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KYBERNETIKA — VOLUME 22 (1986), NUMBER 4

ERGODIC PROPERTIES
OF LOCALLY STATIONARY PROCESSES

JIRI MICHALEK

This article deals with asymptotic properties of locally stationary processes. Necessary and
sufficient conditions under whose validity a locally stationary process is ergodic are given.

The spectral theory of locally stationary processes is studied in [1]. This paper
deals with locally stationary processes from the point of view of their asymptotic
behaviour.

Let x(f), t € Ry, be a locally stationary process with E{x(t)} = 0 and with covariance
function

R(s, 1) = R, <s ; ‘) Ry(s = )

where R, = 0 and R, is a stationary covariance function. Let us suppose that x{)
is harmonizable, i.e. x(f) can be expressed in the form of a stochastic integral under-
stood in the quadratic mean, see [2],

x(f) = '[ i” ¢ dE (1)

where £(4) is a second order stochastic process having covariance function y(4, £)
with bounded variation on Ry x R;.
We shall need the following lemma for the proof of Theorem 1.

Lemma 1. Let x(t), t € Ry, be a harmonizable process, let T > 0. Then
T + 00 T
J. x(f) dt = j {j [ dt} d&(d) as.
-T —® ~T

() = J " e de(d).
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Proof. The process x(f) is harmonizable, ie. x(t) = [I% e df(j‘) wher'e
§1lddy(4, w)} Coo, ¥(4, 1) = E{&(4) E(u)}. The stochastic integral [ el dg(d) is
understood as a limit in the quadratic mean

B
x(1) = Lim. J et dg(d) .
A= | o
B+
At first, we prove the possibility of order change between J"fr and J“,i- As €'t is
continuous and bounded [T, E{|(} ¢"* d&(4)|*} d¢ is finite for every pair A, B.

By the Fubini theorem then
zl ~T B o2
dr = E {J J eitt dé(ﬂ)) dt}
j -TIJA

T B
j E {J e''* dA(2)
-r

A
and this implies the existence of [T, {[} e d&(2)} dt a.s.. On the other hand,
{T ¢t dt = 2T(sin TA)/(TA)) is continuous and bounded on every interval (A, B)
and hence the stochastic integral

B T .
j {j dt} a&()
A -T
exists too.

By the definition of the stochastic integral in the quadratic mean

J "o ae(3) = Lim. Y exp (ith) Ad(2,),

A lzi|—-0 j

where @ is a partition of (A, B). Now

E { J';{K o dé(l)} dr - J :{,Z exp (it1,) AX(1,)} dt‘} <
dt} -

{I.

F @ dE(l) — Y exp (ith) Aé(/lj)’} a0 as |2 g

A J

IA

J e az) - e () A1)

A

I

because
B 2
E {‘[ et d¥(2) — Y exp (itd) Aé(lj)i } -0 as [|2] -0
A i
for every te [—T, T] and

&l it

[ e ae) - Lo 2) acts)
A
is bounded in t on [~ T, T]. But

J T; exp 1) AZ(4) dt = T { J : exp (ith,) dt} ALy <
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=3 sz‘“Tl“J) AE(3;) - JA{ f :e"* dt} d§(2) as 2] -0

J J

in the quadratic mean. As the limit in the quadratic mean is defined unambiguously

a.s. we proved
T B B T
J {J it df(l)} dt = J. {[ et dt} ded)
-7 A A\W-T

In a similar way as before we can prove the existence of the integrals

[ e
[l opeapn [ ofun

Botw

As

the previous results give immediately

FoAT o[ [ omsinfo s o
0.

Theorem 1. Let x(f), t € R,, be a harmonizable random process, E{x(f)} =
thenas T — o
1 T
— r x(t) dt — &(0)) in the quadratic mean
2T} .
where £(¢0) is the jump at 0 of &(+).
Proof. We suppose that x(f) = [*% e'** d&(A) with E{d&(4) d&())} = ddy(2, 4).
Then by use of the previous Lemma 1

Al -5 [ -

1 o AiTA —iTa too oo (oiTA _ o-iTwy(a=iTi _ oiTs
E{Z—TJ- el gy e

AT w (i) (—ip)
according to Lemma 1in [1].
"~ Lete > 0and let us consider a partition of B, x R, in the following form

Ry x Ry =[—¢, +¢] x [—&, +e]u—¢ +e] + R, UR, x
x [ +e]u{(L, eR, x B2 |4 > ¢ |y > ¢}

