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Certain Embedding of the Burnside ring into its
Ghost ring

K. K. NWABUEZE

Abstract.
1991 Mathematics Subject Classification: 16A99

1 Introduction

Let GG be a finite group. Consider U, a set of subgroups of G which is closed
with respect to intersection and jonjugation and such that G € . We define a
(G, U)-set as a finite left G-set S with, Gs =: {g € G|gs = s} € U, for all s in
S. Our condition on Y imply that for any U € U the set, G/U = {gU | g € G},
of left cosets of U in G is a (G, U)-set, the G-action on G/U is defined by left
multiplication, ¢ x G/U — G/U : (h, gU) — ghU, and that for any two G-sets,
St and Sy, the G-sets S7 x Sy and Sy U Sy are (G, U)-sets. We observe that
the isomorphism classes of (G, U)-sets form a commutative halfring Q* (G, U),
because one has the obvious natural isomorphisms;

S1US; = S,US5,
(S1 U Sg) USs =S U (Sz ' ‘53)
S1 X So =Sy x5
(S1 x Sp) x S5 =257 x (S3 x S3)
Sy x (S U Ss) = (S x S2) U (S1 x Sa).

Furthermore 1 € Q* (G, U) exists, namely G/G.

Thus a map from the set Qt (G, U) of isomorphism classes of (G, U)-sets into a
ring R which commutes with sums and products and sends 1 € Q% (G, U) onto 1,
is nothing else than a homomorphism from the halfring Q* (G, ) into R and this
factors uniquely through the universal ring associated to Q (G, U), the Burnside
rings Q(G, U) of G with respect to U. We note that if we assume U to be the
set §(G) of all subgroups of GG, then Q(G, i) coincides with the usual Burnside
ring (G) of G, constructed from the halfring 2 (G) of isomorphism classes of all
finite G-sets.

The following facts are more or less obvious(see [1]):
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Theorem 1.1.

1. Q(G, U) 1s generated freely as an additive group by the isomorphism classes
of transitive (G, U)-sets, 1. e. of G-sets of the form G/U withU € U: so its
rank equals the number k = ky of G-conjugacy classes of subgroups in U .

2. For any subgroup V < G of G, whether in U or not, the mapping,
xv S #{se S|V <Gy}
which associates with any (G, U)-set S the number of elements in,
SV = {s € S|V <G},

the set of V-invariant elements in S, induces a homomorphism — also de-
noted by xv or, more precisely x4 — from Q(G, U) into Z.

3. Any homomorphism from Q((, U) into Z takes the form as in (2).

4. For V, W < ( one has, X4 = X%, if and only if, V = Nv<veul, is
conjugate to, W = Nw<veuU. So, in view of Vel foralV e S(G)
and V € U 1f and only if V =V, one has k = ky different homomorphisms
from QG, U) into Z which — after choosing a system, U' = {Uy, U,
..., Ux}, of representatives of conjugacy classes of subgroups of U wath,
|Ui| > [Us] > ... > |Uk|, — may be denoted by, x1 = xv,, X2 = XU, -+
Xk = XUy -

Definition and Theorem 1.2. The product map,

k k
X::H)a QG U) —-)HZ,

i=1 i=1
of k different homomorphisms from Q(G, U) into Z is injective and maps Q(G, U)
onto a subring of finite index, Hle(NG(U,-) 2 Up) ofo:1 Z, — this way identify-
ing Hf___l 7 with the integral closure Q(G, U) of Q(G, U) in its total quotient ring,
QG U) = Qo QG U) = Hle Q. The product Hle Z 1s called the Ghost ring
of G (see [1]).

We note from above that for, Q(G, U) = Q(G), and for every subgroup U of G
there exists a canonical homomorphism, xz/(X) := #XY, of its subset, XV = {z €
X |uz =z for all u € U}, of U invariant elements, — in particular, x; (X) = #X
if 1 = {15}, denotes the trivial subgroup of G.

