Kybernetika

Jifi Andél
On residual analysis for time series models

Kybernetika, Vol. 33 (1997), No. 2, 161--170

Persistent URL: http://dml.cz/dmlcz/124305

Terms of use:

© Institute of Information Theory and Automation AS CR, 1997

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped with
O digital signature within the project DML-CZ: The Czech Digital Mathematics Library
http://project.dml.cz


http://dml.cz/dmlcz/124305
http://project.dml.cz

KYBERNETIKA — VOLUME 33 (1997), NUMBER 2, PAGES 161-170

ON RESIDUAL ANALYSIS FOR TIME SERIES MODELS

JIRf ANDEL

Residuals are frequently used as a diagnostic tool for verification that a time series model
fits to data. In the cases when the series is nonnormal and/or the model is nonlinear, the
squared residuals and squared values of the series are takern into account. In our paper
asymptotic formulas for the mean value and variance of the corresponding sample corre-
fation functions are calculated. Small sample properties are investigated in a simulation
study. The results can be used for testing linearity and normality of an autoregressive time
series.

1. INTRODUCTION

In this paper we assume that {X;} is a strictly stationary time series with vanishing
mean and a covariance function R(t). Define X; = [X;, X;_1,.. .}

Let {e;} be a strict white noise with vanishing mean and a variance ¢ > 0. Let
bi,..., b, be parameters such that the polynomial 1 —b12—...—b, 2" has all its roots
outside the unit circle. Then there exists a unique linear process {X;} satisfying

Xt:let—l+-<~+prt—p+gt- (]1)

The process {X;} is called an autoregressive process of the order p.
Let us return to the general process {X;} mentioned at the beginning of this
section. One says that {X;} has linear conditional expectation if

E(XiXi—1) =0 Xio1+ ..+ b0 Xe—p (1.2)
where b1,...,b, are some parameters. If the covarince function R(t) satisfies linear
difference equation of the form

Rt)=biRt—-1)+...+b,R(t—p), t>1, (1.3)

then {X,} is called Yule-Walker autoregression. Let us remark that
(1.1) = (1.2) = (1.3). (1.4)
The implication (1.1) = (1.2) is clear. If (1.2) holds then
E(XXs_t|Xso1) = Xsot (X | Xs1) = 01X oo Xooe + o+ 0p X p Xy
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and thus
R(t) = EX; Xs— = E[E(X; Xs (| X 1)l =01 R(t = 1) + ... + b, R(t — p).

It means that (1.2) = (1.3). The reverse to (1.4) is not true. For example, the
product autoregression model (see [11]) is the case in which (1.3) holds, but in
which (1.1) and (1.2) do not. For further details, see Lawrance and Lewis [8]).

Let {X;} be such a time series that (1.3) holds. Then the expression E(X; —
b1 X1 — ... — ﬁpXt_p)2 is minimized for §; = by, ..., B, = b, and the variables

Wg = Xt — let-—l - ... prt—-p

are called linear autoregressive residuals of order p (shortly residuals). If {X;} is an
autoregression given by (1.1) then W; = ¢,.

Theorem 1.1. Let {X;} satisfy (1.3). Then the residuals W, are uncorrelated
(although not necessarily independent) and

cov(Wy, Xi—k) =0 for k> 1.

Proof. See Lawrance and Lewis [8]. O

If the process {X;} satisfying (1.3) is normal then Theorem 1.1 implies that the
residuals {W;} are independent and the variables W; and X;_; are also independent
for £ > 1. To detect their eventual dependence for the case that the distribution is
not normal and/or the relation (1.3) does not hold, the following cross-correlation
and autocorrelation functions were proposed:

pi(k) = corr(We, W), pa(k) = corr(W7, Wi,),
pa(k) = corr( Xy, W2 }), pa(k) = corr(XZ, Wi_x)-
For a few simple models these functions can be computed explicitly (see [8,9]). The

simplest case is the AR(1) model Xy = bX;_; +¢; with |[b| < 1. If a3 is the skewness
of X; then

il

o2 183
k) = ag—De ST k>0,
pa(k) 3\/varez2 1—b? -
and ps(k) = 0 for k < 0.
Because of rather complicated structure we do not investigate p4(k) in our paper.

2. ANALYSIS OF SAMPLE CORRELATION FUNCTIONS

In this section we assume that {X;} is a normal AR(p) process defined by (1.1).
Define

n

n n n 2
1 . 1 1 1 .
n(k) = L Zeﬂf_k, 2= ZEE, na(k) = o ZE:?-k - (ﬁ ZEf_k) )
t=1 t=1 t=1

t=1
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n

2

1 1< 1< 1
774('7“):—2 5?*—253 € ks Tlsz—z€§— “25? ,
nt:l ns:l n n
1 - 2 ' _ 2
{1(]6)—;;)(1@_;“ 52-;2)(:-

Introduce the functions
o m) o m®) &)
W)= Vnans(k)’ ®) Vnsna(k)’ (k)

k) = ———=—.

