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Some Results from the Tables of Irregularity Index of
a Prime

David Jedelsky
Ladislav Skula

Abstract: This paper is an announcement on the form of certain matrices related to the
Stickelberger ideal over the Galois field Z/IZ. This result was obtained from the tables
of the irregularity index for primes to eight million ((BCEMS], 1998) and from that of
J. P. Buhler (personal communication) extended for primes to twelve million. The article
extends the results of Cikanek ([C], 1991) for primes up to 125,000. Except two "excep-
tional” primes discovered by Cikanek all primes up to 12.10% have the investigated matrices
in the ”"natural” form.

In the conclusion all primes to 12.10% are presented for which the dimension of the ideal
B~ (l) generated by the Kummer element k¢ is nontrivial.

Key Words: Stickelberger Ideal, Bernoulli numbers, irregularity index of a prime, Kummer
element
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1. Notation

In the whole paper we will use the following notation:
[ an odd prime,

N=3-1),

Z the ring of rational integers,

r a primitive root modulo ,

7; the integer (i € Z), 0 < r; < I, r; = r'(mod 1),

ind z index of z relative to the primitive root 7 mod I,
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B, the nth Bernoulli number (By =1, By = -3, Bo=3%, B3 =0, ...),

D=

%
A={a€Z:1<a< 53 1/Bs},

A= AU{N},

i(l) = #A = card A the index of irregularity (the irregularity index) of [,

f the order of 2 mod I,

-1
e=—,
f

e—1 if fiseven
o = { !

£—1 if fis odd,
i) =#{1<v<e-1,veZ: fveven, |/Bs},

) = 1 if I is a Wieferich prime, i.e. 2/~' = 1(mod {2),
=0 otherwise,

B =1i(1) =i +9() + (),

R(l) the group ring of the cyclic group G = {1,s,s?,...,5'"2} of order | — 1 over
the residue class field Z/IZ, thus a € R(l) has the form

-2

a= Zaisi, a; € Z/1Z,

i=0
-2

R™() = {a:ZaisiGR(l):a,—+ai+N:0foreach0§i§N—l},
1=0

Z(l) the Stickelberger ideal of the ring R(l) (for an exact definition of the Stickel-
berger ideal 7 of the group ring Z[G], see e.g. [Ws] § 6.2,

-0 =ZO AR W) =R~ [[ (s — r-2a1) ([52),4.3.3),

a€A

I7o) =R™() [[ (s = r—2a1) =Z7(1) (s — 1),

acA

B(l) the ideal of the ring R(!) generated by the Kummer element

1-2
Ko = E kisi,

=0

1 ifr_; >
k; =
0 ifr_; <

where

N~ N~
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hence B(l) CZ(l) (cf. [S3)),
B~() =B()NnR~() CI~(1).

The algebraic structures R~ (1), I (1), Zy (I), and B~ () are considered to be vector
spaces over the Galois field Z/IZ. Using Consequence 2.2 in [S1], 4.3.2. in [S2], and
Theorem 4.5 in [S3] we have

dimR-() =N, dimI-(1)=N —i(l), dimZy () =N -1-i(l),
dimB~(l) = N - B(l).

Furthermore we will denote by

V = {(v(1),...,9(N)) :v(i) € Z/IZ,1 < i < N} the vector space over the Galois
field Z/I1Z (dimV = N),

F : R=(l) — V the isomorphism of the vector space R~ (l) onto V defined by
F(a) =u=(u(l),... ,u(N)) eV,

where

-2
a= Zaisi eER (1)
—

and
w(T) =0a;_;_ind. (@-1:=ao)(1<z<N).

Definition 1.1. Let U be a subspace of the vector space V and let d = dimU >
> 1. Consider an I% x N matrix M whose each row consists of the coordinates of
an element of U. Let the matrix M be brought to reduced row-echelon form by the
use of elementary row operations and zero rows be omitted. This new matrix will
be denoted by M (U) and is uniquely determined by the subspace U. The matrix
M(U) is of size d x N and there exist integers 1 < j; < jo < ... < jg < N such
that for the entries of the matrix M (U) = [mijli<i<d1<j<n We have

1 ifj=7
mi; =40 ifj<j;

0 ifj=jx, 1<k<d k#i.