One also has that, xy = xv, if and only if, U < V,for U,V < G, where U Sy
denotes that U and V are G-conjugate and, xuy(X) = xv(X') for all U < G, if
and only if, X = X' for X, X' € Q(G). So identifying each X € Q(G) with the
associated map, U — xuv (X), from the set S(G) of all subgroups of G into Z, also
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denoted by X, we can consider Q(G) in a canonical way as a subring of the Ghost
ring, AG) = [[y<q Z, of G, consisting of all maps from §(G) into Z which are
constant on each conjugacy class of subgroups.

Now consider the isomorphism classes of the transitive G-sets of the form,
G/U := {gU | g € G}. These isomorphism classes form a Z basis of Q(G) and for
U,V <G, we have, G/U = G/V, if and only if, U < V.

This then implies that every X € Q(G), can be expressed uniquely in the form,

X =¥ wu(X) -G/,

U<G

where ” Z' “ indicates that the sum extends over just one subgroup out of every
G-conjugacy class of subgroups. That is, every X € Q(G) can be expressed as
a linear combination of the isomorphism classes of transitive G-sets of type G/U
with uniquely determined integral coefficients puy (X) € Z, subject to the relation,
po(X) = py (X) it U S V.

Now recall that for U, V < G one has, xv(G/U) # 0 if and only if V <G U
(that is U is subconjugate to V in G) in which case one has, xv (G/U) = #{gU €
GIU|VgU = gU} = by - #{g € G|VgU = gU} = g7 - #{g € G|V < gUg™'} =

(Na(U) : U) - #{U' < G|V < U' £ U}, where, as usual, Ng(U) denotes the
normalizer of U in G. We also note that given any X € Q(G), a subgroup U < G
is a maximal subgroup relative to ”<“ with py(X) # 0 if and only if it is a
maximal subgroup with x¢ (X) # 0 because if U < G is maximal with py (X) # 0
then, xu(X) = Sp<vea v (X)xu(G/V) = pu(X)xu(G/U). By assumption
pu(X) # 0 and we know that xy(G/U) # 0. Therefore xy(X) # 0. In addition,
for any U’ € S(G) with U <X U’, but U + U’, we have xy/(X) = 0 because
pv(X) - xu (G/V) = 0 for all V < G in view of the fact that xy/(G/U) # 0
implies U’ < V and therefore py (X) = 0. The converse is proved by reversing the
argument.

Note that in the foregone case one has: xy(X) = pv (X) - xv(G/U) = pv(X) -
(Ng(U) : U). Because, as observed earlier, every X € Q(G) can be expressed
uniquely in the form

X =73 w(X)-(G/V),

U<G

it follows that in the case where G is a p-group one has

xi(X) =Y pu(X) (G :U) = pa(X) = xa(X)(p)-
U<G

Hence, if V is a p-subgroup of an arbitrary finite group G and if U is a subgroup
of G with an index (G : U) which is prime to p, then: xv(G/U) = x1(G/U) =
(G : U) # 0(p), and therefore V <g U. In particular, it is clear that, if Sylow
p-subgroups exist in G, they all must be conjugate in G and every p-subgroup
must be subconjugate in G to each of them.
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Theorem 1.3 (Thevenaz and Kratzer). Let G be a finite group and consider
a subgroup U of G and an integer n. Let xn v € Q(G), defined by:

Xn,U(V) ::{ n ingU’

0 otherwise.

Then xn,u € QG) if and only if (Ng(U) : U) - no(U) divides n, where no(U)
denotes the product of all primes p which divide the order (U : [U, U]) of the
commutator factor group U/[U, U] of U < G (see [2]).

