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Abstract

A multidimensional version of the Li-Yorke theorem is stated (with
some additional assumptions). Implications of 3-periodic and 5-periodic
points and the existence of fixed points for multidimensional maps in R"
are discussed.
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1 Introduction &

The Sharkovskii theorem and its special case the Li-Yorke theorem are well
known theorems that are included in many monographs. Both theorems are
strictly one-dimensional and a full multidimensional analogy without further
assumptions does not hold (for counter-examples see e.g. [Ka], [Kl]). Never-
theless many extensions and analogies (cf. [AJP], [Sch]) have appeared since
these theorems have been published. Among them also some multidimensional
analogies (with additional conditions or for special maps) were published (cf.
[A], [Ka), [K1, [2).

This paper is mainly inspired by [A], where a multidimensional version of
the Li-Yorke cycle coexisting theorem is established for certain (e.g. expansive)
maps by using some type of inequalities. Our aim is to state and prove some
particular multidimesional version of the Sharkovskii theorem. We use new
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88 Pavla SNYRYCHOVA

definition of the k-periodic point which differs from the one in [A], but we
addopt the type of inequalities, procedures and partial steps to prove a few new
theorems. We extend and improve the results from [A] for remaining inequalities
representing a three-periodic point and discuss analogical situation for arbitrary
k-periodic point. Because of the used type of proofs and additional assumptions
(especially the conditions (3) or (15) below) it seems to be very difficult to avoid
the inequalities and prove the full analogy of the Sharkovskii theorem.

Existence of fixed point is also discussed. In [Sh] the intuitive (geometric)
proof of the Brouwer fixed point theorem on squares is presented; it should be
assumed (otherwise the arguments in [Sh] are not correct!) that both maps
z; — Fiz f(z1,) and z2 — Fiz f(e,z2) are continuous and single-valued.
In our discussions we replace this condition by more general assumption of
type (16).

The situation for multidimensional and multivalued maps is also mentioned.

First of all we introduce some notions and auxiliary results which will be
used in the sequel.

Theorem 1.1 (Sharkovskii theorem) Let f : R — R be a continuous func-
tion. If f has a n-periodic point with k <n (in the Sharkovskii ordering), then
it also has a k-periodic point.

Remark 1.1 Symbol > denotes “greater than” in Sharkovskii’s ordering of all
positive integers, namely

3b50759>...52-302-5>...522.322.5p ...
L.p2.3p 275 ... p 27T 3p o7t
.pontlponpon-ly 59259057,

Definition 1.2 An interval I f-covers an interval J provided J C f(I). We
write I — J.

Lemma 1.3 ([Ro, p. 64]) Let f: R — R be a function.

(a) Assume that there are two points a # b with f(a) > a and f(b) < b and
[a,b] is contained in the domain of f (f € C(R,R)). Then there is a fized
point between a and b.

(b) If a closed interval I f-covers itself, then f has a fized point in I.

Lemma 1.4 ([Ro, p. 65]) Let f € C(R,R) and assume Jo — J; — -+ — Jp =
Jo is a loop with Jiy1 C f(Jg) for k=0,...,n—1.

(a) Then there exists a fized point xo of f™ with f*(xo) € Jg fork=1,...,n.
(b) Further assume that

(i) this loop is not a product loop formed by going p times around a
shorter loop of length m where mp = n, and
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(i) int(J;) Nint(Ji) = 0 unless J; = Ji.

If the periodic point zo of part (a) is in the interior of Jy then it has least
period n.

Remark 1.2 We will use some properties of multivalued mappings (see e.g.
[Go] and [HP]).

In the sequel dim denotes the (topological) covering dimension (for the def-
inition see e.g. [AP]).

The definition of the Brouwer degree or an apropriate fixed-point index can
be found in any standard textbook of nonlinear analysis, see e.g. [DG], [B].

2 Three-periodic point
Let .f € C(RniRn)’ ie. f = (fla" "f‘n)a fi = fi(zh"' 72:71), Vi= 1, ey n.

Definition 2.1 We say that a point X € R" is a k-periodic point of function
f, if conditions

fFE) =%, ie ff&) =2 Vi=1,...,n 1)
.’i‘i 75 f{n(.’lll,...,i'i,...,.’bn)
Ym=1,...,k—1, Vi=1,...,n,
v(x17'~'7xi—17xi+17"'11:”.) € Rn_l (2)

hold.

