for any y € (R . z)*. Since G(z) is given by

Gw) = L 2O (2.8)

let G : R* — {0} = R be the differentiable map defined by (2.8). Condition
B(0) =a™' . B(0) . a for any a € O, implies that B(0) = p . I for some y € R,
and since

" z.B(z).a*

250 T .zt H
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the map G can be continuously extended to R by defining G(0) = p. This
function satisfies

G(z .a) = G(x) (2.9)

for any z € R® and a € O,(n). In fact, since the set of vectors z € R® such
that q(z) # 0 is dense in R™, we only need to check (2.9) on vectors belonging
to this subset. But this is an immediate consequence of (2.2), (2.6) and (2.8).

On the other hand, since 6(t) # 0 for any ¢t € R, the function Gof: R — R
is differentiable; hence, there exists a differentiable function g : R — R such
that

G(z) = G(u) +q(2) - g(a(z)) (2.10)

for any € R*. From (eq:26) and (eq:27) it follows that for any z € R” such
that g(z) # 0, the real number &(z) is given by

a(z) = Flz) - G(z) (2.11)

n—1
Let us define—via (2.11)—the differentiable function & : R* — {0} — R and

O e (212)
if q(z) # 0. Then, one gets

B(z)=a(z) . I+ B(x) .1, .zt .z (2.13)
for any = € R* such that q(z) # 0. From (2.4), (2.5) and (2.10) it follows that

F(u) = n . p and G(u) = p. Hence, if we define the differentiable mappings
a,B:R— R by

alty=p+t. 1 (t) g(t) (2.14)
and
B(t) = MT%?)__“IM (2.15)

then a(z) = a(q(z)) and f(z) = B(q(z)) if q(z) # 0. Consequently, from (2.13)
one gets

B(x) =a(a(2) . I +Ba() . I, .o .z (2.16)

Now, equality (2.16) holds in R™ because both members are differentiable
maps on R™ and coincide in a dense subset of R™.

Step 3. Let A be a matrix satisfying the hypothesis of the theorem. The result
now follows from the second step applied to B = I, . A. O
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3 Natural (0,2)-tensor fields on tangent bundles

Let (M, g) be a semi-Riemannian manifold of dimension n > 2 and index v =
0,...,n—1. Let # : TM — M be the tangent bundle over M, O,(M) the
bundle of orthonormal frames over (M, g) and ¢ : N = O, (M) x R® — T M the
map defined by

1/’(177“,5) = Zfz - Uj
=1

where the orthonormal basis u = {uy,...,u,} of M, (the tangent space to M
at p), is assumed to be ordered so that g(ui,u1) =... = g(uy,u,) = -1ifr >1
and € = (€1,...,€").

The family of maps R, : N = N, a € O,(n), given by

R.(p,u, &) = (p,ua,&.a™t)

n ] n : .
where ua = {37 a} . ug,..., Y al g} if
1 n
a; a3
a=| : N
1 n
an an

define the action of O,(n) on N. Clearly ¥ o R, = 9.

Let V be the Levi-Civita connection of g and K : TT M — T M the connec-
tion map induced by V. For any p € M and any v € My, let 7,y : (M), — M,
the differential map of 7 at v, and K,, : (TTM), — M, the restriction of K to
(TM),. Since the linear map msy x K, : (I'M), = M, x M, defined by
Tay X Ky(0) = (mey(b), K(b)) is an isomorphism that maps isomorphically the
horizontal subspace H, (=kernel of K,) onto M, x {0,} and the vertical sub-
space V, (= kernel of m,,) onto {0p} X M}, where 0, denotes the zero vector, we
define as in [1], the differentiable mappings e;,epy; : N = T(TM)for 1 <i < n
by

ei(p,u,&) = (Muy X K,,)_l(ui,(]p) and ep1i(p,u,€) = (Tuy X Kv,,)“l(Op,ui)

where v = ¥(p, u, §).
Since (T'M), = H, ® V,, any vector field X on TM may be written in the

form X = XP ¢ XV, where
XP () = (e % Ky) ™ (0 (X (v)), 0)

and
XV(0) = (1 x Kuo) 7 (0, K(X (v)))

if v € M,. Hence, the mappings €;, en4; let us view X as the function VX =
(z1,...,22") : N — R?" where 2¢ : N — R are determined—for v = 1(p, u, §)—
by

z'(p,u, &) = —g(meu(X (), u;) 1<igvy

T (P, €) = g(m(X(0),w;)  v+1<i<n (3.1)
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and )
" (p,u,€) = —g(K(X(v)),us) 1<igy

$"+i(p7ua 5) = g(K(X('U)),uZ) v+1 s i < n (32)

ifvr>1.
As in [1], for any (0,2)-tensor field G on TM we define the differentiable
function