The foregone are basic reviews of some well known facts about the Burnside
rings. The purpose of this paper is to use all these facts and of course some results
in group theory, to give a simple condition under which an element of the Ghost
ring is contained in the Burnside ring for noncyclic p-groups (p # 2). So we shall
be interested in considering the case where G is a p-group (p # 2) of order p*, say.
More precisely ve shall prove the following:

Main Theorem. (see section 8); Let G be a noncyclic p-Group (p # 2) of order
p*. We consider Q(G) :=[]' Z := 25/~ and define (for2< < )

~ /
xs=x5 €0 =[] 2
ULG

p*=? if U] <P,
xp =14 p* P if|U|=pP and U is noncyclic, (1)
0 otherwise.

We claim that x s contained in Q(G).

2 Some basic results

Theorem 2.1(Frobenius). The number of solutions of ™ = ¢ where ¢ belongs
to a fized class C of h elements conjugate in a finite group G of order n, is divisible
by the greatest common divisor of hn and r.

PROOF: See any book on group theory. 0

Proposition 2.2. Let G be a p-group, (p # 2). Let 2’ = L,aP #1, 9 =1 and
[z, y] € C(G), where C(G) denotes the commutators of G, then,

(@, ¥ ) = [o, ) T PyPe? = [z, y?)F yPe? = 2P, i=0,1, ..., p—1.
Moreover,

(xyi>:(xy7)<:>i=j, fori, j€{0,1, ..., p—1} & (2F) # (y).
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PROOF: easy. m]

Corollary 2.3. In a noncyclic group G, of order p* there are two different sub-
groups of order p.

PROOF: easy. (m]

Theorem 2.4(Kulakoff). In a noncyclic p-group of order p"*, p # 2 the number
of solutions of z?" = e (the neutral element) 1s divisible by p™+! where (0 < m <

n).

PROOF: See any book on group theory. O

Lemma 2.5. Ifg € G, and U < G then {gU) is cyclic and |(gU)| = p* (p a
prime) if and only if |{g)| = p# and U C {g).

PROOF: easy. 0

Lemma 2.6. Let G be a noncyclic p-group, p # 2. If G is noncyclic then,

#{x e GlzP =1} = 0(p?).
PROOF: easy. 0

Theorem 2.7. Let G be a noncyclic p-group (p # 2) and U4G, |U| = p. Then
there exists a normal subgroup V4G of G of order p?, containing U and isomorphic
to Zyp X Zp.

ProoF: If G is abelian, then G = Cpni x Cpna X ... X Cpri 92, X Zp, k > 1, where
Cp». denotes the cyclic subgroup of order p™.

If Z(G) is abelian and noncyclic then we are home. So we assume from now
on that,

1# Z2(G)=(g), ¢* =1#ho, hh=14% ho.

Consider, {z € G |2? =1} D {1, ho, ..., hf™'}. We claim that there exists z € G
with 27 = 1, but z ¢ {1, ho, hZ, ..., B~} = (ho).

Proof of claim: We proceed by induction on |G|, and take that all proper subgroups
are cyclic. Consider ®((G), the Frattini subgroup of G. One knows that G/®(G) =
Zy with e the minimal number of generators og G > 1.

If e > 3, pick g1, 92, ..., ge € G such that §,, Gy, ..., . € G/P(G) generate
G/®(G). Then (g1, ..., ge) = G and (g1, g2) < G, (g1, g2) # G is noncyclic. This
implies that (g1, g2) contains more than p elements of order p or 1. More precisely,
there would be noncyclic proper subgroups. Here again we are home.

If e=2,G = (g1, g2) where ¥ = gy # g5 = g5'. Define a map

G xG—=®G) : (g9, h) =g, h).
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If {& € G|zP = 1} = (ho), then there exists some power h with [g, go] = kb # 1
(because G is not abelian). Hence without loss of generality,

97, 920 = k3, [91, 92) = ho, 9192 = hogag:.
(9192)F = ho T2 APl P = 1= (g1g0)? = 1.

But (g192) € ®(G) hence z = g19g2 is of order p, but not in (ho).
Now consider all & € G with ? = 1, but = ¢ {1, ho, ..., h§™'} = (ho).

