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KYBERNETIKA — VOLUME 9 (1973), NUMBER 2

Necessary and Sufficient Optimality
Conditions for Average Reward of Controlled
Markov Chains

KAREL SLADKY

On the base of the recurrence relation for expected reward necessary and sufficient optimality
conditions for average reward and average overtaking reward of controlled finite Markov chains
are inferred. Some results are also extended to semi-Markov decision processes in the Appendix.

0. INTRODUCTION AND NOTATIONS

Necessary and sufficient optimality conditions for discounted Markov chains
were derived in [3]. A more general form of these conditions can be found [5].
Using an interesting recurrence relation for expected reward also in [5] necessary
and sufficient optimality conditions for average reward of ergodic Markov chains
were studied.

This paper presents a general form of the recurrence relation for expected reward
of controlled (non-ergodic) Markov chains. On the base of this recurrence relation
necessary and sufficient optimality conditions of controlled (non-ergodic) Markov
chains are inferred for average reward and also for more selective Veinoit’s average
overtaking reward optimality criterion (compare [2], [6]) For the average overtaking
case the obtained results are compared with that inferred in [2]. In the Appendix
the average reward optimality conditions are also extended to the case of ergodic
semi-Markov decision processes and it is indicated how the obtained results can
be employed for investigation of continuous time Markovian decision models.
Notations used in [4], [5] are followed in this paper.

We shall investigate a controlled Markov chain with state space I = {1,2, ..., r}
and the set of control parameter values ze J = {1,2,..., s} in any of the states.
Choosing control parameter value z € J in state j € I state k € I will be reached in the
next transition with given probability p(j, k; ). ¢(Ji, k; z) denotes the reward asso-
ciated with such a transition. The values p(j, k; z), c(j, k; z) are supposed to be
known for any pair j, k eI and any z € J. For the sake of brevity we shall introduce



the expected one stage reward &(j; z) in state j if control parameter takes value z.
Qbviously,

s z) = kz}p(_j, k; z) e(j, ks z) -

A control o of the chain is given by a sequence of control parameter values z chosen
with respect to the complete history of the chain. So we write @ = {z,(jo, j1, .-+ Ju)s
n=0,1,...} where z,(jo, j, .- ju) is the control parameter value chosen at the n-th
transition following the occurrence of states jy, ji, ..., j,. @ is called a Markovian
(memoryless) control if z,(jo, i, ---Jjn) = 2,(jn)» for n =0,1,.... A Markovian
control is called homogeneous if z,(j,) = z(j,). For homogencous Markovian
control we write w ~ z(j). The chosen control w together with the transition prob-
abilities and the initial state j € I define the probability distribution P} of a sequence
{X,,, n=01, } of random variables describing the development of the chain
under control @ (of course, X, = 1) By E7 we denote the mathematical expectation
with respect to this probability distribution. For shortening we shall often delete
the arguments X, ..., X, and jo, ..., j, in z(...} e.g. we shall write z, instead of
2,(Xg, Xy, X,) or instead of z,(jg, ji. Ja)-
The (random) reward up to the next » following transitions is given by

C, = ;lC(Xm—p Ko Zm—x)

(weset Co = 0). The quality of control w of the considered controlted Markov chain
is considered according to the limit behaviour (if n — oo) of (1/n) ESC,. Obviously,

n
EfC, = ¥ E7 &(Xn—15 Zn-1)
e

where X, = j. A control & will be called average optimal if for an arbitrary control w
and any jel

1 1
lim = E®C, > lim sup — E®C, .
LewL 1 F L-w L ° L
A more selective than average reward optimality criterion is the following average
overtaking optimality criterion introduced by Veinott in [6]. A control w* will
be called average overtaking optimal if for an arbitrary control w and any jel
L-1

lim inf = Y (EY"Ca — ESCy) 2 0.

Lo L M=o
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1. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS FOR
AVERAGE REWARD

Lemma 1.1. There exists a homogeneous Markovian control & ~ £(j) and
numbers §1, §as o+ o5 Gos Wi, Wa, ..., W, such that

(L.1) g; = kZ, p(js ks 2())) - G 2 kZ; p(js k5 2) . g

for all ze J and any jel;

(1.1) W, + 9; = e(j; 2())) +I§Ip(j,k;2(j)).wk;
= &j; 2) + ;}p(j, k; z) . W,

for any jel and any z e J for which.(1.1) holds with equality.