V&2ns(k)
The functions ry(k)—r3(k) can be called sample correlation functions of the corre-
sponding processes and considered as some estimates of p; (k) —p3(k), respectively.
Note, however, that in practical applications the variables ¢; are not known and
they are replaced by their estimates. In some cases such a substitution can change
the asymptotic properties considerably. We discuss this problem in Section 3 below.
Consider random variables Z; = Z;(X1,...,Xp), ¢ = 1,...,m. In some cases
expectation and variance of a function g(Zi,...,Zm) can be calculated using the

following theorem.

Theorem 2.1. Let Z;,..., 7, be random variables with finite second moments.
Assume that ,

1
EZ; =6; + O(n~1 . cov(Zi, Z;) = —¢i; + O n~3),
J  Cid

where 8 = (6;,...,0,,) is a given vector and C = (c¢;5) is a given matrix.
Let g(2) be a function of z = (zy, ..., zm) which has continuous first and second
partial derivatives in a neighbourhood of the point 6. Let 3%9: denote the value of

the partial derivative %L_ at the point z = 6. Then we have

Bo(Zi,. . Zm) = g(s,...,0m) +O(n"Y),
1 e~s~ 0g dg >
varg(Zy, ..., Zm) = —ZZCU——“‘*’O(” )-
. n i=1 j=1 601 ao]

Proof. The ‘éssertion can be proved similarly as that in section 10.6 in Kendall
and Stuart [7]. ’ a

Theorem 2.2. Let {¢;} be i.i.d. N(0,0?) variables with 0> > 0. Let k # 0 be
fixed. Then 3

Eri(k) =0(n™Y), varri(k) = on +0(n7?).

Proof. We have
2 4 1 3056
Eni(k) =0, Eny=0° Ens(k)=20"+0(n""), varm(k)= —

Applying Theorem 2.1 we get our assertion. O

1
“
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Theorem 2.3. Let {e;} be i.i.d. N(0,a?) variables with 02 > 0. Let k& # 0 be
fixed. Then

Ery(k) = O(n™Y), varr(k) = % +0(n™?%).

Proof. We derive
Ens = Ena(k) = 20* + O(n™1), Ena(k) = O0(n7'), varna(k) = — +0(n™?)

and then the result follows from Theorem 2.1. (]

Results for r3(k) given in the following theorem were derived only in a special
case. ‘

Theorem 2.4. Let {e;} be i.i.d. N(0,0?) variables with 02 > 0 and let {X;} be
an AR(1) process defined by X; = bX,_; + &, |b] < 1. Then for any fixed k > 1 we
have ‘ .

ET‘g(k’) = O(n_l))
varrzg(k) = % 6b2k(1—b2)+bk(2_bk)(1+b)+% +0(n™?).

Proof. It is easy to see that

2

Ba(k) =0, E& =17, Em(k)=20"+0(n""),

E&i(k)& =0, E&(k)ns(k) =0,
cov(€1(k),&2) =0, cov(&1(k),n3(k)) = O(n'E)

and after some computation we get

6
varéi (k) = 2% 6

pk . 2P (L) 3—b

.y TS R

Then we use again Theorem 2.1. ) - |

3. REMARKS

Let w; be estimated residuals which are calculated in autoregressive models AR(p)
in a similar way as W; with the exception that the parameters b; are substituted by
their least-squares estimates. Define

x E?:kﬂ Wi We—k
Et:l wi
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Box and Pierce [2] obtained the asymptotic distribution of 7*(k). They pointed out
that it is different from that of

n
Zt:k+1 Etst—k

Z?:l E?

They proposed a test of fit based on the portmanteau statistic

r(k) =

M
Qpp=n Z r*z(/c).
k=1

Under the assumption of the model adequacy, @pp is distributed approximately
szwﬁp. Davies et al [4] and Ljung and Box [10] showed that the modified statistic

M
r*(k
Qs =n(n+2)3 L
—n- k

~—r

1s distributed closer to x%,,_p in small samples.
The situation concerning squared residuals is quite different. Define

6'2 _ 1 in 7'*(](7) _ Z:l:k+l(w22 - 5’2)(’(1)3_10 - &2)
= — y 2 - n 2
ny- ! Yoo (Wi —62)?

McLeod and Li [13] proved that the vector (r3(1),...,r5(M))’ is asymptotically
normal N(0,I). They introduced the portmanteau statistic :

M«
Qrr = n(n+2)z T:—Ek/c)

k=1

which is asymptotically distributed as x%, when the model is correct.