Obviously (x, ho) = Z, x Z,. It follows that the order of existing subgroups is
equal to

#reGla?=1,a¢ {1, ho, ..., h57'}} #{z€G|aP=1}—p
p?—p B PP—-p '

So our claim now follows from (2.6) because if,
#{eeGla? =1} =p" 4,
with 8> 2, (p, q) = 1, then

#{zeGlaP=1}—-p _piq—p _p" g1

P> —p p*—p p—1 "
is prime to p. Hence under conjugation of G on
{VCGlhoeV =2Z,x 2},

there must be an invariant one. 0

Theorem 2.8. Let G be a finite cyclic group of order n. Then we have:
1. for each dwisor d of n there is precisely one subgroup of order d.
2. qwen dy, dy that dwvide n then the following are equivalent:
(a) dy divides dy.

(b) If U(d1) is the subgroup of order di and U(ds) is the subgroup of order
d2 then U(dl) g U(dg)

3. if n = p* we have for any two subgroups Uy, Uy < G : Uy C Uy & |Uh] <
|Ua|.

4. if UG, U cyclic, Uy < U — UpdaG.

Proor: easy.
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3 Characterizations

Here we now solve our main problem. Before this we need

Lemma 3.1. Let G be a p-group and define yg := yﬁG € Q(G) by

_ e F U<
us(U) = { 0 otherwise

where p® = |G|. then yg € Q(G).

ProOOF: We check by congruences; assume UdV < G. It suffices to show that

S w(U) =0 : v).

vUeV/U

Note that (V : U) is a power of p, say p°. Now

Y us((vU)) = p*P#{ol € V/U | |[(wU)] < p°) 3)
vUeV/U
and
Cv, U) := #{oU e V/U ||(wU)| < pP} =0
unless

pr= U<,
that 1s v < §. In this case for any v € V' we have,
(WU = ((vU) : U)UI <9 & ((0U) - U) <9777 & (V)PP = 1,
in V/U. Hence, by (2.1), the left hand side of equation (2) is divisible by
p* g e d - [(V 2 U), PP =g e dpt PV 1 U), p .

Since p*~7.:= (G : U), this must be divisible by (V' : U). So all congruences we
need to conclude that yg is in Q(G) are satisfied. 0

Theorem 3.2(Main Result). Let G be a noncyclic p-group (p # 2) of order p*.
We consider Q(G) =[] Z := 25(@/~. For2 < B < a define

xs=x5 €UG) =[] 2
U<G

by

p*~ P if |U| =p® and U is noncyclic, (4)
0 otherwise.

p* P af [U] < pP,
XB =

Then xp is contained in Q(G).
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ProOF: We first observe from (3.2) that the element xg is in (G) if and only if
po = P5 =Y — X

is in Q(G), where,

@=f if |U| = p#, cyclic and p*~? = (G : U)
)P I p”, cy p ,
po(U) = { 0 otherwise. (5)
For W4V < G we have
G [ (G : W) if W is cyclic of order p?,
Po (W) := { 0 otherwise

_ [ (G W)V : W) if Wiscycicoforder p, _ ., . v
- { 0 otherwise =(G : V)pg (W).

Hence, the restriction of V in G, res 1§ (p§) isin Q(V) for V < G, V # G in view
of the following simple analysis; that is from an observation that from (1.6), that
for every U < G (G a p-group) the element ey € Q(G) defined by

eu :={ g(G +U) :g“;;g’ (6)

is always in Q(G). Hence,

p-pf = Yo e,

U cyclic, |U|=p?

is also in (G) for every p-group G, cyclic or noncyclic. To show that pg € Q(G),
we have to prove that

p(V,U):= Y pp((vU)) =0(V : U)
vUeV/U .

holds for all U4V < G. Obviously,

Z ps((vU)) = p*~P . #{vU € V/U | (vU) cyclic of order p*}.
wUEV/U

Hence pg(V, U) = 0 unless U is cyclic of order p” with ¥ < 8. So we assume
that to be the case from now on. As we have seen above, for V < G, V # G the
restriction map res 1§ from Q(G) into Q(V) maps pg onto an element in Q(V).
So for V < G, V # G the above congruences necessarily hold.

