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Abs trac t 

The main goal of this paper is to prove that singular integrals satisfying 
Calderdn-Zygmund conditions are well-defined on certain set of Orlicz 
spaces. This fact enables us to decide upon the solvability of the problem 
V-v = / o n such spaces. This paper was inspired by similar results known 
for the Riesz transform (see [4]). 
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1 Introduction 

The theory of singular in tegrals plays an impor tan t role in many pa r ts of m a t h 

ema t ics . We apply this theory to cons t ruc t a solution to the problem 

V - v = / in 0 , (1.1) 

v | ao = a, (1.2) 

where Q is a bounded or unbounded domain. The problem (1.1), (1.2) was 
s tudied for a function / such that / G LP(Q), wi th p G ( l , o o ) . Moreover, 
the function / was assumed to satisfy a compa t ibi l i ty condi t ion in the form 
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jnfdx = Jdn a • ndx when fi is a bounded domain. We refer the reader to 
[2, pp. 117-139] for more details about this case. Another application of the 
singular integrals stems from the fact that they form fundamental solutions to 
the Laplace equation or the Stokes equations, and one can use them to obtain 
appropriate interior estimates or estimates near the boundary First results 
about the singular integrals, published in [1], contain information about their 
behaviour on Lp-spaces. In [4, p. 97 ff.] these results are generalized to the 
Riesz transform on Orlicz spaces. 

In this paper we prove that the singular integrals are well-defined on ap
propriate Orlicz spaces as well, obtaining thereby a generalization of the results 
from [1]. We apply our results to singular integrals, which generate a solution to 
the problem (1.1)—(1.2). This problem is of a remarkable importance, since, for 
example, it provides a construction of appropriate test functions in the theory 
of compressible Navier-Stokes equations. 

2 Preliminaries 

For p e i ? m , p = ( p i , . . . ,Pm), m G jV, we denote by \p\ the Euclidean norm 

\P\ = 

Using the definition of Young function <J> and its complementary function ^ (see 

[5, p. 134]) we adopt the usual notation, namely L$(fi) for the Orlicz class, i.e. 

u Є Lф(fž) if p(щФ) := / Ф(u(x))dx< 
Jn 

L<s>(fi) for the Orlicz space, which is the set of all measurable functions u with 
| |it | |$ < oo, where 

\\u\\$ = sup / \uv\dx, 
v JQ 

with v G L#(fi) and p(v; $) < 1, and E$(ft) for the closure of J5(Q) (the set of 
bounded measurable functions) with respect to the Orlicz norm || • [|$. There 
exists an equivalent (Luxemburg) norm, given by 

HHH* = inf{A > 0; / $ Q ) dx < 1} . (2.1) 

We further denote by WkL^(Ql) the set of all functions u defined almost every
where on fi such that all distributional derivatives Dau, with \a\ < k, belong 
to L$(fi), and by W^L^(Q) the closure of CQ°(&.) in the norm || • \\k^, where 

h\\k,* = (Y. Hi^uiiii)*-
ja|<fc 
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DQL<$>(Q) means the closure of CQ°(CL) in the seminorm | • |i5$, 

Mi,* = ( £ \\\Dau\\\l)\ 
|a|=l 

and H^ (<90) stands for the closure of B(dfl) in the norm 

||H||f/o,* = ||u||$ + [u]$ , 

where 

Here, <90 denotes the boundary of fi. 
In a similar way, we can define vector-valued Orlicz spaces for G-function 

G, where 

| |u||G = inf{A > 0; J < ? ( - y - ) dx < 1}. (2.2) 

Here the G-function G is expressed in one of the following forms: 

1. Gi{t) = *(\t\), 

2- G2(t) = £ £ . * ( - . ) . 

where $ is a Young function and t = (£1 , . . . , £m). Ho,<j>(^) stands for the closure 
of Go°(H) in the norm || • ||//# , where 

I N * , = | |u||G2 + | |V-u | |* . 

It will cause no confusion if we denote by || • ||i.<s> the norm of vector-valued 
functions 

Mli,*=(E fa0*)' 
M<i 

for u 6 WQL$(Q), because the Young function $ will be assumed to satisfy the 
global A2-condition (see below for the definition) and hence the G-functions Gi 
are equivalent. For more details about the Orlicz spaces we refer the reader to 
[3] and [5]. 

Now let us state basic definitions and assertions which will be useful in the 
sequel. 