YV Al A2 . 2nX2n
G—(A4 As N>R

as follows: if (p,u, &) € N and v = ¥(p,u,§), let YG(p, u, £) be the matrix of the
bilinear form G, : (TM), x (M), — R induced by G on (T'M), with respect
to the basis {e1(p,u,&),...,em(p,u,£)}. Hence, each A; : N — R**" satisfies
the following O, (n)-invariance property

AioR,=a.4;.ad (i=1,2,3,4) (3.3)
and for any pair of vector fields X, Y on 7'M one gets
G(X,Y)oyp =YX .G . (W) (3.4)

Just as we did in [1], we define G to be natural with respect to g if ¥G only
depends on the variable £ Here also, we shall refer to G as the matrix of G
with respect to g.

Proposition 3.1 Let G be a (0,2) tensor field on TM and G = ﬁl ﬁz)
4 As

the matriz of G with respect to g. Then G is natural with respect to g if there
exist differentiable functions a;,; : R = R (i = 1,2,3,4) such that

Ai(p,u,8) = ai(q(€)) - L + Bi(a(9)) - (£.1,) . (E.1,)
or, equivalently, if for any vector fields X,Y on TM the following equalities are
satisfied
GXP Y™ @) = an(0]?) - g(m (X (@), m (Y (v)
+ /31(|v|2) 9T (X (0)),v) . g(ma (Y (0)),v)
GXh YY) ) = ax(vP) . g(m (X (v), K(Y (1))
+ Ba([v]?) - g(me (X (v)),v) - 9(K(Y (v)),v)
GXY,YM) () = as(v?) . g(K(X (1)), 7 (Y (v)))
+ Ba(lvf*) - 9(K(X (v)),0) . g(mu(Y (v)),v)
G(X", YY) () = as(jv]’) . g(K(X (v)), K(Y (v)))
+ B3([v]?) - g(K(X (v)),) . g(K(Y (v)),v)

where |v|*> = g(v,v).
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Proof According to (3.3), if G is natural, each matrix function A4; can be
viewed as a function B : R* — R*"*™ which satifies B(z . a_l) =a.B(z).a
for any a € O, (n) or, equivalently, B(z - a) = a™' . B(z) . (a™')*. Setting

A(IL‘) =1, . B(:L‘) y (35)
this matrix function verifies A(z.a) = a' . A(z) . a for any a € O,(n); hence,
by the theorem above, there exist differentiable functions o, : R — R such
that

A(z) = a(q(@)) - I, + B(a(2)) . 2

From (3.5) it follows that
B(z) = a(q(z)) - L, + Bla(z)) . (z . L))" . (z.1,)

The expression of G applied to vector fields, is now a consequence of (3.1), (3.2)
and (3.4). m]

4 Natural (0,2)-tensor fields on cotangent bundles

For any p € M, let M be the dual space of M, and let m : T*M — M be
the cotangent bundle of M. For any (p,u) € O,(M) we denote with (p,u*) the
dual basis and O} (M) the bundle consisting of all those ordered dual basis. Set
N =0;(M) x R* and let ¥ : N — T*M be the map defined by

p,u*,€) = Zsz.

ifu* = {ul,...,u"} and £ = (&1,...,&).
The family of maps R, : N = N, a € O, (n), given by

R, (p,u*,€) = (p,u’a,€.a")
where u*a = (ua)* = {31, b} ..., >0 bP L ui}if

bl ... b
o= :
b ... b7

defines the action of O,(n) on N. Clearly, ¥ o R, = 1.

Let K* : T(T*M) — T*M be the dual connection map. We’ll recall that
for any p € M and any co-vector w € M, the restriction Kj, = K*|(p-ar),
(T*M)y — M is a surjective linear map, characterized by the fact that for
any 1- form w on M such that w(p) = w and any vector v € M), it satisfies
K (wsp(v)) = Vyw, where w,p, : Mp — (T*M),, denotes the differential map of
w at p.
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Since the linear map muw X K3, @ (T*M), — My x M, defined by m.y X
K}, (b) = (msw(b), K" (b)) is an isomorphism that maps the horizontal subspace
H,, (= kernel of K})) onto M, x {0,} and the vertical subspace V,, (= kernel of
Tyw) Onto {0p} X M5, where 0, denotes indistinctly the zero vector and the zero
co-vector, we define as in [2] the differentialbe mappings e;, epti : N = T(T*M)
for 1 < i < n by ei(p,u*,€) = (muw X KJ,) 71 (ui,0,) and ents(p, u*, €) = (Maw X
KZ,)~1(0p,u’) where w = ¢(p,u*,&).

