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A notě on a páper of Oppenheim and Salát 
concerning series of Cantor type 

Jaroslav Hanči 

Abstract. The main resuíts of this páper are two criteria for irrational series 
which consist of rational numbers where the denominators are speciál integers 
and numerators are too large. Several applications for second-order linear 
recurrences are included. 

1. Introduction 
There exist many papers concerning the irrationality of infinite series. Erdós and 
Straus [3] proved that if A is a positive integer greater than oné and {cn}'^Ll is a 
sequence of integers such that J2^=i k n l ^ - 2 " < oo then the number 

* = £ A2« . 

is irrational. A similar criterion can be found in [5]. Duverney [2] proved another 

type of criterion for irrationality of infinite series. 

If the series consists of rational numbers in the reduced form and the denom

inator of the previous term divides the denominator of the next term then we call 

the series of Cantor type. Oppenheim in [6] proved the following theorem. 

Theorem 1.1. Let {an}^°=1 and {bn}'^L1 be two sequences of integers such that 

an > 1 and \bn\ < an hold for every sufficiently large n. Suppose that 

Then the number 

nnfM±i = 0. 

:Y\ 
ťi n?=i aJ 
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is rational iff bn = 0 for every sufficiently large positive integer n. 

This theorem and its proof can also be found in a paper of Salat [7]. As 
a consequence of a more general theorem, Bundschuh and Petho [1] proved the 
following result. 

Theorem 1.2. Let { R n } ^ ! be a second-order linear recurrence with characteristic 
polynomial x2 — A\x — 1 where A\ is a positive integer and Ho = 0, R\ = 1. 
Suppose that {bn}n

<Ll is a sequence of integers such that \bn\ is not a constant for 
every large positive integer n and there is a positive real number e such that for 
every sufficiently large n 

iM<R;«--v 
Then the number 

oo , 

z=lRi" 
is transcendental. 

Hancl and Kiss [4] proved the irrationality of this series under weaker condi
tions. 

2. Main results 
The main results of this paper are Theorems 2.1 and 2.2. These theorems deal 
with criteria for the irrationality of infinite convergent series of Cantor type. The 
terms of these series consist of special rational numbers which do not depend on 
arithmetical properties such as divisibility. 

Theorem 2 .1 . Let {an}n°z=l be a sequence of positive integers greater than one. 
Suppose that {bn}n°=.l is a sequence of integers such that 

(18) liminf M ^ t i = 0 
n-+oo an 

and for every sufficiently large positive integer n 

(19) | 6 n + 1 | < i m a x ( | 6 n | , l ) a n + 1 . 

Then the number 
oo , 

E bn 

is rational iff bn = 0 for every sufficiently large positive integer n. 

Theorem 2.2. Let K be a real number with 0 < K < 1. Suppose that { a n } ^ 
is a sequence of positive integers greater than one and {bn}n°=1 is a sequence of 
nonnegaUve integers such that 

(20) l i m i n f ^ i = 0 , 
n-*oo an 

and for every sufficiently large positive integer n 

(21) 6 n + i < Kmax(6n,l)an+1. 
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Then the number 

" - £ • 
is rational iff bn — 0 for every sufficiently large positive integer n. 

Corollary 2 .1 . Let t be a positive integer. Assume that {Rn}n°=\ is the second-order 
linear recurrence with characteristic polynomial Q(x) = x2 - A\x — .42 where A\ 
and A2 are integers and Bo = 0, R\ = 1 . Suppose that the polynomial Q(x) has 
zeros ct\ and a2 with \a\\ > |a 2 | - Assume that {bn}n

<L\ is a sequence of integers 
such that 

(22) l i m i n f — J - - = 0 
n-t-oo a\

z 

and for every sufficiently large positive integer n 

(23) | 6 n + i | < ^ m a x ( | 6 n | , l ) | a ; 2 n + a 2
2 n | . 

Then the number 

bn 

is rational iff bn = 0 for every sufficienty large positive integer n. 

Example 2 . 1 . Let n(n) be the number of primes less than or equal n and let T(n) 
be the greatest prime cube less than or equal n. As an immediate consequence of 
Theorem 2.1 we obtain that the number 

nil 3nn! 

is irrational. 

Example 2.2. Let the numbers t, A\, A2, at\, a2 and the sequence {Hn}n
<L1 satisfy 

all conditions stated in Corollary 2.1. Assume that s is a positive integer with 
\a\\s > 2. Let P(n) denote the greatest prime less than n. As an immediate 
consequence of Corollary 2.1 we obtain that the number 

E - ^ f (2" -2 p <" ) ) - sn 

Rt2n 

is irrational. 

Example 2.3. Let the numbers t, A\, A2, ot\, a2 and the sequence {Hn}n
<L1 satisfy 

all conditions stated in Corollary 2.1. Assume that A\ - 4,42 > 0, Let Q(n) be the 
greatest prime square less than n. As an immediate consequence of Theorem 2.2 
we obtain that the number 

V ^ •fy(2"-2q(">)-2n 
Zw" Rt2n 

is irrational. 
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Example 2.4. Let t be a positive integer. Assume that {Fn}n°=l is the Fibonacci 
sequence. Let S(n) be the greatest Fibonacci number less than n. As an immediate 
consequence of Theorem 2.2 we obtain that the number 

V^ ^ ( - n - 2 S ( n ) ) - n 

is irrational. 