Definition 2.1 A Young function $ satisfies the global A2-condition if 

$(2t) < k$(t) for all* > 0 

and some constant k > 0. 
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Proposit ion 2.2 [4, p. 17] Let $ be a Young function satisfying the global 
A2-condition. Then there exist p > 1 and b > 1 such that 

£ft><5i<£l>, 0 < t l < t 2 . (2.3) 

Definition 2.3 The function $ is said to be quasiconvex if there exist a convex 
function UJ and a constant c > 0 such that 

uj(t) < $(*) < cuj(ct), t G [0,oo). 

The following proposition is generalization of the similar assertion for 
HG W^p(Vt) (see [2, p. 48]). 

P ropos i t i on 2.4 Let ft be a bounded dom,ain, $ a Young function and u G 
W£L*(Sl). Then 

1. D(H,$) < cp(cVu,Gx) 

2. p(u,*) <cp(cVu,G2), 

where the G-functions Gi are defined as above. 

Proof Since fJ is bounded, we have ft C Ld = {x G RN; 0 < \x{\ < d/2, i = 
1 , . . . , N}, and we can derive the estimate 

1 fd/2 

* J-d/2 

for H G C7o°(0). Applying the function <£ to this estimate and integrating over 
Q, we obtain the estimate 1. In the second case it is enough to realize that the 
following estimate holds: 

1 Л Ґ'2 I дu 1 J ^ ra/z 

Mx)\<-J2 
2 ^ J - d / 2 

дxi 
dxi 

3 Singular integrals on Orlicz spaces 

We will investigate singular integrals 

Tf(x):= [ K(x,x-y)f(y)dy, 
JR" 

with the kernel 

v ( N H%,y) 
K(x>yy-=-^N-> 

where the function k(x,y) satisfies the Calderon-Zygmund conditions, i.e. 
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1. for any x e ft, y e RN \ {0} and every /? > 0 

k(x,y) = k(x,py), 

2. for every x £ 0, k(x,y) is integrable on the sphere |u | = 1 and 

k(x,y)dy = 0, 
> | y | = i 

3. for some q > 1, there exists C > 0 such that 

|k(x,u)| f / riu < C, uniformly in x, 
'\y\=i 

4. there exists a constant B > 0 such that 

| ^ (^J2/)I < -B for every x G 0. 

Let us denote 
Aa,/ := |na,/|, 

where H a ? / := {x G i t ^ ; | / (x) | > a} and | - l a j | means the Lebesgue's measure 
of - l a > / . Set 

} I ( ( V ) \z\>6, 
Ke(x,z) := <! 

[ 0 |z| < e 

and 

Fe/(a:):= / K€(x,x-y)f(y)dy. 
JRN 

Definition 3.1 An operator T is said to be of weak type (p, q) if 

A ( a , r / ) < ( ^ i k ) ' , feL?(RN),a>0, 

with A independent of / . An operator T is said to be of weak type (<£, <£) if 

<$>(a)\(a,Tf) <A [ $ ( / (x ) )dx , / G L$(RN), a>0, 
JRN 

with A independent of / . 

Theorem 3.2 Be/! $ be a Young function satisfying the global ^-condition. 
Then there exists c > 0 sucli l̂ia/; 

$(a)\(a,T€f)<c [ Hf(x))dx 
JRN 

for f G L$>(RN) and for all a G [0, oo), with c independent of e. 
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Proof We can derive the following estimate 

$(a)A(a ,T € / ) < $ ( a ) A ( | , T J Q ) + *{a)\(^,Ttf
a) , 

with 

f / ( x ) i f | / ( x ) | < a , 
I ° - \ 0 i f | / ( x ) | > a 

and 
fa ._ / / (*) if 1/0*01 ><*, 

/ C "" \0 if \f(x)\ <a. 

Since $ is a convex function, we have 

gOgi) < Q^(a^2) -

s i "" x2 

for 0 < #i < x2. As T € / is of weak type (1,1), we obtain 

$(a)A(~,T€r) < ^ / \fa(x)\dx<cx / *(/(x))dx. 
\2 / CY J#N J/^AT 

For the remaining part of the proof we use Proposition 2.2 and the fact that 
Tef is of weak type (p,p) with p > 1. Thus, 

. ( a ) л ( f . Г Л ) ^ _ . l / . W Г * í ' / , , ^ ^ dx. • 

Theorem 3.3 Let $ be a Young function satisfying the global A2-condition 
and let $ 7 be quasiconvex for some 7 £ (0,1). Tften 

/ <!>(T€f(x))dx<c [ $(/(. s))dж (3.1) 

/Or eacft e € (0,1), un£ft c independent of e. Moreover, lime^0Tef = Tf exists 
in L<p(RN), and 

f (I>(T/(x)) dx<c * ( / (» ) ) d.x . 
Ji?N JRN 

Proo f The key fact is Te being of weak type (p,p), p > 1. 
First, we obtain 

/ $(Tef(x))dx = / A ( a , r € / ) d * ( a ) 
JRlv J0 

<l^x[^TJ^d^a) + l^x(^Tefa)d^(a) = h+I2. 