Proof. The rigorous proof can be found in [4] or [6]. Homogeneous Markovian
control & ~ £() and the numbers ¢, §s; ..., §rs Wy, Wa, ..., W, can be found e.g. by
Howard’s policy iteration procedure described in [1] or [4]. O

We shall denote J; = J the set of all control parameter values in state j for which
(1.1) holds with equality.

Remark 1.2. Let us denote

(1'2) ‘//(j; Z) =[\Z;P(j, k; 2) <G — 4
(1.2) o(j; z) = &(j; z)+kzlp(j, kiz). W, — W, — g;.

For homogeneous Markovian control & ~ 2(j) and any jel, (j; 2(j)) = 0,
o(j; £(j)) = 0. (Note that y(j; z) < 0 for any jel, ze J and ¢(j; z) < 0 for any
jeland zeJ)).
Theorem 1.3. For an arbitrary control o ~ z, and all M = 0, 1, ...

M~-1
(13) EfCy =g, M =3 [(M —1—n). Ef¥(X,; z,) + B o(X,; z,)] +

n=0

+ W — ES®

Xm ot

Proof. By induction with respect to M. For M = 0 equation (1.3) is trivially
fulfilled, for M = 1 equation (1.3) reads

Wjsz) — 4, = o(j; 2) + W; —kzlp(j, k; z) . Wy
e

that coincides with (1.2').



Let (1.3) hold for M. As ESCyyys = ESCy + ES &(Xy; z,) we have 127
M-1
(14) EfCyir — §;- (M + 1) = ZO[(M — 1= ) EfY(X,52,) + E o(X,: 2] +

+ W — E9Wyx,, + EYe(Xa 2a) — G5 + EQWye,, — EdWyy ., T
M

+ Edxy — Ef0xp = 2 EF 0(Xu3 2,) + % — Ex,,,, +
n=0

M-1

M
+ > (M—1-n).E V(X z,) + ;1(117% — E4x,_.)-

n=0

As ESdx,., — E39x, = ES ¥(X,; z,) setting into (1.4) we obtain

M
E{Cyir — d;.- (M +1) = ZOE'}’ O(Xy; 2,) + Wy — EfWy,,,, +
M-1

+ Zb (M — n) . E;’ l//(X,,; z,‘) .0

Remark 1.4. For the ergodic case §; = § for any jeI and the set of equations
(1.1), (1.1') takes the form

(1.1%) w; + g = max [(j; 2) + 3 p(J, ki z) . w] .
zed ket

Under these assumptions y(j; z) = 0 for any jel, ze J (so g; = g for any jel)
and the recurrence relation (1.3) reads

M-1
(1.3%) ECy — §;. M = Y E2 @(X,; 2,) + W; — E%y,, .
n=0

Relation (1.3*) was inferred in [5] and it can be also extended to the case of semi-
Markov decision processes as it is shown in the Appendix.

Theorem 1.5. A control w is average optimal if and only if the following condi-
tions are satisfied for any jel and all n =0, 1, ...

(15) E2y(X,i2) = 0,
M-t
(1.6) lim L Y EYo(X,;z,)=0.

M=w M m=0o

Proof. Obviously,
1 1
1.7 lim —.ECy = §; < lim — (E9Cy — §; . M) =0.
(7 oim g FiCx = gy = lim 2 (EfCur = 4, M)

(Notice that equation (1.7) is fulfilled for homogeneous Markovian control & ~ 2(7)).



