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An irreducibility criterion for polynomials in several
variables

Marius Cavachi, Marian Vajaitu and Alezandru Zaharescu

Abstract. For any field K and any polynomial F' in two variables T', X over
K denote by degx F" and degy F the degree of F' as a polynomial in X and
respectively as a polynomial in 7. Write any F € K (T')[X] in the form
a0 +a1 X + -+ agX?

1 )
with ag,a1,...,aq,9 € K[T), ag # 0 and q relatively prime with the greatest
common divisor of ag, ...,a4. Then set

F=

H(F) = max{degr-ao, .., deg ag, degr ).

We show that for any relatively prime polynomials f,g € K(T)[X] with
degy f < d =degx g, and any irreducible polynomial p € K [T with degyp—
(d+ 1)H(f) — 3dH(g) > 0, the polynomial f + pg is irreducible over K(T').

1. Introduction

In [1], [3], [4] some results related to Hilbert’s irreducibility theorem have been
provided. A class of irreducible polynomials over a number field K is obtained
in (1] as follows. Let f(X),g(X) € K[X] be relatively prime and assume deg f <
degg. Then it is shown that there are only finitely many prime numbers p which
remain prime in K, for which the polynomial f(X) + pg(X) is reducible. An
improved version of this result has been obtained in [2], where explicit bounds for
p in terms of K, f(X) and g(X) are provided, which ensure the irreducibility of
the polynomial f(X) + pg(X). In the present paper we obtain an irreducibility
criterion for polynomials in n variables over an arbitrary field K. As we shall se
below, the result follows immediately from the case n = 2. In this case we denote
the variables by T' and X. We also denote by degr f and degx g the degree of f as
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a polynomial in T and respectively the degree of g as a polynomial in X, for any
f € K[T] and any g € K(T)[X]. For any F € K(T)[X|, we write F in the form

P g‘o+a1X+~~-+adX7d’

= 1

p 1)

with ag,a1,...,a4,q € K[T], aq # 0 and g relatively prime with the greatest
common divisor of ay,...,aq. We then set

H(F) = max{degyay, ..., deg aq,degy q}. (2)

We will prove the following result.

Theorem 1. Let K be a field and let g € K(T)|X] with degy g = d. For any
polynomial p € K[T), irreducible over K, and any f € K(T)[X] such that degy f <
d, f relatively prime with g in K(T)[X] and degpp — (d+ 1)H(f) — 3dH(g) > 0,
the polynomial f + pg is irreducible over K(T').
Corollary 1. Let K be a field and let g € K(T)|X| with degx g = d and g irre-
ducible over K(T'). For any polynomial p € K[T|, irreducible over K, and any
f € K(T)[X] such that degy f < d and degpp — (d + 1)H(f) — 3dH(g) > 0, the
polynomial f + pg is irreducible over K(T).

Theorem 1 above also implies an irreducibility result for polynomials in n
variables X1,..., X, over K. For any f € K[Xy,...,X,] and any j € {1,...,n}
denote by degy, f the degree of f as a polynomial in X;. For any

Fe K(Xi,..., Xp-1)[Xn],

write F' in the form

a)+ a1 Xy + - (LdX;l
Fe———mm =7
q
with ag,a1,...,04,9 € K[X1,...,Xn_1], ag # 0 and q relatively prime with the
greatest common divisor of ag,...,aq. For any 1 < j < n, set

H;(F) = max{degx, ao, ..., degx, aq,degx, q}.
Then one has the following result.

Corollary 2. Let K be a field, n > 2 and g € K(X1,..., Xp—1)[Xp] with degyx g =
d. For any polynomial p € K[Xi,...,Xn_1], irreducible over K, and any f
in K(Xi,...,Xn_1)[Xn] such that degx f < d, f relatively prime with g in
K(X1,...,Xn-1)[X,] and

max {degx, p— (d+1)H;(f) — 3dH;(g)} > 0,

1<i<n~
the polynomial f + pg is irreducible over K(Xy,...,Xp_1).