Some authors prefer to use tests based on individual values of r*(k) instead on the
portmanteau statistic. The vector (r*(1),...,7*(M)) has asymptotically N (0O, %V)
distribution and a formula for V' = (v;;) can be found in several papers A(e. g. Box
and Pierce [2], McLeod [12], Hosking and Ravishanker [6]. Hosking and Ravishanker

[6] recommend for general use the classical Bonferroni approximation to the critical

region for simultaneous testing of 7*(1), ..., r*(M). The model is not rejected if
a n
(k) < (—-) o k=1,
[P (k)] < u Y7 o for M

where « is the level of significance, u(f3) is the critical value of the N (0, 1) distribution
on level B and v}, is an estimate of viy.

4. A SIMULATION STUDY

A simulation study was performed for small and moderate sample sizes in order to
get answers to the following questions:
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(1) Are the approximations for Er;(k) and varr;(k) based on Theorems 2.2-2.4
precise enough?

(i1) Are the distributions of r;(k) approximately normal?

(i) How much are the moments and the distributions of r;(k) influenced when their
definitions are modified in such a way that the variables €; are substituted by
their estimates w;?

Now, we formulate our problems more rigorously. From Theorem 2.2 we have
approximations Er;(k) = 0, varri(k) = 3/(2n); similar approximations for Ery(k),
varry(k) and Ers(k), varrs(k) are based on Theorems 2.3 and 2.4, respectively.

For different n (and for different parameters of our models) r1(k), r2(k) and r3(k)
were simulated N = 1000 times in each case. Thus we have N = 1000 realizations
of 7;(k) in each case. We calculated empirical skewness az and empirical kurtosis a4
from these values. It is well known (see Cramér, §29.3) that in normal samples

6(N — 2)
(N+ 1) (N +3)

6 _ 2IN(N —2)(N - 3)
TN T INFDAN £ 3) (N +5)

Eas =0, varaz=

EFay, =

and that agz, aq are asymptotically normal and asymptotically independent. Define
the normed skewness uz and the normed kurtosis u4 by

as ag — Ea4
Ug =

Jvara;' 7 Jvara;

A test statistic is x? = u3+uj and it has asymptotically x2-distribution. It is known
that the sample size N = 1000 is large enough to justify the use of the asymptotic
results.

Some results concerning r;(k) are summarized in Table 4.1.

Uus =

Table 4.1. Results of 1000 simulations of r1(k) for n = 100.

empirical
lag average variance as ag u3 Ug x?
1 0.00 0.014 0.10 -0.07 0.19 -0.60 0.39
2 0.00 0.015 -0.10 -0.05 -0.18 -0.39 0.18
3 0.00 0.015 0.00 -0.08 0.01 -0.72 0.52
4 0.00 0.013 -0.01 -0.12 -0.02 -1.11 1.23
5 0.00 0.014 0.11 0.11 0.20 1.10 1.26

As mentioned above, for n = 100 our approximations are Eri(k) = 0, varri(k) =
3/(2n) = 0.015. They agree well with results of the simulations (see columns average
and empirical variance). The values of a3, a4, uz, ua, and x? correspond to values
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expected under normality of r1(k). Similar results were obtained also for n = 50
and for n = 200.

When the same procedure was applied to residuals w; from different AR(1) models
it was found that the averages and empirical variances of r1(k) are practically the
‘same as 1n simulations using the true white noise €;. Although az and a4 were also
‘near to 0, a few significant values of x? appeared on the five-per cent level.

It seems that r1(k) has its expectation and variance near to our approximations
and its distribution is nearly normal for n > 50. Another simulation study showed
that the same conclusions also hold for the case when ¢; are substituted by their
estimates wy.

Some results of a simulation concerning r2(k) can be found in Table 4.2.

Table 4.2. Results of 1000 simulations of r2(k) for n = 100.

empirical
lag average variance ag aq Uz U4 x?
1 —0.02 0.0088 055 —0.20 1.03 -1.85 4.48
2 —0.02 0.0087 0.65 0.09 1.21 0.94 2.36
3 —0.02 0.0090 042 -0.03 0.79 -0.24 0.67
4 —0.03 0.0081 055 ~0.36 1.04 -3.32 12.09
5 —0.02 0.0088  0.52 0.37 0.96 3.50 13.16

Our approximations based on Theorem 2.3 are Ery(k) = 0, varry(k) = 1/n =
0.01. General conclusions about ro(k) are: The approximation for varrs(k) is not as
good as that for varr; (k) and the distribution of ry(k) can be closely approximated
by normal distrit 1tion only for k¥ = 1,2,3. The same results were obtained also for
n = 200. The situation is very similar also in the case when empirical residuals w;
are used instead of &;.

