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Formulae for the relative class number of an imaginary
abelian field in the form of a product of determinants

Radar. Kucera

Abstract. There is in the literature a lot of deteminant formulae involving the
relative class number of an imaginary abelian number field. Most of these
formulae can be obtained in a unique way by means of the Stickelberger ideal,
as shown in [K]. Some papers giving the relative class number formula for
intermediate fields of the cyclotomic Zp-extension of an imaginary abelian
field in the form of a product of determinants have appeared recently (see [H],
[T]). The aim of this note is to show that it is not essential to assume that we
deal with a layer in the cyclotomic Z p-extension, the similar construction can
be done for any extension of abelian fields.

1. Group determinants
Let G be a finite abelian group with a fixed element 7 € G of order 2 (i.e. 7 # 1 and
72 = 1). Let G be the group of characters of G (i.e. the group of all homomorphisms
from G to the multiplicative group of nonzero complex numbers). We shall denote
G- ={xeGx(r)=-1}
the set of odd characters on G and
Gy ={xeGix(r)=1}
the set of even characters on G. Let f:G — C be any complex valued mapping

which is odd, i.e. f satisfies f(ro) = —f(o) for each ¢ € G. Then we have the
following well-known determinant formula:

Lemma 1. For any system C of representatives of G/{1,7} we have

det(fop™ Nosee = [] 3 3 x(@)f(0).

xeG. 0€C
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Proof. Let us define the following element of the complex group ring

6= % S fo)o ! € TG,

geG

Since f is odd, we have 6 € (1 —7)C[G]. We shall consider the linear transfomation
of (1 - 7)C[G] given by the multiplication by 8. The matrix of this transformation
with respect to the basis {(1 ~7)o; 0 € C} is f(6p™"))s,pec because

(1-108 = =163 fop)op)!

2
PEG

= LTS (fep e+ flo I T)pr)

2
0eC

= 3 flop™)A=7)p.

peEC

The matrix of this transformation with respect to the basis of orthogonal idem-
potents {ey; x € G.}, where e, = %[ZPEG x(p)p~!, is diagonal with entries

3 Y sec X' (0)f(o) since

o = ﬁ;—l‘;ﬂo)a“ 3 x(po ) po )

PEG

_ L - -
= 5 2SO Extoe

= 5 @S ey

g€G

The lemma follows due to the fact that x — x ™! defines a bijection on G_.
0

Let H be a subgroup of G and let
H* ={x€G;Vhe H:x(h) =1}

denote the subgroup of all characters of G which are trivial on H. Let {1, e Uk}
be a fixed system of representatives of @/HJ‘. If - € H then H* C G, and
{41,...,9¥x} consists of the same number of odd and even characters, so we shall
assume that ¥y, ...,%y/s are odd and Y(x/2)41,- - -, ¥k are even. If 7 ¢ H then H
contains both ¢dd and even characters and we shall assume that 1, ..., ¥k are all
even. R

For any x € G and any coset T € G/H we define

sx(T) =Y x(0)f(0).

g€T
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Lemma 2. If 7 € H then

k/2
det(f(0p™"))opec = II det(§su, (15! ))T,SeG/H'

i=1

Ifr ¢ H then

k
det(f(0p™ Nopec = [ det(su. (TS™) 1 ern

i=1

where U is a system of representatives of (G/H)/{H 7H}.

Proof. At first, let us assume 7 € H. For any 7 = 1,...,k/2, using [W, Lemma
5.26], we have

1 ~
~1 _ -
det(356. (TS ™) pseqn = I,I‘ 3 o X(T)sy,(T).
\eG/it | TeG/H
But there is a natural isomorphism 5/7] ~ H* (eg., see (W, page 23]). Hence

det(3o0 TS Npseam = 11 53 3 O xowi(0)f(@)

x€HL " TeG/HoeT

;Y Sxose

x€yi-HY  TeG/Ha€eT

i

But G_ equals to the disjoint union of cosets 1;- H* for i = 1,...,k/2 and Lemma
1 implies the first equality.
Now, let us assume 7 ¢ H. Lemma 1 gives for any i = 1,... k,
1
det(s, (TS VNrscr = 1l 5 2 X(T)su(T)
» 2
<cCG/a_  TEG/H
1
= I 5 X xDY vo)fo)
veGJH_  TEG/H €T
1
= 5 2 2 X))
X€(HY)- TeG/HoeT
1
= 5 2 2 x(0)f(@).
xevi-(HY)- * TeG/H o€T

The lemma follows using the fact that G_ equals to the disjoint union of % (H*)—
fori=1,...,k. [m]
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2. Relative class number formulae

For any abelian field L, let G}, = Gal(L/Q) be its Galois group, X the group of
primitive Dirichlet characters corresponding to L, and X = {x € X; x(-1) = 1}
the subgroup of even characters and X, = {x € Xr; x(—=1) = —1} the subset odd
characters. For any integer ¢ relatively prime to the conductor m of L, let (t,L) €
G, be the automorphisim given by the Artin map, i.e., (¢, L) is the restriction to L
of the automorphism of the m-th cyclotomic field which sends each root of unity
to its ¢-th power.

Let us fix an imaginary abelian field K of conductor m. For any divisor n > 1
of m and any o € G, let us choose and fix a rational number a, ,. We put

to= 3 > (- (anwre
1<njm tmod* m

for any 0 € Gk, where the second sum is taken over a reduced residue system

modulo m. Let
$(m) )
- anox(0),
#n) &5,

bpy =

for any 1 < n | m and any x € Xk, where ¢ means the Euler ¢-function. Let
7 € Gk be the complex conjugation. Then for any system C of representatives of
Gk /{1,7}, Theorem 1 of [K] gives the following formula

@) detltypopec = K [ Y baw [0 - xo)),
Qrwi _
x€Xx nlm fxln pln
where hy, Qk, and wg are the relative class number of K, the Hasse unit index of
K, and the number of roots of unity in K, respectively, the product is taken over
all prime divisors of n, and f, is the conductor of x.

We have shown in (K] that by a suitable choice of parameters a,, one can
obtain many of the known relative class number formulae. Recently, for the cyclo-
tomic Z,-extension of an imaginary abelian field, Tsumura and Hirabayashi (see
[T] and [H]) has constructed formulae, where the relative class number of an inter-
mediate field of the Z,-extension is given in the form of a product of determinants.
Now, we shall show that the same job can be done in a simpler setting: for any
extension of abelian fields.

We shall keep all notation of this section and assume that L is a subfield of K.
For any 0 € G, and any x € Xk let

s@) = 3 te)x(e),

PEGK, plL=0

where the sum is taken over all automorphisms p of K whose restriction to L is o.
Let {11,...,%x} be a system of representatives of Xx/Xy. If L is real then this
system consists of the same number of odd and even characters, so we shall assume
that ¢1,..., ¢/, are odd and ¥(x/2)+1,- - -, ¥k are even. If L is imaginary then we
shall assume that 1y,..., ¥ are all even.
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Theorem. If L is real then

k/2
(2.2) det(t(0p™" g pcc = [[ det(353.(00™), e, -
i=1
If L is imaginary then
k
(2.3) det(t(op™ o pec = ] det(su.(0p™)), crrr
i=1

where U is a system of representatives of Gp/{1,7|L}.

Proof. This follows from Lemma 2. ]

Now, putting (2) or (3) together with (1), we arrive at the relative class num-
ber formula in the form of the product of determinants. For example, if L is an
imaginary abelian field and K an intermediate field in its cyclotomic Z-extension,
then (1) and (3) for an, as in [K, Example 1] we obtain the main result of [H].
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