Remark 2.1 In the following discussion we denote
inffi(c..,Ziy...) i =nf fi(T1, .., Tizo1, Tiy Tig1,s - -« 'T,)

and

sup i .., &iy...) i= supfi(xl,...,xi_l,ii,xi+1,...,mn)
b

where infima and suprema are w.r.t. (Z1,...,Zi—1,Tit1,--- 1 Tn) € R*-1

Assume that % is a 3-periodic point of the function f € C(Rn

n
the following conditions 'R”) such that

fi(‘rla”'»:&iv"'vzn) séfi?(ylv"'aiiw-'vyn)
fi(mly'”)i‘i""’xn) #f?(yh'“vj“i)“"yn)
ff(xly""j:i""vxn)#f?(yl,"'viiw"wyn)

®3)

hold Vi = 1,...,nand‘v’(a:l,...,zi_l,xiﬂ,...,xn),(yl,...,yi\l
R L "Witl,.. o, Yn) €
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Then for each i = 1,...,n only one of the following orderings (inequalities)
can appear:

inff2( . &) <& <supfP(.. &,..) <inffi(e.. B,
<supfilo. ., &iy...) <inff2(o.. 3. ) <supf2(..., %) A
inff? Z; supf? inffi supfi inff? sup f? )

I; I

inff3( . G ) <& < supf3(.. B, ) < inff2(.. 3. )

<supf(o.o o) < inffi(co, 2y .) <sup fi(e, 2g,.)
inff} & supf? inf f? supf2 inffi supfi ®)
I I
anf,,( R P ) < supf,-(. ey Ty ) < ’G'I'Lfflg( Xy ) <z
<sup Ao By ) <fFRG By ) < sup fR(e Lyl
inff; supfi inf f} i supf? inf f} supf? ©)
I I
inf f2( .. &iy. ) < sup f2(o. o By ) <dnffi(e, Byl )
< sup filo. ., @iy ) < inffR(. 24, .) <& < sup fI(. L, By
inf f} supf? inffi supfi inff} & supf} 0

inffi(.. &) <supfio.. &iy...) < inffP(.., %))
< supfiz(...,i:i,...) <inffi..,8i,..) <3 < sup f2(..., %4,...)
inffi supfi inff? supf}? inff} & supf?
I I

I I }

inffi(o.. &) <supfile.. &, . ) <inff3(o..,34,..) < 3y

<sup f3(. .., &) <inffR(, @) < sup fR(. ., Eiy. )

inff? sup f2 inff? & supf? inff
I I

supfi

We can now state and prove the following three Theorems.

Theorem 2.2 Let f € C(R",R") and assume that the inequalities (4) or (7)
hold for alli =1,...,n. Assume furthermore that conditions

V(T1, .o Bim 1, Tigd, e Tn) €13 X oo X I IEF 5 IR
dim(Fiz(f;)NI5) =0i=1,...,n and all elements of Fiz(f;) N I} (10)
have nontrivial fized-point indices, defined as the local Brouwer

degree of the maps x; — fi
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and

V(Z1y ooy Tim 1y Tig 1y ey Tn) € IE X o x IFE X I L X I and
Vm>1 : dim(Fiz(f)NI})=0i=1,...,n and all elements of

Fiz(f™) NI} have nontrivial fived-point indices, defined as the local (11)
Brouwer degree of the maps x; — f"*
are satisfied for all i = 1,...,n. (The intervals Ig and I{, j=1,...,n are

defined by the inequalities (4) or (7).) Then f has an N-periodic point for all
N € N (in the sense of Definition 2.1).

Proof First assume that inequalities (4) hold for all i =1,...,n.

Then I} «— I} < holds for alli = 1,...,n (i.e. I} fi-covers both I and I}
and I} f;-covers I}, see Definition 1.2), where intervals I} and I} are defined by
inequalities (4).

N = 1. Applying Lemma 1.3 for I{ — I} we get that (V(x1,...,Zi-1,

Tit1ye-yTn) € I3 X ... x IV x ISP x ... x I}) Vi = 1,...,n there exists a
point z; € I§ such that fi(z1,...,2i...,%n) = 2.
For each i = 1,...,n we can define a multivalued mapping ¢; : I3 x ... x

i—1 1+1 n 7
L7 x 7" x ... x I} ~ I} by
(pi(.’L‘l,. s Zi—1yTit1y- - ,Jin) = Fiz f,-(xl,...,a:i_l,o,xi+1,. .o ,.’L‘n) ﬂI%

This mapping is u.s.c. and under condition (10) ¢; has a (single-valued) contin-
uous selection (see [Go, Theorem 74.7] and pp. 82-83 and 90-95 in [HP] or [A]).
We denote this selection also by ¢;. The hypersurfaces defined by functions ¢;,

i =1,...,n must intersect at least in one point which is an 1-periodic (i.e. fixed)
point of f.
N > 2. For each i = 1,...,n we can consider the following loop of intervals
I —In—. . —I—I.
| —

(N—-1)—times

By Lemma 1.4 it holds that (Y(21,...,Zi—1,Ziq1,..-,Tn) € I+ x ... x I}71 x
ITtY x ... x I}) there exists y; € I} such that fN(z1,...,¥:...,%n) = y; and
fE@y, . yiy . @n) € I5VE=1,...,N — 1.