128

Let x(j; z) = 1 if y(j; z) < O (resp. x(j, z) = 0 if Y(j; z) = 0) and let @ be the
set of all pairs (j; z) for which x(j; z) = 1. As the control parameter z can take only
a finite number of values there exists

max @(jiz) = K, 20 and max y(j;z) =K, <0.
jer (Jz)ed
zeJ
First we shall show that condition (1.5) must be fulfilled for any average optimal
control. Let us therefore suppose EY y(X,; z,) to be negative for certain n, say let
ES (X5 2,5) < 0. As (j;2) = 0= @(j;z) £ 0 from (1.3) we obtain for any
M > ng + m, (where integer mo = —K,[K,, my < —K, /K, + 1)

I . o
(1.8) M(EJ-CM—QJ-.AI—W,-—EjWXM)=
| M-t
= z [(1\/[ —-1- ")r' E;P ‘//(Xu; Zn) + E;) (P(Xn; Zn)] =
M #=0
1 " o
s = [(M =1 = no). EP (X, 2.) + EF 0(X, 2,5)] +

M
-1

1" o
+ﬁ>;, [(M—1—-n).K, + K] E} 2(X, z,) -

But for M —» o

M-t
M [(M—-1-n).K, +K,]-0.
n= M mo
So from (1.8) we have
(1.9) lim sup % E{Cy — §; < ES (X3 2,,) < 0
M=o

and the control w cannot be average optimal (compare (1.7)). So condition (1.5) must
hold if w is average optimal.

Under condition (1.5) equation (1.3) can be written as (1.3*). From (1.3%), (1.7)
fulfilling (1.6) (in case that (1.5) holds) must be also the necessary and sufficient
average reward optimality condition. []

From (1.8) we also simply obtain the following Corollary.

Corollary 1.6. If E y(X,,; z,)) < O then there exists certain K <0 and M,
such that for any M = M,

M-1
(1.10) ﬁ 3[04 = U= ). B WX, 2) + B 9(X, 2)] S K < 0.



The properties of controls determined by the solution of the set of equations
(1.1), (1.1") are summarized in the following Corollary.

Corollary 1.7. Homogeneous Markovian control & ~ E(J) is average optimal.
Moreover,

(1.3) ESCy — g; M =¥, — EMy, .

In case that state j belongs to an aperiodic class of states (with respect to transition
probability matrix determined by control &) then even

(1.3%) lim (E9Cy — g5 M) = W, — Y. 7(j, k; &) . W,
Moo

kel

where n(j, k; @) is the limit probability of transition probability matrix
P® = (. K 2= (@ ~ 2()))

defined as
m

: 1 oy
(7, ks 20) G =1 = lim e 37 (PO
m-w M+ 1450

2. NECESSARY AND SUFFICIENT OPTIMALITY CONDITIONS FOR
AVERAGE OVERTAKING OPTIMAL CONTROLS

In this paragraph the recurrence relation inferred in paragraph 1 (compare
Theorem 1.3) will be employed for investigating optimality conditions for average
overtaking optimal controls. First we shall formulate some lemmas.

Comparing with Lemma 1.1 we shall need a deeper insight into the set of numbers
fulfilling conditions (1.1), (1.1') with equality. We can formulate

Lemma 2.1. There exists a homogeneous Markovian control w* ~ z*(j) and the
(unique) numbers g%, g3, ..., gFs wi, wi, ..., wis ul, ul, .., uf corresponding to o*
such that

21 97 :kZI 20, k; 2%(j)) . g¥ 2 3 plis ks 2). ar

forall ze J and any jel;

21) wi + g = &(j; () + kZIp(.i, k; 2#(j)) . Wi =

v

&js 2) + X p(j, ks z) . wi
kel

129
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for any jeI and any z e J for which (2.1) holds with equality;

Il

(2.17) u¥ = —wi + Y p(j, ki 2*())) . uf =
kel

v

2 —wi + kZI p(j, k; z) . up

for any jeI and any z e J for which (2.1, (2.1') hold with equality if for any jel

(2.2) Y (), k; 0¥) . wi =0,
ket

(2‘2’) > n(j, k;o*) . uf =0.
kel

(n(j, k; ) again denotes the limit probability of transition probability matrix

P2 =[G, ks 2(iDja=r (i @ ~ =(7)-

Proof. The proof can be found in [6]. Theorem 6 in [6] also provides an algorithm
for finding homogeneous Markovian control w* ~ z*(j) and the numbers g5, g3, ...
s grs WEWE W ul, g, O

We shall again denote J; = J (resp. J; = J;) the set of all control parameter
values in state j for which (2.1) (resp. (2.1), (2.1')) hold with equality.

Comparing with the values g, §2, ..., §,; W, Wa, ..., W, determined in Lemma 1.1
we can easily see that §; = g;‘ foranyjel.