Now, $ 7 is quasiconvex for some 7 E (0,1), hence 

(3.2) 

Ґ __>) < 
jo u 

_ _ > ) < _ _ _ _ f o r i > 0 , c > 0 



The problem V • v = / and singular integrals on Orlicz spaces 167 

(see [4, p. 6]). We conclude that 

h< T -([ \f(x)\dx)d$(a) 
Jo a KJ\f(x)\>a J 

f , ,, „/ flf{x)l d$(a)\ , f , „ ,,*(/(*)) , 
= c / /(* (/ -^•)dx<cl \f(x)^nJldx. 

JR" VO <* / JHN |/(x) | 

Let p be as in Proposition 2.2. Then we can verify that, for p x > p, 

limt-^oo f ? r - 05

 a n d 

I°° d$(u) $(u) r f00 *(w) , 
/ — ^ = -A_Z + p / _A^dH. 

Jt l^1 HP1 It J; HPl+1 

Applying the above identity we obtain 

h<c[°° -\-([ \f(x)r dx)d$(a) 
Jo aPl KJ\f(x)\<a J 

= c[ \f(x)r(r d^-)dx<c[ Hf(x))dx. 
J R » KJ\f(x)\ aPl J JRN \f(x)\ 

As / G L$>(RN) and $ satisfies the global A2-condition, we have / = f\ + / 2 

'OC 

0 for some /i G CQ°(RN) and / 2 with a sufficiently small norm || • | |$ . Hence the 

Г . / - Г 1 / | | ф < с т а х | У / 1 | ( 5 ( - ) + С | | / 2 | | ф 
т ДАТ \П/ 

estimate 

l l T i f - T j L f l l * < c 
R^ 

holds with ~ > —, where 51 M —» 0 for n —> +oo. Therefore, for every 

/ G L$(RN), we have the fundamental and hence convergent sequence T±f in 

L^(RN). Thus, 

l | T / | | * < c | | / | | * (3.3) 

for / G L$(It 7 V ), and at the same time we obtain 

D(T/,$)<cp(/,$). (3.4) 

• 

Theorem 3.4 Le£ us define the operator T by 

Tf(x):= f K(x-y)f(y)dy, 
JRN 

where K £LX(RN). Then 

11-711* < c||/||* (3.5) 

and 
p(Tf,$)<cp(f,$) (3.6) 

/ O r / G L$(RN), where $ is a Young function satisfying the global A2-condition 
and $ 7 is quasiconvex for some 7 G (0,1). 
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Proof By the Young theorem, we get 

\\Tf\\p<c\\f\\p,feL"(RN), p€ [ l ,oo) . 

So, T is of type (p,p) for any p G [l,oo) and the more so it is of weak type 
(p,p). The rest of the proof is the same as that of Theorem 3.3. • 

4 The prob lem V • v == / on Orlicz spaces I. 

Let ft be a bounded domain in RN, N > 2. We can formulate the following 
problem: Given f G L$(Q) with 

f fdx = 0, (4.1) 
JQ 

find a vector field v : 0 —> R such that 

V • v = / inQ, (4.2) 

v G W 0 % ( f l ) , (4.3) 

and 
IM|i,« < cll/ll*. (4.4) 

Theorem 4.1 Let ft be a bounded domain with Lipschitzian boundary. Let 
$ be a Young function satisfying the global ^-condition and such that <I>7 is 
quasiconvex for some 7 G (0,1). Then, for any f G L$(fi) satisfying (4.1), i/ie 
problem (4.2)-(4.4) lms at least One solution v G ^oL$( f t ) . I/ / G t7o°(Q). 
tavGC0°°(fi). 