It remains to show, that f¥(z1,...,vi,...,2n) # 9 Vk=1,...,N — 1. As-
sume that there exists k € {1,..., N—1} such that y; = f*(z1,...,%i,...,2n) €
I%. Thus we have y; € I N I}. Then either I} N I} = ) which is a contradiction,
or I{ N Ié = {mffl( . .,.’f}i, .. )} = {supf,-(. .o ,ji,. . )} = {f,,( .o ,.’i?i, .. )}

For N = 2 it holds that

yi:fiz(zl,...,yi,.‘.,zn)=ff(.zl,...,fi(...,ii,...),...,zn)

= filoo o &iyo) > sup (0., &, .0)

and also

fiz(.’lil,...,fi(...,.’i‘i,...),...,il?n)=f?(.’l,”1,...,.’i}i,...,l‘n)Ssupf?(...,f}i,..u)
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which is a contradiction.
For N > 2 it holds that

fiz(xl,...,fi(...,:ii,...),...,xn) = fA(x1, .\ Yiye ooy Tn) € I}
and also
fz?((ljl,...,fi(‘..,.’ii,...),...,.’lin) :ff(zl,...,ii,...,zn) Q’I%

which is a contradiction.
Consequently fi’“(:cl,...,yi,...,:nn) #y; Vk=1,...,N—-1,Vi=1,...,n.
For each N > 1 and each i = 1,...,n we can define multivalued mapping
Yin I x .o x TV x I x o x IR~ T2 by

'l/)i,N(-Tl»--‘,$i-1»$i+1»-~-733n) = Fl$ f; (1‘1,...,xi—l,.,$i+1,...,mn) nI{

Then ; n is u.s.c. and under condition (11) there exists a (single-valued) con-
tinuous selection. We denote this selection also by ¥; n. For each N > 1 the
hypersurfaces defined by functions ¥; v, ¢ = 1,...,n must intersect at least in
one point which is an N-periodic point of f.

If we consider inequalities (7), then the proof is the same with only one

change:
For N = 2 it holds that

yisz(ml,...,yi,...,.’tn)=fiz(.’El,...,fi(...,.f?i,...),...,.'lfn)

= filo. o &, < inff3(.., %)

and also
fiz(xl""?yia'--vl‘n) :fiz(zlv'"1fi(z17--'7ji1"'7$n)7"-)zn)
—“'—-f?(.’l?l,...,i'i,...,.tn) > anfls(,f}l,)
which is a contradiction. )

Remark 2.2 If the set Fiz(f) is e.g. finite then dim Fiz(f) = 0.

Theorem 2.3 Let f € C(R™,R") and assume that the inequalities (5) or (8)
hold for alli =1,...,n. Assume furthermore that conditions

V(Z1y oy Tim 1, Tigds -y Tn) EME X x I P o I
dim(Fiz(f;)N1}) =0i=1,...,n and all elements of Fiz(f;) NI} (12)
have nontrivial fized-point indices, defined as the local Brouwer

degree of the maps z; — f;

and

V(Z1, -y Tim 1y Tigdy - Tn) €3 X X I X I x L. x IR and

Ym>1 . dim(Fiz(f") N I})=0i=1,...,n and all elements of (13)
Fiz(f™) N I} have nontrivial fized-point indices, defined as the local
Brouwer degree of the maps x; — f™
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are satisfied for all i = 1,...,n. (The intervals Ig and I{, j=1,...,n are
defined by the inequalities (5) or (8).) Then f has an N-periodic point for all
N € N (in the sense of Definition 2.1).

Proof First assume that inequalities (5) hold for alli =1,...,n.
Then — I} «— I} holds Vi =1,...,n.

N = 1. Applying Lemma 1.3 for I} — I} Vi = 1,...,n we get that

(@1, s Tin1, Tig1, -+ Tn) € I X0 X I x P x ... x I}) there exists a
point z; € I} such that fi(z1,...,2i,...,Zn) = z.
For each i = 1,...,n we can define a multivalued mapping ¢; : I} x ... x

i—1 _ i+l n i
L7 x T x...xI{~ I} by
0i(T1, -, Tis1, Tig 1,y .-, Tn) = Fiz fi(z1,..., 21,9, Tig1, ..., 20) N 1]

This mapping is u.s.c. and under condition (12) ¢; has a (single-valued) contin-
uous selection. We denote this selection also by ¢;. The hypersurfaces defined
by functions ¢;, ¢ = 1,...,n must intersect at least in one point which is an
1-periodic (i.e. fixed) point of f.
N > 2. For each i =1,...,n we can consider following loop of intervals
IL—I—.. —I—I.
[ —
(N—1)—times

By Lemma 1.4 it holds that (Y(z1,...,%i—1,Tit1,...,Zn) € I} x ... x I171 x
It x ... x I) there exists y; € I} such that fN(z1,...,¥i,...,%,) = y; and
¥z, iy zn) € VE=1,...,N - L.