If j is the index for which the bound equality holds in the statement of Corol-
lary 2, then one can let the new field K be the field generated by K and the variables
X1, X2,...,Xn-1 except for X;. Writing T for X;, and X for X,,, the polynomials
f and g are now in K(T)[X], and p is an irreducible polynomial in K [T]. Then
Corollary 2 follows from Theorem 1.

In case g is irreducible, Corollary 2 reduces to Corollary 3 below.
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Corollary 3. Let K be a field, n > 2 and g € K(X1,...,Xpn_1)[Xy], withdegy g =d
and g irreducible over K(X1,...,Xn—1). For any polynomial p € K[X,...,X, 1)y
irreducible over field K, and any polynomial f in K(Xi, ..., Xn_1)[X,] such that
degy, f<dand

max {degy, p— (d+1)H;(f) - 3dH;(g)} >0,

1<5<n—1

the polynomial f + pg is irreducible over K(X1,...,Xn_1).

The above results provide us with an easy way of producing irreducible poly-
nomials in practice. We end this section with a couple of examples.

Let K = Qand g = X® —TX. Thus d = 5 and H(g) = 1. Next, choose
p = T'% 4 40067 + 2003. This is an Eisenstein polynomial relative to the prime
number 2003, and so p is irreducible over Q. Take now any f € Q(T)[X] with
degy f < 4. The condition degpp — (d+ 1)H(f) — 3dH(g) > 0 from the statement
of Theorem 1 reduces in our case to the inequality 100 — 6 H(f) — 15 > 0, which is
satisfied provided H(f) < 14. This is the same as saying that f has the form

 agt+ a1 X +asX?+ a3 X3+ ag Xt

5= - : )
where ag, a1, az,a3,as and b are polynomials in T’ of degree < 14 over Q. Let us
assume that f has this form. If now ag = 0, then f -+ pg is not irreducible over
Q(T), being divisible by X. Similarly, if a1 = a2 = a3 = 0 and ap = —T'aq, then
f + pg is not irreducible over Q(T), being divisible by X* — T. In any other case,
f + pg is irreducible over Q(T") by Theorem 1.

For a second example, let K = Q, and set g = X® — 7. Thus d = 5 and
H(g) = 1 as before. If we again choose p = T"'% + 4006T + 2003, we end up
with the same inequality H(f) < 14. Since in this example g is irreducible over
Q(T), Corollary 1 shows that for any f of the form (3), with ag, a1, az,a3,as and b
polynomials in T of degree < 14 over Q, f + py is irreducible over Q(T").

2. Proof of Theorem 1

Let K, g, f and p be as in the statement of the theorem. We start by putting f, g
and f + pg in the form

ag +a1X+-~+ad_1Xd‘1

_ i 4
f q2 (4)
bo+ b1 X + -+ baX?
g:ﬂ_.l__d (5)
Q1
and
up +ur X 4 - 4 ugX?
f.;,pg:"_lﬁud__Y (G)

q
with ag,...,aq-1 € K[T] not all zero, by, ..., bg, uo, ..., U4, q,q1,q2 € KT, bq #0,
and such that q is relatively prime with g.c.d.(bo,...,bq), g2 is relatively prime
with g.c.d.(ag,...,a4-1) and ¢ is relatively prime with g.c.d.(uo, ..., u4). One has

degy g < degy g1 + degp g2 < H(f) + H(g). (7)
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Note also that

g =T 4. ®)
q1

Let us denote F' = ug+us X +- - -+ug X% = ¢(f+pg) and G = bp+b X +-- -+ X¢ =
q19. We need to show that F is irreducible over the field K(T'). Let us assume that
F is reducible over K(T'). Then one has a factorization

F=FF (9)
where Fy = so+51 X+ - -+s, X™, Fy = vo+v1 X+ 4+v. X", 805 - -, Smy Vo, .+ -, U €
KT, $m # 0,v; #0.
Note that sm,v, = ug, and from (8) one obtains an equality in KT,
q18mVr = qpby # 0. (10)
By our assumption on p, one has that degr ¢ < H(g) < degrp, so p does not
divide ¢; in the ring K[T]. Since p is a prime element of K[T7, it follows that p

divides sy, or p divides v,.. To make a choice, let us assume that p divides s,,, and
let z € K[T'] be such that s,, = pz. Then