Proof Let / G C£°(fi) a n d /n /<& = °- U s i n S t h e f a c t t h a t n = U ^ f t i , 
where f̂  is a star-shaped domain with respect to an open ball B{, and the 
decomposition / = Y^T=\V f* w i t h /- ^ Co°(^i) a n d / Q . /* ^ x = 0 ( fo r details see 
[2, p. 127]), we reduce the problem to the case when H is a star-shaped domain 
with respect to an open ball BR(XQ). In such case we obtain the solution to 
the problem (4.2)-(4.4) expressed as a sum of functions V;, i = 1 , . . . ,m + v, 
where v$ is a solution to the problem (4.2)-(4.4) with / = / in f̂ . So, let us 
suppose that 0 is a star-shaped domain with respect to the open ball BR(XQ) 
and / G CQ°(Q). The solution to the problem (4.1)-(4.4) which we are interested 
in has the form 

v(«) = / M\F^ f ,^+fjiHi)^'1^]*' 
where / G CQ°(ft'), f and Q' respectively denote / and 0 after the change of 
variables 

, X - XQ 
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Here u G C£°(RN) is such that 

• supp(u) c J5(=.Bi(0)) 

• fBudx = l. 

The formulae for derivatives of v can be derived in the same way as in [2, p. 119]; 
so we can compute 

-K— Vi(x) = / Kij(x,x-y)f(y)dy+ / G{j(x,y)f(y) dy 
UXj JQ JQ 

+ / ( * ) / ^Vj){Xt~Vi)u(y)dy, t , j = l , . . . , JV , 
JQ |s - y\2 

where |G^(x\;//)| < [a,_,jj/v-i, xyy G Si, and N^- = ^ z f p ^ with k?;i satisfying 
Calderon-Zygmund conditions. Then, using convexity, the global A«2~condition, 
Theorem 3.3, Theorem 3.4 and Proposition 2.4 (returning to the original vari
ables by x1 -» x) we get 

p(v,G2)+p(Vv,G2)<cp(f,$), 

where G2(i) = EliHU), t = (<i,---,<iv) and G2(s) = E ^ = i * ( * ; ) . 
s = (s^Of^-i- This inequality yields 

IMJi ,*<c| | / | |# . 

Since $ satisfies the global A<2-condition, we can associate to each / G L$(fi) 
a sequence {/m}m=i» /m £ Co°(^), such that JQfmdx = 0 and / m -> / in 
L$(fi). Denoting v m the solution of (4.2)-(4.4) with / = / m , we can verify that 
{vm}m = i converges to v strongly in the space W1L$(Q). This follows from 
Theorems 3.3 and 3.4 and from the linearity of singular and weakly singular 
integrals which represent the solution v m and its derivatives. • 

Let 0 be a bounded domain in RN, N > 2. We can formulate the following 
problem: Given a £ H^(dtt) and f G L*(fi) with 

fdx= / a - n d S , (4.5) 

/mJ a vector field v : 0 —» it suc/i £/m£ 

V • v = / m SI, (4.6) 

v G ^ L ( 1 ) ( f l ) , v |0 Q = a , (4.7) 

and 
l | v | | i , *<c( | | / | | * + | | a | U * ) . (4.8) 
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Theorem 4.2 Let 0 be a bounded domain with Lipschitzian boundary. Let 
$ be a Young function satisfying the global ^-condition and such that $ 7 is 
quasiconvex for some 7 G (0,1). Then, for any f G L^(Q) satisfying (4.5), the 
problem (4.6)-(4.8) has at least one solution v G WXL^(Q). 

Proo f Let a G H$ (dVt). Using the existence of a continuous linear operator 

from H^(dVt) onto WlL$(Q) (see [6]), there exists U G WlL^(Q) such that 

U|dQ = a in the sense of traces. We will seek the solution to our problem in the 

form 

v = u + U . 

The problem then reduces to the question of finding some u such that 

y . u = / - V . U = .F, u|arz - 0 

with j Q F dx = 0. Theorem 4.1 then guarantees the existence of a solution u 
satisfying the estimate 

| | u | | i , » < c | | F | | « . 

Finally, we have 

IMIi.« < c( | |/ | |« + | |U| | i ,*) < c ( | | / | | * + | | a | | H o,*) . D 

5 The problem V • v = / on Orlicz spaces II. 

Assume that $ has the following properties: 

1. (I> is a Young function 

0 0 .. 