It remains to show, that f¥(z1,...,%i,...,Zn) £y Vk=1,...,N — 1. As-
sume that there exists k € {1,..., N —1} such that y; = fE@1, iy T) €
Ii. Thus we have y; € I} N I}. Then either I} N I{ = § which is a contradiction,

or INIy= {inff2(....%,...)} = {sup f2(....,&i,..)} = {f2(..,&,...)}.
For N = 2 it holds that

yi:fi(ﬁl,...,yi,...,xn):fi(z‘l,...,ff(,,.,f:i,..,),,,,,xn)
= f2. . Eiy) > sup FR( L iy )
and also
fi(zl,...,yi,-..yxn)=fi(.’L'l,...,f?(.,,’,’ii,,,.),,_,’xn)

=ff’(w1,...,:ii,...,zn)Ssupff’(...,ii,...)

which is a contradiction.
For N > 2 it holds that

FA@ry e f2( Ry )y ey @) = AT, Yir e Tn) €L}
and also

fi2($1,...,fiz(...,:i‘i,...),...,mn)sz(xl,...,zﬁi,...,:l,‘n)
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= fi("L‘I»- . 'viiv' . -7-73n) ¢ I{'
which is contradiction.

For each N > 1 and each i = 1,...,n we can define multivalued mapping
Vin I3 X ox BTV x ISP x o x IR~ I3 by

. N 1
I/Ji,N(wl,... ,:L‘i_l,.’l:i+1,...,$n) = Fizx fl (1, 1 Tie1,9, Tit1,--- ,.’l:n) 012.

Then ¢; n is u.s.c. and under condition (13) there exists a (single-valued) con-
tinuous selection. We denote this selection also by %; n. For each N > 1 the
hypersurfaces defined by functions ¥; n, i = 1,...,n must intersect at least in
one point which is an N-periodic point of f.

If we consider inequalities (8), then the proof is the same with only one
change:

For N = 2 holds

Yi = fi(@1,- - Yis -5 Tn) :fi(.’lil,...,fiz(...,:f}i,...),...,zn)
= f2(. &) <inffR(. .

and also
fi(l‘lw-‘yyiw--,mn):fi(l'la---,ff(---,-ﬁiy-n),---,l'n)
= f3 @1y By Tn) S AnffI( ., Eiyl )
which is a contradiction. 0

Theorem 2.4 Let f € C(R",R™) and assume that the inequalities (6) or (9)
hold for all i =1,...,n. Assume furthermore that condition

V(Z1se ooy Tim 1, Ty ooy Tn) €3 X X I X I x . x IR and
Vm>1 : dim(Fiz(f)NI)=0i=1,...,n and all elements of
Fiz(f™) N I} have nontrivial fized-point indices, defined as the local
Brouwer degree of the maps x; — f™

(14)

is satisfied for alli = 1,...,n. (The intervals Ig and I{, j=1,...,n are defined
by the inequalities (6) or (9).) Then f has an N-periodic point for all N € N
(in the sense of Definition 2.1).

Proof First assume that inequalities (6) hold for alli =1,...,n.

Then — I} «— I§ <> holds Vi = 1,...,n.

N = 1. Applying Lemma 1.3 for I} — I} we get that (V(z1,...,%i-1,
Tigly. - Tn) € I3 X ... X I{l X I§+1 X ...x I¥) Vi =1,...,n there exists a
point z; € I such that fi(z1,...,2i,...,%Tn) = 2.

For each i = 1...,n we can define a multivalued mapping ¢; : I3 x ... X

LY P x o x IR~ I3 by

(pi(xl,.. .,:c,-_l,xi.,.l,...,:cn) = Fix fi(:ll1,. . .,a:i_l,o,a:iﬂ,...,xn) ﬂI;.
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This mapping is u.s.c. and under condition (14) ¢; has a (single-valued) contin-
uous selection. We denote this selection also by ¢;. The hypersurfaces defined
by functions ¢;, i = 1,...,n must intersect at least in one point which is an
1-periodic (i.e. fixed) point of f.

N > 2. For each i = 1,...,n we can consider following loop of intervals

IL—I—...—II I
(N—=1)—times

By Lemma 1.4 it holds that (V(z1,...,Zi—1,Zis1,..-,%Tn) € I3 x ... x II71 x
Ié"’l X ... x I%) there exists y; € I} such that f¥(z1,...,¥i,...,2n) = y; and
fE@y, vy an) € VE=1,...,N — 1.