Fiually, Table 4.3 contains some results about rz(k).

Table 4.3. Results of 1000 simulations of r3(k) for n = 100 and b =10.5 .

empirical theoretical
lag average variance variance as . ay us Uy x2
1 0.00 0.043 0.047 0.02 -0.33 0.06 —2.98 8.89
2 0.01 0.032 0.034 -0.056 -0.17 -0.10 -1.50 2.26
3 0.00 0.027 0.029 —~0.06 -0.24 -0.09 -2.22 4.93
4 0.00 0.026 0.027 -0.02 -0.30 -0.04 -2.77 7.68
5 0.00 0.025 0.026 0.03 -0.30 0.06 —-2.81 7.89

Our approximation to Erz(k) is 0. The approximation to varrz(k) based on The-
orem 2.4 is introduced in Table 4.3 as “theoretical variance”. The approximations .
agree well with the corresponding averages and empirical variances also for other
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b € (—1,1) when n > 50. But the distribution of r3(k) can be approximated by
normal distribution only if |b| is small, say (6| < 0.1 (even for n = 200). When b is
estimated and r3(k) is based on the empirical residuals w; then the results are the
same.

5. USE OF RESIDUALS

Many methods used in time series analysis for detecting departures from a model
are based on residuals. In this section we assume that Xy, ..., X, 1s a realization of
the stationary AR(1) model

Xi =bXi-1 + e ' (5.1)

where e; are i.i.d. N(0,0?%) variables. This assumption can be violated in several
ways: the white noise may not be normal, the autoregression may not be of the
first order, the model may not be linear etc. In some examples given below we use
models for which EX; # 0. Thus the average X is subtracted from all X; in all cases
before other computations. Then the least squares estimate b of b is calculated. The
empirical residuals

w,:(X,-—X)-—(;(Xt_l—X’), 122,...,77,

are used for decision if our model (5.1) is the true one or not. Define

ro(k) = M_} k=1,2,...
\/Ew?zwtz_k

the classical residual autocorrelation function, which is frequently used as a standard
tool for model identification and checking (see Box and Jenkins [1]). For simplicity we
follow the recommendation of Box and Jenkins and we approximate the distribution
of ro(k) by N(0, ;1;) where ng is the number of terms in the summation > ww;_.
A more precise result can be found in Box and Pierce [2] as it was mentioned in
Section 3.

We use the following abbreviations. Let Exz(A) denote the exponential distribu-
tion with the parameter A. If Y ~ Ez(A) and a is a number then the distribution
of Y — a is denoted by Fxz(\) — a. Further, R(a,b) is the rectangular distribution
on [a,b]. We consider the following models:

(A) X¢=05X:_1 +e, e ~ Ez(1l) — 1;
(B) X, =05yXi_1 +eq, er ~ R(0, 1);
(C)  X¢=05[Xe_y| +er, er ~ N(0,1);
(D) X, =14X:_, —045X,_2+ e, e~ N(0,1);
(E) Xi=e+0.9e-1€4-2, er ~ N(0,1).

As for the model (E), it is known that the variables X; given by X; = e; +
Be:_1e;—_> are uncorrelated but dependent if e, are i.i.d. N(0,0?) (see Harvey [5],
p. 267).
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Realizations of the length n = 1000 of the models (A) - (E) were simulated. The
values of ro(k)—r3(k) were calculated for |k] < 5. For a rough analysis we used our
approximations for Er;(k) and for varr;(k) as well as the normal approximation
for the distribution of r;(k). The cases when '|r;(k)| exceeded the Bonferroni bound
u (5%) \/varri(k) for & = 0.05 and M = 5 are introduced in Table 5.1.

Table 5.1.

Model X b significant values of r;j(k)
(A) —0.02 053 ra(1), r3(2)
(B) —1.00 0.25 -~
(C) —0.50 0.16 7‘1(1), 1"2(1)

(D) —0.17 0.96 ro(1), ro(2), r2(1)
(E) -0.03 0.00 T’Q(l), 7'2(2)

The nonnormality of the model (A) was detected only by r3(k). The serious
nonlinearity of the model (B) was not detected at all. The nonlinearity of the model
(C) was detected by ri(k), ra(k) and rz(k) but only for k = 1. The misspecified
order in the case (D) was detected by ro(k) (as it should be) and then only by r5(1).
The case of uncorrelated but dependent variables in the model (E) was detected
only by ra(k).

Our experience from other simulations and from other models is similar. No single
function r;(k) is universal tool for detecting that the assumptions are not fulfilled.
The model (B) is extraordinarily alarming. Although {X;} given by (B) is neither
linear AR(1) nor normal, nene of the functions r;(k) has been able to detect it.
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