2. Normal Primes

Definition 2.1. Denote by U; and U, the subspaces F(Z~(l)) and F(Z; (1)) of
V, respectively. Then d; = dimU; = dimZ~(I) = N —i(l) and d; = dim U, =
=dimZ; (I) = N —i(l) — 1. The matrices M (U;) and M (U,) are of sizes d; x N
and dy x N, respectively. If I is regular or if, in the case d; < N, the matrix M (Uy)
has the form

M(UY) = [I4,1X]
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(I, is the identity matrix of order n), where X is a d; x (N — d;) matrix, then we
call the prime ! normal. If the matrix M (U;) has the form

M(Uz) = [Ia, Y],

we call the prime | 0-normal.

Using Proposition 5.6 of [S2] we can characterize the normal and 0-normal primes
by means of a special determinant as follows:

Theorem 2.1.
(1) The following statements together are equivalent for | being irregular:
(1a) 1is normal,
(1) det[z?%) (a € A, dy +1 <z < N) %0 (mod I).
(2) The following statements are equivalent:
(2a) [1s 0-normal,
(2b) det[z??] (a € A, dy+1 <z < N)#0 (mod I).

An easy consequence is the following.

Corollary 2.2.
(a) If l is regular, then l is both normal and 0-normal.
(b) Let i(l) =1. Then
(b1) 1 is normal.
(b2) 1 is 0-normal if and only if 3%® # 1(mod l), where A = {a}.

3. Computations on Normality of a Prime

Using the familiar tables of the irregular pairs [, 2a] (I/B2,) and Theorem 2.1 it
was shown in [S2], Proposition 5.9.1 that

3.1. Each primel, 3 < 1< 1,000 is both normal and 0-normal.

P. Cikének ([C], 1991) made use of the tables of the irregular primes to 125,000
by S. S. Wagstaff, Jr. ((Wg], 1978) and extended the result of 3.1:

3.2.
(a) Each prime I, 3 <1 < 125,000 is normal.
(b) Each prime 1, 3 <1 < 125,000 is 0-normal with exzception of two primes l; =
= 19,927 and ly = 68,737 which are not 0-normal.

Note that the both primes /; and I, discovered by Cikédnek satisfy the condition
(b2) of Corollary 2.2.

J. W. Tanner and S. S. Wagstaff, Jr. ([TW], 1987) extended the tables of
Wagstaff for irregular primes up to 150,000. Using Newton method for polyno-
mial (power series) inversion (with use of FFT and multisectioning of power series)
Buhler, Crandall, and Sompolski ([BCS], 1992) were successful in extending the ta-
bles of irregular primes to one million and subsequently Buhler, Crandall, Ernvall,
and Metsdnkyla ([BCEM], 1993) extended these tables to four million.
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Using the tables ((BCEMS], 1998) provided us kindly by T. Metsiankyld and with
his allowance, for irregular primes up to 8.10%, the extended tables for irregular
primes up to 12.10%, which we obtained by J. P. Buhler (personal communication),
and using Theorem 2.1 we have got the following result:

Theorem 3.3.

(a) Each prime |, 3 <1 < 12.10° is normal.

(b) Each prime I, 3 <1 < 12.10° is 0-normal with ezception of primes l; = 19,927
and l; = 68,737 (discovered by Cikédnek).

Note to the computation. All computations were established using the Mathe-
matica system on the standard PC and were ready within an hour.

At the conclusion we have got from the mentioned tables the values of the func-
tion j(I) for | < 12.10° relative to the dimension of B~ (l). With exception only
of three cases, j(l) = 0. The first two cases were found out by K. Dilcher (cf.[S1],
p.189) from the tables [BCS]. All the three cases are presented in the following
table:

l/Bag: (1<a< l—;-:i) l/Bn,n = fv even
1<v<e-1)

l f 2a n TOREO)
130811 |26162 52324, 88910 52324 2 |1
599479 | 33 359568,471754 359568 2 |1
2010401 | 1795 1234960 1234960 1|1

The irregular primes | < 12.108 with j(I) > 0
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