It remains to show, that fik(xl,...,y,-,...,wn) #y; Vk=1,...,N — 1. As-
sume that there exists k € {1,..., N—1} such that y; = f*(z1,...,%i,...,2n) €
I}. Thus we have y; € IiNI5. Then either I} NI} = ) which is a contradiction, or
OBnD = {inff3(...,%,.. )} ={sup F3(.. ., &i,.. )} = {3 24, . )} = {2}

For N = 2 it holds that

yiIfiz(.’lfl,...,yi,...,.’tn)=fi2(.’l?1,...,£i,...,£l?n) >supfi3(...,:i:i,‘..)

and also

f?(xlv""yi)"‘)xn) :fiz(xl,-~')fi(xlv"'1yii"',xn)a"-1:1"71)

=fi3(zl,...,y,-,...,zn) =f?(m1,...,§ci,...,xn) < supf?(...,i'i,...)

which is a contradiction.
For N > 2 it holds that

2@, &y @) = fE(@1 -y Yise oo Tn) € 14

and also i
fiz(zl,. e Eiye e, Zn) & I

which is contradiction.
For each N > 1 and each i = 1,...,n we can define multivalued mapping
Yin I3 x . ox BTUx ISP x o x IR~ I by

¢i,N(x17' c oy Li—1,Ti41,y - - - 7mn) = le fzjv(z:h 3 Li—1,9,Ti41y--- 71:71) n I%

Then ; n is u.s.c. and under condition (14) there exists a (single-valued) con-
tinuous selection. We denote this selection also by 1; . For each N > 1 the
hypersurfaces defined by functions ¥; v, ¢ = 1,...,n must intersect at least in
one point which is an N-periodic point of f.

If we consider the inequalities (9), then the proof is the same with only one
change:

For N = 2 holds

Yi = f2(T15 - Yire o o1 @n) = FE(T1ye ey Biyn o Tn) < INFFE( .. B4y .0)
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and also
fiz(a:l,...,yi,...,xn) = fiz(zl,...,fi(:z;l,...,yi,...,xn),...,xn)

=fi3(a:1,...,y,-,...,:vn) :fis(zl,...,ii,...,xn) > infff(...,;i,-,...)

which is a contradiction. a

Remark 2.3 If we add to Definition 2.1 of k-periodic point the condition

(@1, oy Biyee oy Tn) # FHY1y ooy Biy ey Yn) :
VYm,l=1,...,k, l #m, Vi=1,...,n, (15)

V(T1y oy Tim 1y Tit 1y oo T )y (Y1 - ooy Yin 1 Yid 1y 5 Yn) € R?TH

(which is only generalization of condition (3) for k£ € N) it seems to be cumber-
some to verify this additional condition.

In previous Theorems 2.2, 2.3 and 2.4 we considered the same ordering (i.e.
one of the inequalities (4)—(9)) in each direction (i.e. Vi = 1,...,n). It is not
difficult to prove analogous theorems if we admit different (but considering again
one of inequalities (4)—(9)) ordering in each direction. The only problem is with
the location of conditions of type (10) and (11), because they are dependent on
the given inequalities—see the following example.

Example 2.1 We consider a function g € C(R2, ]RQ). Assume that X = (21, &2)
is a 3-periodic point of g such that inequalities (4) hold for ¢ = 1 and inequalities
(5) hold for ¢ = 2. In this case we have to state the conditions of type (10) and
(11) for each ¢ = 1,2 separately:

(a) Yzo € I} : dim (Fiz(g1) N I}) = 0 and all elements of Fiz(g;) N I3
have nontrivial fixed-points indices

(b) Vz1 € I3 : dim (Fix(g2) N I?) = 0 and all elements of Fiz(g2) N I?
have nontrivial fixed-points indices

(c) Vz2 € I2 and Vm > 1: dim (Fiz(g7) N I}) = 0 and all elements of
Fiz(g7") N I} have nontrivial fixed-points indices

(d) Vz1 € I} and Vm > 1: dim (Fiz(g2) N I3) = 0 and all elements of
Fiz(g2) N I? have nontrivial fixed-points indices

Then function g has an N-periodic point for all N € N.

Proof: The proof is analogous to the proofs of Theorem 2.2 (for ¢ = 1 with
ordering (4)) and Theorem 2.3 (for ¢ = 2 with ordering (5)).

For i = 1 it holds that IT «— I} «.

N = 1. Applying Lemma 1.3 for I «— I} we get that (Voo € I?) there
exists a point z; € I3 such that g;(z1,%2) = 2.

We can define a multivalued mapping 1 : IZ ~ I} by

©1(z2) = Fiz g1(-,x2) N 1.
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This mapping is u.s.c. and thanks condition (a) ¢1 has a (single-valued) contin-
uous selection. We denote this selection also by 1 : 112 — 121.
N > 1. We can consider following loop of intervals

I —n—.. —0L—I.

(N—-1)—times

By Lemma 1.4 it holds that (Vz2 € I3) there exists y1 € I} such that g (y1,z2) =
y1 and g¥(y1,22) € I} Vk=1,...,N — 1.