Remark 2.2. Let us denote

(2.3) Wjs2) = X pli ks 2) gk = g7 (s0 ¥(js 2) = ¥(Jj; 2)) ,'
(2.3) @(j; 2) = &Js 2) +k§ P ks 2) . wie — wi — g7,

(2.3 5(j; z)

—wi + Y p(i ks ) uf — i
kel
For_homogencous Markovian control o ~ 24(j) and any je, (j: () = .
@(j; 2*(j)) = 0, 3(j; 2%(j)) = 0. (Note that §f(j; z) < Oforany jel, ze J; §(j; ) £
< Oforanyjel,zeJ;7(j;z) S Oforanyjel, ze J9).
Setting for any jel, §; = g}, W; = ij equation (1.3) reads
M-1 B .
(24) EfCu—gf M=% [(M—1-n) ES¥(X,:2) + EF 6(X,; z,)] +
n=0

* po. K
+ w; — Efwy,, .

Investigation of the optimality conditions for average overtaking optimal controls



will be based on the following identity (2.5) obtained by summing (244) for M = 131
=012..,L~-1
PR T, L1 o
(2.5 7 \4210 [ﬁjCM - <gf 5 -+ wi — ES w;f-M):] =
1 L-1 -
=T 2 {Z (M =1 = n) EPP(X,; =) + £ 3(X,52,)] -

M=0 n=0

o % o % )
— (ijXM — E{ Wy, )} -

Remark 2.3. From (2.2)
s oyt
lim — Z ES =0.

Lo L M=o

So from (2.5) using homogeneous Markovian control w* ~ z*(j) we have for any
jel

) R = L-1
(2.5") lim — Z[EjCM‘(gf.' 7 +wf>:l=0_

Lo L M=o

Now we shall formulate the main result of this paragraph.

Theorem 2.4. A control w is average overtaking optimal if and only if the fol-
lowing conditions are fulfilled for alln = 0,1, ... and any jel

(2.6) E5P(Xy;2,) =0,

(2.7 E§ (X5 z.) =0

and

(2.8) lim -— Z ES 3(Xs 2) = 0.

M=o M m=0

Proof. As ES §(X,; 2,) = 0 = EY 3(X,; z,) < 0 using the results of Corollary 1.6
if for certain n = no, E7 (X,: ,,U) < 0 then there exists certain K < 0 and integer

M, such that for any M = M,

M-t
% %I = 1= n). B WX, 5) + B (X, 2)] £ K <.
As
1 N—-1 M-1 _ 1 L-1
1 Z _Z (M -1 I’t) . E? l/j(Xn; Zn) + E;’ ‘E(X 1)] - Z Wl’u
M=0 n=0 L s=o0
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are uniformly bounded from above for any N £ M, and any L the righthand side
of (2.5) tends to — oo for L — oo if for certain i1 = ng, ES F(X 5} 240} < 0. So (if we
compare (2.5') and (2.5)) condition (2.6) must be fulfilled for any control that is
average overtaking optimal. As

L-1 M-t -1
2 L EoX;a) = X (L= 1 n). E7 §(Xe: 2)
under condition (2.6) equation (2.5) reads
1 It L—1. N
09 g [Ee (o B e v - men)] -

M=
1 ! w = © ¥ ¥ K
iy YL — 1 = n). EY @(X,; z,) — (ES w¥, — Ewx,)] -
n=0
From (2.3") we have
(2.10) B30, 2) = —Egwh, + B, ~ Bl
Summing (2.10) for n = 0, 1,2, ..., L — 1| we obtain
L-t -1
(2.11) =Y E3wk, =Y E?§(x,; z,) + u} — ESux,
n=0 n=0

and (as 5(j; z%(j)) = 0 for w* ~ z*(j))

L-1
(212) - ;)(E;’w,"}" — EWws) = Y E99(X,; z,) — (ESu¥, — ES"u3,) .

n=0
Setting from (2.12) into (2.9) we obtain

2.13 S E°C s L1 P - E%wi, )| =
(2.13) LZO iCuw = 95— W i Wxa }| =

M=
1 Lot . .
=T L= 1= ) B 902 + B G 2)] — (B, ~ BT}
n=
As
EP(X,2,) =0, EF§(X,;z)=0=Ef7(X,z) <0

using again the results of paragraph 1 (compare (1.10), (2.13) and employ the results
of Corollary 1.6) if for certain n = ng, EJ (X,,; z,,) < 0 then

) 1Ecir L L1,
(2.14) limsup — Y | ESCy — {47 - ——+wi <0

L+o L M=o 2

and (compare (2.14) and (2.5")) the control  cannot be average overtaking optimal.