Since (T*M), = Hy ® Vy, any vector field X on T*M may be written in
the form X = X1 + XV, where

XB(w) = (1 x K5) ™ (e (X (), 0,)

and
XV (w) = (yy X K;) 710, K* (X (w)))
Hence the mappings e;, én4i let us view X as the function VX = (z!,...,2%") :
N — R?*" where z° : N = R are defined, for w = ¢(p, u*,£), by
' (p,u*,€) = U (Muw (X (w)) (4.1)
and ]
2" (p,u*, €) = K, (X (w)) (u;) (4.2)

As in [2], for any (0,2)-tensor field G on T*M we define the differentiable

function

\Va Al A2 . 2nX2n

G = (A4 A3) ‘N - R
as follows: if (p,u*, &) € N and w = 9(p, u*, €), let YG(p,u*, £) be the matrix of
the bilinear form G, = (T*M),, x (T*M),, — R induced by G on (T*M),, with
respect to the basis {e1(p,u*,§), ..., e (p,u*, £)}. Hence, each 4; : N — R*xn
satisfies the following O, (n)-invariance properties

AjoRy,=a. A4; .a (4.3)
AroRy,=a.Ay.a7? (4.4)
AzoR,=(a ") . A3.a7! (4.5)
AsoR,=(a™ V). Ay . at (4.6)
and for any pair of vector fields X, Y on T*M one gets
GX,Y)oyp="X.%G . (W) (4.7)

Just as we did in [2], we define G to be natural with respect to g if VG only
depends on the variable ¢&. Here also we shall refer to ¥G as the matrix of G
with respect to g. Since in this case each matrix function A; can be viewed as

a function A; : R* — R**" satisfying

Al(IB . a) =al. A1(£IJ) -a A2('T . a) =a’. Az(III) . (at)_l
As(z.a) =a™ 1. As(2) - (a¥)7t Ag(z .a)=a'. Ay(z) . a

for any z € R* and a € 0,(n), Theorem 2.1 implies:
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Proposition 4.1 Let G be a (0,2) tensor field on T*M and
A A
v _ (A1 Az
o= (& &)

the matriz of G with respect to g. Then G is natural with respect to g if there
exist differentiable functions a;, 3 : R = R (i = 1,2,3,4) such that

A1(8) = au(alf)) - I + Bu(q(§)) - € - € (4.8)
As(€) = ax(q(€)) . T+ Ba(a(€)) - & . €. I, (4.9)
A3(8) = az(q(€)) - I + B3(a(§)) - (&.1)" . (€.1,) (4.10)
A4(6) = au(a(®)) - T+ Ba(al€)) - (€. L) - € (4.11)

Remark 4.1 If v = 0 then 4;(¢) = a;(q(€)) - I + Bi(q(§)) . & . ¢ for any
i =1,2,3,4. In this case proposition above is Theorem 5.2 of [2]. Consequently,
only in the Riemannian case natural (0,2)-tensor fields on tangent and cotangent
bundles have the same matrices YG.

Remark 4.2 Let 6 be the canonical 1-form on T*M which is defined by
0(X)(w) = w(m (X (w))

for any vector field X on T*M and any co-vector w € T*M. If ® denotes the
tensor product, set 82 =  ® 6, and let df be the exterior derivative of §. The
corresponding YG matrices are given by

w2 _ (A1 O vig_ (B1 —1
0‘(00’ W=7 o

where A; (p,u*,£) = £ . € and By (p,u*, &) = (w(T (us,u;))) with w = ¢ (p,u*, §)
and being T the torsion tensor. Yet T is null, we have that # and df are natural
with respect to g.

&

Remark 4.3 Let g* be the (2,0)-tensor field on M induced by g and for
w € T*M let |w|> = g*(w,w). If G is natural with respect to g, one sees
from (4.1), (4.2) and from (4.7) to (4.11) that for any pair of vector fields X,

Y on T*M the real valued functions G(Xh,Yh) , G(xh yvy, G(xV,vh),
G(XV,YYV) are given for any w € T*M by:
GO Y (W) = ar(jw?) - g(m (X (@), m (¥ (w))
+B1(|w]?) . 6(X)(w) . 6(Y)(w)

G(XP, YY) (W) = az(wl?) . K* (¥ (w))(m. (X (w)))
+ Ba(|wl?) - g (w, K* (Y (w))) . 6(X)(w)
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G(xY,YP)(w)

aa(|wl?) . K" (X (w)) (m. (Y (w)))

+Ba(lwf?) . 9" (w, K* (X () - 6(Y)(w)
GXY,YYV)(w) = as(jwl) . g"(K* (X (w)), K" (Y (w)))

+Bs(Jwl) . " (w, K* (X (w))) . g"(w, K" (Y (w)))
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