Open problem 2 .1 . Let {Tn}^i be the Fibonacci sequence. Is the number 
0 0 J? 

n_l F - " + l 

irrational? 

3= Proofs of theorems and of corollary 
Proof, (of Theorem 2.1) Assume that the number a is rational and there exist 
infinitely many n such that 6 n ^ 0. Then there are integers p and q with q > 0 
such that a — E . ^From this we obtain that for every positive integer IV 

oo , JV , oo , 
_ _ _ \ ^ - V^ On Y^ On 

Q - Q ~ h iCi «i= „ n%, »> J r + . n?=. «* • 
Thus for every positive integer IV the number 

(24) IN = q(f[-,)<* - E n ^ ) ^ _ r r ^ T 
j=l 9

 n = 1 l l j _ l a J n _ N + 1 H j _ N + l a J 

is an integer. We also have 

^ n+fc 

(25) |bn+fe|<~max(|&nj,l) [J °i 
j=n+l 

for every positive integer k and for every sufficiently large positive integer n which 
can be proved by mathematical induction using inequality (19). From (18) we 
obtain that there exist infinitely many positive integers M such that 

(26) _ _ ± I < 1 . 
OM 3q 

Without loss of generality assume that the number M is sufficiently large. 
Now we prove t h a t | J M - I | < 1- Equation (24) and inequalities (25) and (26) 

imply that 

! M ^ 2 ^ m a x ( | 6 M M ) n i _ M + i a j 
q-—+q >_ f r . = 

QM n=V+l IV-M^ 
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| 6 M | , <?(max(|6M |A)) v ^ 1 | 6 M | + max( |6M|A ) . q 1 y __ — q < 
CLM « M r_J 2-? OAf 

(27) 2^L_<?<!. 

Now we prove that | I M - i | > 0. Let P be the least positive integer greater or 
equal to M such that 6p / 0. Hence 

(28) 1 < | 6 P | . 

^From (24), (25) and (28) we obtain that 

oo , OO , 

n=M 1 Lj=M aJ n = P 1 lj = M a3 

\bP\ ^ [M , . 
z-- n n „ r t , ; -

I l j = M aJ n=P+l Rj = M QJ 

, \bP\ _ ^ > 2^r max(|6p|, 1) U^P+I aj > _ 

° ' OI3 z__ LTn n ' ~ 
l l j = M a J n = P + l l i j = M a J 

too* v ___l (™*(MA ) V * ̂  ,l&p|-m_x(|6P|A) 
(29) <z(— p —p __, oj) = « rTI3 } 

n>=M aj Uj=M a3 j = l ^ l I j = M a3 

Inequality (29) implies that if IM-i = 0 then for every N > P + 1 

1 N 1 N 

6!v = 2~~pniax(|6p|,l) J} a, = -p---p|6p| J ] a,-. 
j = P + l j = P + l 

Thus 

___+ !_ ! >__!_! 

.. . f 2^1^pinj=p+iai .. . . _ i ,, , n 
hminf = hminf -—p 6p a7 > 

n—•oo a„ n—>oo 2 n r •*••*-
j = P + l 

liminf-L|6p|2n-p--2 = i|6p| 
n-»-oo ZJl r 4 

which contradicts (18). Hence | I M - i | > 0. ^,Prom this and (27) we obtain 0 < 
IM-i < 1- This contradicts the fact that the number IM-i is an integer and the 
proof of Theorem 2.1 is complete. • 

Proof, (of Theorem 2.2) Assume that the number /? is rational and there exist 
infinitely many positive integers n such that 6n / 0. Then there are positive 
integers p and q such that 

oo , 

a - - - y K 
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This implies t h a t for every positive integer N the number 

N N ; oo , 

00) ^ = «(n°i)(f-En^r) = « £ r r ^ r 
j = l 9 n = l - - J = l °> n=JV+l i lJ= lV + l ° J 

is a positive integer. We also have 

n+fc 
(31) |6 n + f c j < K f c m a x ( | 6 n | , l ) J J a, 

J = n + 1 

for every positive integer A; and for every sufficiently large positive integer n which 
can be proved by mathematical induction using inequality (21). From (20) we 
obtain that there exists sufficiently large positive integer M such that 

(32) bJi±l < L _ 

Equation (30) and inequalities (31) and (32) imply that 

-r-. bn ^ ^ K"-Mmax(6MA)n;=M+i«^ 
J*-i = a z . f p — - $ 9 _L fp—~ --

max(6iw,l) - ^ • __ max(6MA ) 1 6 M + 1 1 1 
Q M Z_-r flM _ _ __" aM \ — K 3 

j = 0 

This contradicts the fact that the number IM-i is a positive integer and the proof 
of Theorem 2.2 is complete. D 

Proof, (of Corollary 2.1) We can write the terms of the sequence {Rn}^:=1 in the 
form 

an -an 

This implies t h a t 

Rn -
ax - a2 

rv?í - ГYІÍ ^ 1 

ttl — O!o X X 

(33) Ratlin +«f) 
j = i 

where for every ;' = l , 2 , . . . , n — 1 the number 

af + af 

is an integer. From (22), (23) and (33) we obtain (18) and (19). Now we apply 
Theorem 2.1 and the proof of Corollary 2.1 is complete. D 
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