Thus condition (2.7) must be also fulfilled for any average overtaking optimal
control and any average overtaking optimal control must be taken from the set
J =J} x Jy x ... x J. Under the conditions (2.6), (2.7) equation (2.13) reads

[ « L—1 ® o %
(2.15) 7 2 | Eocy - g - EYWi )| =

M=0
1 o Eo"
= LS By ) - (B, - B

As 7(j; z) < 0 for any ze Jj and

1 L-1 *
lim — EYwE, =0
Lo L MZ—
from (2.15)
S St « L—1
(2.16) lim — Y | EYCy — gJ Wi =0
Lo L M=o 2

if and only if under conditions (2.6), (2.7) also condition (2.8) is fulfilled and for any
other control @

R Gt L-1 .

liminf — Y (g} . =— +w} — ESCy )=
L+w L M=0 2
1A e

=liminf— Y (EY"Cy — E9Cy) > 0. [

L+w L M=o

Corollary 2.5. Homogeneous Markovian control w* ~ z*(j) is not only average
optimal but even average overtaking optimal.

Remark 2.6. In case that ||p(j, k; z)|; 4=, is ergodic for any control @ ~ z(j)
conditjon (2.6) is fulfilled for any control w.

Corollary 2.7. Using the recurrence relation (2.4) it can be easily seen that
conditions (2.6), (2.7) are fulfilled (for any jeI and all n = 0,1,...) if and only
if it holds for all M = 1,2, ...

(2.17) E9Cy = g5 . M + wi — E9wy,, .

If the conditions E¢ }(X,; z,) = 0, EY @(X,; z,) = O are satisfied for alln = 0, 1, ...
and any je I employing (2.11) condition (2.8) will be fulfilled if and only if for
any jel

L

(2.18) lim —Z ESwh =0,
Loo La= "

133



134 So (2.17) together with (2.18) forms also the necessary and sufficient optimality
conditions for average overtaking optimal controls. Conditions (2.17), (2.18) were
inferred by another approach in [2].

APPENDIX

AVERAGE REWARD OPTIMALITY CONDITIONS FOR ERGODIC
SEMI-MARKOV DECISION PROCESSES AND CONTINUOUS TIME
DECISION MODELS

Let us suppose that the transition of the considered Markov chain (that is ergodic
for any possible control) from state j into state k is assoctated with the values
c(j, k; 2); d(j, k; z) = O that arc supposed to be known for any j, kel, ze J.
d(j, k; z) can be interpreted as the time spent in state j before transition into state k
occurs and ‘

d(j; z) = I‘le(j, k; z) . d(j, k; z)

as the expected time spent in state j under control parameter value z. Such an object
is a particular case of a,semi-Markov decision process. Denoting D, the (random)
time up to the n following transitions, obviously,

ED, = 3 B d(X 13 7n-1).

where X, = j.
By an analogy with Markov chains it can be shown the existence of the solution
(denoted g; Wy, Wy, ..., W,) of the set of equations

(A1) w; = max [e(j; 2) +"le(j, kiz).w,—d(jsz).9] (G=1,2..7)

if E(j; z) > 0 at least for one state that is recurrent for any admissible control.
Denoting

(A1) o(j; z) = &(j; 2) + kzlp(j, kyz). W —w; —d(js2). 4
then for any control  ~ z,{n =0, 1,2,...)
(AT) B i(yz) ~ 4. B3 Ay 2) = B 9(X,i 2) + B, — B3, -

If we sum (A.1") for n = 0,1,2,..., M — 1 we immediately obtain

M-1
(A2) E{Cy — §.EfDy = Y ES 0(X,; 2,) + W; — E{Wx,, -

n=0



As (1/M) E9D,, is uniformly bounded and positive for M — oo 135

E°C 1
A3 lim =LY — g < lim — (EYCy — . EYDy) = 0.
(A3) M-w ESDy Mo M(' i 7w)