@120y = gbg. (11)
As a consequence of (11), note that
degy v, < degy q + degy by. (12)

By combining (7) with (12) we see that
degp v, < H(f)+2H(g). (13)
Recall that G and F» are polynomials in X with coefficients in K[T]. We consider
the resultant R(G, F») of G and Fj. Since f is relatively prime with g, it follows
that G is relatively prime with Fy, and hence R(G, F;) is a nonzero element of
KI[T).
At this point we fix a real number 0 < p < 1, and consider the nonarchimedean
absolute value | - | on K[T] given by
|F| = p~desr (14)
for any F' € K[T]. The absolute value |- | is extended to K (T") by multiplicativity.
Thus for any L € K(T), L = &, with F,G € K[T}, G # 0, we have |L| = [&}. Note
that |z| > 1 for any 0 # z € K[T]. In particular one has
IR(G, Fy)| > 1. (15)
Let us choose an extension of | - | to a fixed algebraic closure K(T') of K(T'), and
denote it also by | -|. Next, we estimate |R(G, F,)| in a different way. We factor G
and F, over K(T),
G =ba(Xp —m) - (Xn — ), (16)
and
Fy = vp(Xn — 01) - (X0~ 0), an

with n1,...,74,61,...,0- € K(T). We have
RG F) =t T ] -0 =vi-0% ] G@). (18

1i<d1<j<r 1<5<r
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For any j € {1,..., r}, 6 is a root of F,, and hence it is also a root of F. Therefore
0
o0 = L% (19)
p
It follows that "
16(65) = lmna(o)| = 20, (20)
Since degr q1 < H(g), we see that
o] < p= 19, (21)
Using (21) in (20), we obtain
0;)] o
|G(9:)] < ), 22
. @)
By (18) and (22) we find that
lor|%p~"
IR(G, )| < = — ‘, H (05 (23)
1<j5<r
The inequality (13) implies that
[or| < p*(”(fH?H(g))' (24)
Inserting (24) in (23) one has
[R(G, Fy)| < [p|p~HD=CdtnH @) TT|£(6;)]. (25)
1<j<r
For | f(6;)| we use the upper bound
ap+ a1 + - +ag 109" maxo<i<d—1 a0t
176:)1 = | ! | g B L
@ lg2|
< ((ymax o) mac{1, 16,1} < o) max(1, 6,1}, (26)
Note also that the equality
Phaty | cagy pba1y s ap | pho
0= £(6;) + pg(6;) = e N N e
£(6;) + pg(0;) @ ( P @ ) J (q2 ¢11)
implies
104167 a
Ipllo;1° < pbat| <max{l~—} Ipbaa07 "), | 2201, obol}
< max{1,|0;]~*} max{|g1ag_1], |pba—1, - .-, lg1a0], [pbal}
< max{1,|6;/*~"}p~# max{|p|, p~# P} 27
By the assumption from the statement of the theorem it is clear that
Ipl > p=H 0. (28)

By (27) and (28) we find that

16514 < max{1, |g;[4-1}p=HO,
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Here we either have |0;] < 1, or, if not, then
1651 < 16;1* " p~ "),

In both cases, one has

6;] < p ", (29)
for any 1 < j < 7. By combining (26) with (29) we derive
1£(8:)] < ﬂf"(f)*(d*UH(y)_‘ (30)
for 1 < j <r. Using (30) in (25) we obtain
|R(G, Fy)| < )p!f'r,f(dw)”(f)'fd(r—k'l)H(y). (31)
By comparing (31) with (15), we deduce that
Ipl < p’("H 1V H(f)-d(1+2)H(g) < p—(d+l)l{(])—3dll(g)' (32)

Since |p| = p~ 981 P, from (32) one obtains

degrp < (d+ 1)H(f) + 3dH(g), (33)
which contradicts the assumption from the statement of the theorem. In conclusion,
F is irreducible over K(T'), and this completes the proof of the theorem.
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