Using this partition we obtain

ITA, _ —1Ti.) (C'T" - e"Tl‘) o
41? J.11|>z.[|u.>e (+i%) (—ip) y(A )| £
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1 4
< — = |ddy(4, g)] >0 as T— oo
4T2-[[)|>E4"|;1|>5 & )|

because y(4, u) is of bounded variation on B, x R,. Further,as¢ | 0

+e pte

! (e — 7 (71T — &) ) = ddo(0, 0) =
(1) J“Jﬂ ) g ) 40,0

= lim [3(e, &) — (&, —&) — y(—&, &) + y(—&, —&))] uniformlyin T.
£10

iTA _ o=iT2) (a=iTu _ HiTu
Surely, we can write (let us put f{T,4,pu) = (e—~—e~——_L <™
simplicity) (—4TAiTy)

j ‘ J AT 2, ) ddy(2, ) — da(0,0) =

-z

for

-t

+1 + 1
=[] 0t 1000 = bt ) a0t
-1d-1

if0<e< Lyl u)=1 for (4 p)el—s, +e] x [—¢ +¢], ¥, (4, ) = 0 other-
wise, 8(0,0)(0,0) =1 and 8 o4 1) = 0 otherwise. As {4, u) f(T, 4, p) —
= 80,004 1)} <s1 is @ nonincreasing net tending to 0, hence tending uniformly
in [—1, +1] x [—1, +1], if €/ 0, then (1) holds. In a similar way, ¥,(, i) ~
— 8(0,0y(4, 1) — O uniformly as & | 0 and the following inequality

W2 1) (T, 4, 1) = S0,0(2 )] = Wels 1) = B(0,0)(4s 1)

holds for every (4, p) because |f(T; 4, )| < 1 and f(T, 0,0) = 1. These facts prove
the uniform convergence of (1) with respect to T.
Similarly, we can estimate

| e eiTd _ o=iTk (efiTu — glT#
,ZJ. j Lf’ /.“")'"":’ - "”') ddy(4, g)| =
4T lul>¢ (i1) (~in)

—2

1
= 412
Analogously,

+e (QiTA _ o—iTi —iTp __ LiTw
'172{ J = " =) gy -0 as T o
4T |Al>cd =& (M)(_‘#)

for every ¢ > 0. Summarizing these results we obtain that

1

E%J:x(r) at = &) =0, a5 Tooo

+z
J J |ddy{(4, u)| - 0 as T - ooforeverye> 0.
—zd >

E

where £(<0)) is the jump of the random process &(-) at 0. [}

If x(7) has a spectral density function, i.e. ddy(l, #) = f(4, p) d2 dy, then §0y) =

323



= 0and x(¢) is ergodic because
1 +T

— x(t)dt > E{x(0)} =0 as T— 0.
L[t ar oy

In case the existence of spectral density is not supposed, we must calculate
Ejé(+e) — &—¢)* =
) te pte
= y(+e&, +&) — p(—e, +&) — p{+¢, —&) + ¥(—¢, —8) = .[ Jv ddy(4, p) .

At this moment we use the results of [1]; under assumption of local stationarity
the following relation

J J' ddy(4, ) = fJ m)dFl(u)sz(v)

holds, where A(g) = {(u,v) e Ry x By: —e <u + (02) < +¢&, —e <u — (v)2) < +5}.
Now

J Lw dF () dF(v) = J 0 Jz_” dF () dF, (o) + J i j 2:2 dF y{u) dF (o) =
- J' “[Fa(26 — 2u) — Fy(—(2¢ — 2u))] dF (u) +
+ j " [Fau -+ 20) = P =(u + 20)] 4F,(0).

This equality yields immediately the following conclusion.

Theorem 2. A locally stationary harmonizable random process is ergodic if and
only if at least one of its spectral measures is continuous at 0.

A very simple sufficient condition ensuring ergodicity of a second order random

process is that
+ o0 + 0
J J R(s, tydsdr < o,
—m =0

2 +T
R(s,f)dsdt >0 as T- 0.
4-T2

because then

I +T
E|— x(1) dt
o) .

In the case of locally stationdry processes this condition can be weakened. Thanks
to the decomposition R(s, £) = Ry((s + £)/2) R,(s — t) we can write

J‘ J+TR\st)dsdt JA”J <s+’) Ra(s — f)dsdt =

2720 2T 2u
= J J Ry(u) Ry(v) du dv + J. Ry(u) Ry(v) dudo.

2u-2T —ZT—Zu
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As R, is a stationary covariance function, it is |R,(v)] S R,(0), then

Z;:ZJZJR(S ) dsdi %@U:(T— ) Ry(u) du + D” ) Ry(u) du]:

Y

([ -]

This inequality gives, of course, that the integrability of R is a sufficient condition
for ergodicity of the locally stationary process x(1).

Now, let us study a possible estimate of covariance function of a locally stationary
process. As we need the fourth moments, let us consider a Gaussian case. The basic
property of covariance function of a locally stationary process gives that

E{X, 102X u-u2} = Ry(u) Ry(v) for every pair u,v.