It remains to show that g¥(y1,z2) # y1 Yk = 1,...,N — 1. Assume that
there exists k € {1,..., N — 1} such that y; = gf(yl,xg) € I}. Thus we have
y1 € I} N I3. Then either I} N I} = @ which is a contradiction, or I{ N I} =
{infy, 91(21,22)} = {supy, 91(31,22)} = {91 (31, )}

For N = 2 it holds that

y1 = g3 (y1,22) = 93(91(21, ), 2) = g1(&1,°) > sup,, g} (31, 72)
and also
93(91(21,-), 22) = g3 (&1, %2) < sup,, g7 (21, x2)
which is a contradiction.
For N > 2 it holds that
93(91(21,-), 22) = g1(v1,%2) € I
and also
g%(gl('ﬁla ')vIZ) = g?(i\'l, $2) g I21
which is a contradiction.
For each N > 1 we can define the multivalued mapping ¥;  : I7 ~ I} by
Y1,n(x2) = Fiz g7 (-,22) N I{.
Then 91,5 is u.s.c. and thanks condition (c) there exists a (single-valued) con-

tinuous selection. We denote this selection also by ¥y n : I3 — I}.

For ¢ = 2 it holds that — I? «— I2.

N = 1. Applying Lemma 1.3 for I? «— I} we get that (Vz; € I}) there
exists a point zz € I? such that go(x1, 22) = 2o

We can define a multivalued mapping ¢ : I3 ~ I} by

p2(z1) = Fiz ga(x1,-) N 112.

This mapping is u.s.c. and thanks condition (b) ¢2 has a (single-valued) con-
tinuous selection. We denote this selection also by ¢q : I3 — IZ.
N > 1. We can consider following loop of intervals

Z—D—.. —I}—I
—_—

(N—1)—times



98 Pavla SNYRYCHOVA

By Lemma 1.4 it holds that (Vz1 € I}) there exists y2 € I3 such that g3’ (z1,y2) =
Yo and g&(z1,y2) € 2 VE=1,...,N -1

It remains to show that gz (131,312) £ yo Vk = 1,..., N — 1. Assume that
there exists k € {1,. — 1} such that y; = g5 (ml,yg) € I?. Thus we have
Yo € I2 N I12. Then elther 12 N I2 = § which is a contradiction, or iz =

{mlegz(wlawz)} = {Supzlgz(mhl‘z)} {93(-, 22)}
For N = 2 it holds that

~ ~ 3 A
Yo = g2(x1,y2) = g2(z1, 95 (- £2)) = g3(-, 32) > SuPz,92(T1, %2)
and also
= 2(.,29)) = g3 3, < Supg, gs (1, 9)
92(z1,92) = g2(z1,92(-, 22 95 (1, 29) < SUPz, g2(T1, T2

which is a contradiction.
For N > 2 it holds that
R 2
93(x1,93(, 22)) = g3(x1,92) € I

and also

N N N 2
g%(ml,g%('»lh)) = g§($1,$2) = 92($1a$2) ¢ Ii

which is a contradiction.
For each N > 1 we can define multivalued mapping 2 n : I§ ~ I2 by

Yo.n(x1) = Fiz g3 (z1,) N I3

Then 12, n is u.s.c. and thanks condition (d) there exists a (single-valued) con-
tinuous selection. We denote this selection also by ¥a,n : I — I3.

Z2
i a3 Y22
Y1,3
C
1
B
____________ Y12
1 1
1 1 P2
____________ SR EI
It | =l
____________ N IS #1
1 1 1 1
1 1 1 1
! ! . !
I} I z

Fig. 1: Possible locations of the first three periodic points of g from Example 2.1,
where A is a 1-periodic point, B is a 2-periodic point and C is a 3-periodic point.
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Conclusion:

(1) The functions ¢; and @9 must intersect at least in one point which is a
1-periodic (i.e. fixed) point of g.

(2) For all N > 1 the functions 91,y and 12 n must also intersect at least in
one point which is a N-periodic point of g. (See Fig. 1.) o

We can avoid the complication related to the location of conditions of type
(10) and (11) using a stronger condition

V(&1 oy Tic1y Tidtly -« Tn) € R 'andVm >1 :

dim (Fiz(f™)) =0Vi=1,...,n and all elements of Fiz(f]™) have
nontrivial fixed-point indices, defined as the local Brouwer degree
of the maps z; — f*

(16)

Now we are able to state the following theorem.

Theorem 2.5 Assume that for f € C(R",R") there ezists a 3-periodic point
% € R™ such that for each i = 1,...,n one of inequalities (4)-(9) hold. If
condition (16) holds for alli =1,...,n, then the function f has an N-periodic
point for all N € N.

Proof Proof of this theorem follows for each i = 1,...,n the corresponding (in
the sense of used inequalities) proof of one of the preceding Theorems 2.2-2.4.
(See also Example 2.1.) o

3 Five-periodic point

In the previous section we have discussed the situation for a 3-periodic point.
Analogically the case of 5-periodic point can be described.

First of all we use the following notation. If X € R™ is a k-periodic point of
the function f € C(R™,R"), then for fixedi =1,...,nandforallj=1,...,k-1
we denote the interval [inf f (..., 2;,...), sup f] (..., &i,...)] by the number j+1
and the interval [inf fF(...,&;,...), sup f¥(...,2;,...)] by the number 1.