2. Ф(Í) = ] Г -Ф ( P ) (o) íp , v* є [0,00) 
1 P1 

Theorem 5.1 Let ft be a bounded domain with Lipschitzian boundary. Let 
f G Lcp(Q) is such that (4.1) holds. Suppose that, given po > 1. there exists p 
such that p > po and 3>(p)(0) ^ 0. Assume that there exists a function M(t) 
such that 

Then there exists a solution v G WQL$2(Q) to the problem (4.2)-(4.4) such that 

IMIi.«a <c | |/ | |#, 

where $2 is a Young function which satisfies the inequality $2.(*) < M(t) for all 
te [0,00). 
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Proo f Since / G L$(H), there exists a solution of the problem (4.2)-(4.4) such 
that v G WQ>P(Q) for all p G [2, oo) and 

l |v | | i ,p <cp\\f\\p. 

By Fatou's lemma and Lebesgue's theorem we get, for G(t) = X^=- $2(U), 

t = (h,...,tN) and G(s) = E j = i *-(*.*)> s = (*«)ij=i. 

p(v,G) + p ( V v . 3 ) < c p ( c / , $ ) . 

Using (2.1), we find 
IMIi,*2<c||/||#. • 

6 The problem V • v = V • g on Orlicz spaces 

Given g £ Ho.<j>(fi) wil/i 

V - g d z = 0, (6.1) 

/md a vector field w : 0 —> I? sucft £fta£ 

V • w = V • g in Q, (6.2) 

w G WtfL^f}), (6.3) 

||w||i,* < c | | V - g | | * , (6.4) 

and 
l|w||Gi<c||g||G,.. (6.5) 

T h e o r e m 6.1 Let fl be a bounded domain with Lipschitzian boundary. Let <£ 
be a Young function and g G HQ^(U), 'where <I> is a Young function satisfying 
the global ^-condition such that $ 7 is quasiconvex for some 7 G (0,1). T/ien 
t/iere exists at least one solution w G WoLo^Q) 0/ t/ie problem (6.2)-(6.4). In 
particular, if V • g G Cg°(ft), *ften w G CffW-

Proof Using a decomposition of 0 analogous to the one in the proof of Theo
rem 4.1 we show that it suffices to consider problem (4.2)-(4.3) and (6.3)-(6.4) 
with / = V • g. However, the existence of a solution to this problem is guar
anteed by Theorem 4.1. The estimates (6.3)-(6.4) follow from properties of 
singular and weakly singular integrals. • 

R e m a r k 6.2 Using the technique from the proof of Theorem 5.1, we can prove 
analogous results as in Theorem 5.1 for / = V • g. 
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7 The problem V • v = / on exterior domains 

Let ft be an exterior domain in RN, N > 2. We can formulate the following 
problem: Given f G L<$>(ft), find a vector field v : ft —> It swcJ?, £lj«i 

V • v = / m ft, (7.6) 

veDl
0L*(Sl), (7.7) 

an J 
|v|i ,* < cll/ll*. (7.8) 

T h e o r e m 7.1 Let ft be a bounded domain with Lipschitzian boundary. Let <I> be 
a Young function satisfying the global ^-condition such that <I>7 is quasiconvex 
for some 7 £ (0,1). Let f G L<p(ft). Then there exists a solution to the problem 
(7.6M7.8). 

Proof Let {/?n}m=i C C Q ° ( 0 ) be a sequence which converges to / in L$(ft). 
Set 

v m = V^m + w m , me N, 

where 

^m = fm inRN 

and, for some i?, > 2(5(Oc) (here 5(ft) := sup^ € Q |# — H|), 

V • w m = 0 in OR, with ftR := fi n #H(0), 

w m = -VilJm on 3 0 , 

and 
w m = 0 ondBR(0). 

By the representation ipm — £ * / m , with £ the fundamental solution of Laplace 
equation, and by Theorems 3.3 and 3.4, we obtain 

l^mk* < c||/m||ci>. 

Moreover, since 

/ V^m • n dS = 0 for all m G N , 
Jdfi 

we deduce the existence of a solenoidal field w m G P V 1 ! ^ (-^R) from Theorem 
4.2 such that 

l|wm||i,d> <c||V-(0V?/V)lk 
extending w m by zero outside of flu and for </j G C1 (I?^) such that </> = 1 if 
|x| < ~ , </3 = 0 if \x\ > R. Using the representation of t/jm, we obtain 

| |w m | | i ,4> < C||/rn||c[> . 

So we get that v m is a solution of our problem for / = / m . The rest of proof is 
analogous to that of Theorem 4.L • 
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Remark 7.2 To prove the existence of a solution of the corresponding problem 
with nonhomogeneous boundary condition v = a on dfl we can use the same 
technique as in the proof of Theorem 4.2. 
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