It is reasonable to study the asymptotic behaviour of integrals

+T _ +T
f Xu+u/qu—.,/2 du, j X.nv/z)?u-u/z do,
-T -T

when these integrals are considered in the quadratic mean sense. It holds according
to Lemma 1 in [1]

+T _ +T
E {j‘ XyvoppXu-vp2 d”} = Rz(“)J- Ry(u) du
_r

-7
and similarly

+T _ +T
E {J X2 Xumur2 dv} = Rl(u)j Ry(v)dv.

s _r
Let us prove that the sequence

+T _
{J. Xuro2Xuu2 d”}) T>0,
_r

is fundamental in the quadratic mean. If T > S, then

2 2
E =E

+T _ +8
J Xuto2Xumvp2 dv — J Xyip2 X2 dv

-T

[

because S < v < Tifandonlyif =T < —v < —Sand X4 02X - o2 = Xu-vi2Xutvs2-
For the sake of simplicity we shall consider, further, a real case. Then

T 2 T pT
J‘ Xuro2Xu-oz dvf = J J E{ Xt o2 Xu o2 Xum 2 Xuszpa} dodz =
s SJs

2
= 4E

T
Re J. Kot U[ZXu—v/z dv
§

E

B .LT LT Rifw) Ry(v) Ry(z) dv dz +
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T oT _ _

+ Rofu+ 252V R (222 V R, (u = 253 Ry (222 o dz +
sJs 4 2 4 2
T T _ o

+ R fu+? Z-)R;('if R (u+7 ”)Rz(—”—ii>dvdz=
R 4 2 4 2

= R}(u) (J-TRZ(Z) dz>2+ 4JJ{S§2x+y§T}R1(u + X)Ry(y) Ry(u — x) Ry( = y)dxdy+

s (S22x-y<T.

+ 4J\J‘KS§2.‘C+y§T Ry(u + x) Ry(y) Ry(u — x) Ry(—y)dx dy =

{S<y—-2x=T
T 2 (S+T)/4 p2x=5
= Ri(u)(“ Ry(2) dz) + j‘ '[ Ry(u + x) R3(y) Ry(u — x) dx dy +
512 5-2x

oS

T2 T—2x }
-+ 4J { Ry(u + x) R3(y) Ry(u — x) dx dy +

(S+T)/4J 2x~T

(S-)/2

(T+8)/4 r(y—5)/2

+ 4J j Ry(u + x) R3(y) Ry(u — x)dx dy +
s/2
T/2

(T-912

+ 4J J Ry(u + x) Ry(u — x) R3(y) dx dy .
S+Ty4d (y—T)/2

Now, using R,(y) = Ry(~y) and Ry(u + (—x)) Ry(u — (—x)) = Ry(u + x).

. Ry(u — x) one can write

T/2 2x-§ )
J J‘ Ry(u + x) Ry(u — x) R3(y)dx dy =
(T+S8Y4dS-2x :

772 25
= 2j Ry(u + x)Ry(u — x)j R3(y)dy dx.

(T+85)/4 0
(Similarly for the other integrals.) These results yield the following Theorem 3.

Theorem 3. Let {*2 R,(y)dy < oo, [T2 R}(x) dx < oo, then there exists the limit
in the quadratic mean

+T o
Lim. j X2 Xyoyz dv = j Xyt o2 X umppz dv

T oo -7 —w

“and

+oo +oo
E {J‘ Xoror2Xu-vp2 d”} = Ri(“)f Ry(v) dv
- w0 -

for every ueR,.
Proof. We have proved that

E

+T +5
J Xu+v/2Xu—v/2 dv "j qu/quwn dv

-T ~S

P ar3) ( LT Ryfo) dv)2 +
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FLIES)
R3(y)dy dx +

- SZJ‘m Ry(u + v) Ry(u — D)J

(T+8)a o

+T Ix-%
+ azr Ry(u + %) Ry(u — x)j RI) dy +
5 a

(T+5)14 (y=5)2
+ 32J. R;{y}f Ry(u + x) Ry(u — x)dxdy +
52 o

T/2 (T =y1/2
+ 32J I Ryfu + x) Ry(u — x)dxdy =
(THS)4 40
o

< Ri(u) 0: Ro() dy)z 2 L Ri(y) dy [mx,(u R R — ) 4

< 52

L) T2
+ SEI Riu + x) Ry(u — x) dxj R3(v)dy .
0 52
IS 7w, T 2o, then E|J1] = [55)* = 0, so the completeness of the L-space
ensures the existence of a limit in the quadratic mean
-
K2 Xyioz do.

—m

E ”mxﬁmx"_,,ﬂ dp} e R,[u)Jﬂm R(v) dv

—o

The equality

-

holds because convergence in the quadratic mean implies convergence in the mean. [J

The quite analogous conclusion we can make in the case of

+T +m
I.i,m.J Xeoun Xz dut = J’ X g2 Xmupa

T=m | _r D

with - 0
E‘H X.,ﬂ,zxu,.,,zdu}ﬂz(v)J R (u) di

-
In other words, Theorem 3 states that there exists an unbiased estimator of R,(u),
resp. R,(v), with finite variance because

+ o
L Kotz Xuy—pz dv
E _w"T{; ]l (A Rl(“)'
J- Ra(v) dv

resp. [+r.r.|
Xu-fn_.'ZXu—u."z du
E{d—m — 1t = Ry(v).

l-j: Ry(u)du

(Received May 31, 1985)
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