Hence, without loss of generality, we can assume in addition that V = G, that
is, we can altogether assume that U is cyclic normal subgroup of G, p? < p? and
we have to show that ps(G : U) =0(G : U).
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If |U| =1, we have;

pe(G, 1) =Y ps((9) =p* 7 - #{g € G| (9)| = p°}. (7)

geG
Now
#{9 € G|l g)l =P’} = #{C < G| C is cyclic of order p} - (p” — p*~1.
So
pp(G 1) =3 eqpsl(9) =

=p* P . (pP — pP~V)#{C < G| C is cyclic of order pP} =
=p* 1. (p—1) - #{C < G|Cis cyclic of order p’}.

Hence we have to show that if G is a noncyclic p-group for some prime p # 2 and
if 3> 2, then
#{s € Gl o) ="} = 0(").

But according to (2.4), our assumptions imply that
F(G,p")=#geCle” =1)

is divisible by p#*! and we have:

F(G,p°)=F(G,p"") +#{g € Gll(g)| ="}
So indeed we have

#{g € Gl(9) =p°} = F(G, ") = F(G, p"") = 000").

Now assume |U| = p? > 1. As we have to show that

p*~P - #{gU € G/U | (gU) is cyclic of order P’}

is divisible by,
(G :U)=p* T =p*F - p77,
we are left to prove that p#=7 divides
#{9U € G/U | {gU) cyclic of order p*}.

This is trivial in case § = v. Otherwise observe from (2.5) that #{9U € G/U | (gU/)
cyclic of order pP} = #{C < G| C is cyclic of order p?, C D U} - (p# =7 —p’1)
is divisible by p?~7 if and only if,

#{C < G|U < C, U # C, C cyclic of order p*} = 0(p).
So it suffices to show that

2(U, B) == za(U, B) := #{C < G|C D U, |C|=p", C cyclic} = 0(p)-
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Now assume # — 1 > v and let
2(U, B) = Za(U, B) ={C < G|C 2 U, |C|=p", C cyclic},
then there exists a canonical map,
¢:2Zg(U,B) — Za(U, - 1),

defined by,
$(C) = CP.

Observe that given V € Z(U, f# — 1) then C € ¢~1(V) if and only if C € Z(U, 3)
and V < C if and only if C € Z(V, ) and so

(U B)= Y #TNV)= D #2(V.A= Y, =ViB)

Vez(U,p-1) Vez(U,p-1) VezZ(U,p-1)

So we may assume without loss of generality, that v+ = 8 — 1. Since for Up the
unique subgroup of order p?~! = |U|/p one has

zG(U, B) = z6u,(U/Us, B~ + 1),

we may as well assume |U] = p and # = 2. So to prove our claim it suffices to
show that z¢(Cp, 2) = 0(p).
Now, for z(Cy, 2), (Cp<G), let,

20(Cy, 2) = #{Z4G| Z € Z(C,, 2)}.

Then zo(Cyp, 2) = z(Cyp, 2)(p). Since G is noncyclic then there exists by (2.3) a
further subgroup (7) =II < G of order p, different from Cj,. Let II act on

Zo(U, 2) :== {Z4aG | Z is cyclic of order p?, Z D C,}

as follows:
Assume C, = (a) and pick ¢ € Z € Zy(U, 2) with &P = a so that Z = (z). Note
that z is determined modulo Cp. Choose 7; € II and define,

kL = (7ri:c).

We observe that if ¢ = 2’ mod (Cy), then (niz) = (x'z'). More precisely, since
(r'z)P = 2P = a = 2P = (n'2')P and,
l.xZ =17,
ik (nf % Z) = ait % Z,

mxZ =27 & n =1, (since Il # Z,).

every orbit has exactly p elements, so the proof follows. 0
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