Assume a function f € C(R",R"™) has a 3-periodic point X € R" satisfying
condition (15), the discussion then splits into six cases (i.e. inequalities (4)—(9)).
These six (6 = 3!) cases arise from the permutations of the numbers 1, 2 and 3,
which represent the intervals

linff2(...,&,.. .),supf{o’(. e &y )]y nffi(ee &y sup fie e Ty )]
and
[inff2(...,Ziy...),sup f2(-. ., &4, ..0)]

The following table shows the correspondence between the permutations and
the inequalities:
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combination | inequalities
123 (4)
132 5)
213 (6)
321 (7)
231 (8)
312 (9)

If we now consider a 5-periodic point % € R" satisfying condition (15), the
discussion splits into 120 (120 = 5!) cases. This number is exactly the number
of permutations of numbers 1, 2, 3, 4 and 5, which represent intervals

linff2( .. Ziy-- )y sup FP( o Ziy- . )]s [inffilen s @iy )y sup file ooy B4y -0,
[inff2(. .. &0y ), sup f2(0 o @ay . )], [nf 30 &, ), sup £2(0 ., 3y )]

and

linffA(. . Ziy .. ),sup (. &y )]
Each permutation corresponds to some inequalities. For example permutation
(2 1 4 3 5) represents the inequalities

inffi(c.o &y ) <supfi(o., 2ay...) <inffP( .., &,...) <y

Ssup fO(o. &) <inff2(o @) <sup (.., 30y
<inffi(... 2y ) < sup fA(o. . &, .)
<inffi(.. Ziy..) <supfi(o..,Ziy. ).

If we denote the set of all permutations of numbers 1, 2, 3, 4 and 5 by the
symbol M, then this set splits into two disjoint sets

Mo =1{(53241),(14235),(25341),(14352),(31452),
(25413),42513),(31524),(53124),(42135)}

and
M — M.

Now we are able to state the following two theorems:

Theorem 3.1 Let f € C(R",R") and let X € R™ be its 5-periodic point. If for
alli=1,...,n one of the inequalities corresponding to one of the permutations
from set M Mo hold and if we add appropriate conditions of type (16), then
function f has an N-periodic point for all N € N.

Remark 3.1 Note that f has a 3-periodic point.

Theorem 3.2 Let f € C(R",R") and let X € R™ be its 5-periodic point. If
for alli=1,...,n one of the inequalities corresponding to one of the permuta-
tions from set Mg hold and if we add appropriate conditions of type (16), then
function f has an N-periodic point for all N € N, 5> N.
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Remark 3.2 Proofs of Theorems 3.1 and 3.2 are similar to the proofs from the
preceding section, they are only a bit more technically demanding.

Analogously as for 3-periodic point we can consider for 5-periodic point for
eachi = 1,...,n different ordering (i.e. inequalities) and state similar theorems.

4 Fixed point

Theorem 4.1 Let f € C(R",R") and let X € R" be its k-periodic point, k € N,
k # 1, satisfying condition (15). Assume that the condition

YV(Z1,. .y Tim1,Tit1y--,Tn) € R dim(Fiz(f;)) =0,i=1,...,n
and all elements of Fiz(f;) have nontrivial fized-point indices, 17)
defined as the local Brouwer degree of the maps x; — fi

holds. Then f has a fized point.

Remark 4.1 In this section we denote
f(,.’i‘“) = f(.’l)l,...,.’Ei_l,ii,.’li+1,...,mn)

to simplify the notation.

Proof of Theorem 4.1 Let i € {1,...,n} and (z1,...,Zi-1,Tit1,-..,%n) €
R™! be arbitrary but fixed. Let (m =1,...,k) '

-

a' =max{f"(..., &, .. ) B ) > L))

and ,
b= min{f(. .., Bire.); S By ) < FC o d L))
It now holds that fi(...,a%...) > a* and fi(...,b%,...) < b% Then by the
Lemma, 1.3 there exists a point ¢’ between a' and b such that f;(...,c*,...) = c.
For each i = 1,...,n we define a multivalued mapping ¢; : R" ~ R by

0i(®1s+ o1 Tim1, Tig1s -+ -, Tn) = Fiz (fi(z1,...,Tiz1, 9 Tit1y- -+, Tn))-

Then every ¢; is u.s.c. and under assumption (17) there exists a (single-valued)
continuous selection of ¢; (we denote this selection also by ¢;).

The hypersurfaces defined by the continuous mappings ¢; ¢ = 1,...n must
intersect at least in one point which is a fixed point of function f. O

Theorem 4.2 Let f € C(R",R") and let X € R™ be its k-periodic point, k € N,
k # 1, such that conditions

—oco < inffi" (... Z4y...) and sup ft(...,Zi,...) <00

(where infima and suprema are w.r.t. (Ty,...,Ti—1,Tis1,- -, Zn) € R" 1) are
satisfied for all i = 1,...,n and oll m = 1,...k. Assume furthermore that
condition (17) holds. Then f has a fized point.
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Proof Foreachi=1,...,nand m=1,...,k we denote
AT =inff™(...,%,...) and B =supf{"(...,&;,...).

Let i € {1,...,n} and (z1,...,%i-1,Tit1y...,Tn) € R™! be arbitrary but
fixed. We denote
a'= min AT > —oo, b'= max B[* <o
m=1,..k m=1,...k

and _ o
I’ = [d',b].
Then I' C fi(I*) and by the Lemma 1.3 there exists a point ¢* between a* and
b® such that fi(...,c%...) =cb
For each 7 = 1,...n we define a multivalued mapping ¢; : R" ~ R by

0i(T15 - i1, Tig 1y - - Tn) = Fiz (fi(T1, ..., Tiz1, ¢, Tit1, -, Tn))-

Then every ¢; is u.s.c. and under assumption (17) there exists a (single-valued)
continuous selection of ¢; (we denote this selection also by ;).

The hypersurfaces defined by the continuous mappings ¢; ¢ = 1,...n must
intersect at least in one point which is a fixed point of function f. a

5 Concluding remarks

The situation for other periodic points can be discussed and described similarly
as for 3-periodic and 5-periodic points. For example for 4-periodic point we
(thanks condition (15)) obtain 4! = 24 different inequalities. Eight of them
imply only fixed and 2-periodic point, the rest ensures the existence of k-periodic
points for all k¥ € N. Exploring the 6-periodic point and its 6! = 720 inequalities
would take a long time and so it is no longer profitable to use this procedure
for k-periodic points with k > 5.

Although the full analogy of the Sharkovskii theorem for multidimensional
maps seems to hold (in the spirit of the above investigations), we are not able
to prove it technically without stated assumptions (especially condition (15)).

5.1 Multidimensional and multivalued analogy

This remark is inspired by [AJP], where the multivalued versions of the Sharkovskii
theorem for M-maps are established.

Definition 5.1 A multivalued function ¢ : R ~ R is called an M-map if ¢
is upper-semi-continuous (u.s.c) map whose nonempty sets of values are either
single points or compact intervals.

Definition 5.2 Let ¢ be an M-map. By the k-orbit O of ¢ we mean a set
O = {z;}%_, of points z; € R such that
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(i) zj+1 € p(zj) forall j =1,...,k,
(ii) =1 = Tnt1,
(iii) O cannot be formed by going p-times around a shorter m-orbit, where
mp = k.

If the points z;, j = 1,...,k, forming the k-orbit O are mutually different, then
we speak about a primary k-orbit.

Theorem 5.3 ([AJP, Theorem 4]) Let an M-map ¢ : R ~ R have an n-orbit,
n € N. Then ¢ has also a k-orbit, for every k<n, with the exception of at most
three orbits.

Theorem 5.4 ([AJP, Corollary 7)) Let ¢ : R ~ R be an M-map and let ¢ have
an n-orbit, where n = 2™q, m € Ny and q is odd, and let n be mazximal in the
Sharkovskii ordering.

1. If ¢ > 3, the ¢ has a k-orbit, for every k < n, except k = 2m+2,

2. Ifq = 3, the © has a k-orbit, for every k < n, except k = 2m+13 2m+2 gm+1,

3. If =1, the ¢ has a k-orbit, for every k < n.

Proof For the proofs of Theorems 5.3 and 5.4 see [AJP]. o
Now we can consider the function f : R™ — (28 — {#})™ such that for all
(Z1y- -y Tie1,Tit1y---,Tn) € R™ ! the functions
fi(xh-' > Ti—1,9Titly.-- 1-7371) ‘R~ R7 1=1,.. L

are M-maps.
Definition 5.5 We say that a set
(X, ... x®y,

where X() = {xgj),...,zslj)} eR"j=1,...,kisak-orbit of f,ifV(zy,...,zi-1,
Tip1,..,%n) ER" landVi=1,...,naset O; = {zl(-l),...,xﬁk)} is a k-orbit
of an M-map fi(Z1,...,Zi—1,9, Tit1,--,Zn)

Now we discuss the following situation: let @ = {X(1) ..., X (%)} be a k-orbit
of the function f. Let i € {1,...,n} and (z1,...,Zi—1,Tit1,---,Tn) € R""! be
arbitrary but fixed. We can define a mapping

F,:R~R - (18)
Fi(y) = fi(z1,---,Zi-1,Y, Tit1,.-.,Zn) forally e R.
Then this mapping is an M-map and a sequence O; = {1:1(-1), ... ,mz(-k)} is its

k-orbit.
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By Theorem 5.3 or 5.4 applied to an M-map F; there exist m-orbits for every
m < k, with the exception of at most three orbits.

For each i € {1,...,n} and for all m < k we can define following multivalued
mapping on R"™! by

CF, m Ty ey Tim1, Tit1s - - -2 Tn) = OF 1= {O; O is m-orbit of F;}.

Since each orbit is represented by the set we obtain a set O of sets. The sets
which represent the orbits are not ordered and therefore we are not able to state
further properties of ¢ r, m.
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