Let us denote by C(¢) the (random) reward up to time ¢ and let E} C(1) be the
expected value of C(r) under control @ (if X, = j). If the random variable M(t)
denotes the total number of transitions up to time t then, obviously,

E(C(1) = Cuey) S EY(Crn+1 — Caen) S max c(j, ks z),

Jiksz
resp.
ES(t — Dyen) £ EY(Dyeys1 — Duey) £ max d(j, k; z)
Jiksz
and
1
(A4 lim ‘t‘ ENC() = Cyn) =0,
—*a
N RN
(A5) lim — EfDy,y = 1
twoo

(as (1/0) E{Dygy = 1 — (t — ESDye)ft).
As t > o0 = M(1) > oo from (A.4), (A.5) and the relation
1 Ej') CM(t) A E_‘})Dwm

o I o
" EY C(t) = + " EC(t) — Cuer)

E;) Dy

we can infer that it holds for an arbitrary control @ ~ z, and all jeI

. 1 oc
(A.6) lim sup — E% C(f) = lim sup EJC
teo Moo E7Dy
Tesp.
(A6) fim inf L E¢ C(1) = lim inf EiCu
twoo 1 Mo E? "

(Similar result can be also found in the book S. M. Ross: Appiied Probability Models with
Optimization Applications, Holden-Day, San Francisco 1970.)

As ¢(j; z) £ 0 from (A.2), (A.3), (A.6) it can be easily seen that

ESC M _ 5

lim - E2C(1) = lim

toao t M= oo E‘}’DM
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if and only if

M-1
(A7) fim 3 EY (X5 2,) =0
M=o M n=0

and that there exists no control o for which

EjCy _ .

>4

lim sup
M-wx 3D
Obviously, homogeneous Markovian control & ~ 2(j) for which equation (A.1)
is fulfilled is average optimal.
Under the ergodic properties of the set of transition probability matrices it can
be shown that (A.7) is the necessary and sufficient average reward optimality condition
even if the set of control parameter values

where s; is a given number, all Z;; are compact and p(j, k; z), <(j, k; z), d(j, k; z)
are continuous functions of z on any Z;, (under these assumptions solution of
equation (A.1) exists). These results can be also employed for investigation of con-
tinuous time Markovian decision process X considered as a generalization of semi-
Markov decision processes if we allow the control parameter value to be changed
between transitions (we only suppose that the selected control parameter value
must be unchanged at least for a given time e > 0 if the trajectory of X remains
in any of the states).

Let us therefore consider a semi-Markov decision process X with state space I,
transition probabilities pj; from state j into state k if the control parameter value
uelU; ={1,2,..,s;} is selected in state j being in state j for a random sojourn
time ©% < K (where K > 0 is a given number) with known distribution function
F(j; (u, 1)) = P{©% < <} . F(j; (u, 7)) is supposed to be a continuous function of ©
with F(j; (u, 0)) = 0, F(j; (u, K)) = 1 and the resulting transition probability matrix
is supposed to be ergodic for any admissible control. As to the reward structure
of X we shall suppose that the reward rj, is associated with transition from state j
into state k and the reward rate vJ‘ is being obtained in state j if the control parameter
value u € U; is selected.

Let us construct a Markov chain embedded into the considered process X at the
time instants at which new control parameter is selected. Of course, control parameter
value u € U, must be chosen whenever a new state k =+ j is reached from state j
and if the trajectory of X remains in state j after elapsing of an arbitrary chosen
time 7 e {e; K) new control parameter value from U; can be used (choosing © = K
means that no new control parameter is selected if the trajectory of X remains
in state j).



The transition probabilities of the embedded Markov chain are given by

(A8) 0 7)) = 1 = F( (1, 9)
and for j £ k
(A.8) p(js ke (u, 1)) = plh. F(j; (u. 7)) .

The expected time spent (resp. the expected reward obtained) in state j up to the
next transition of the embedded Markov chain can be calculated as

(A9) () = [ ari )+ T = G ),
resp.

(A.9) &(j; (u, 7)) ::k; p(i, ks (u, ©) . r e + 5. d(; (u, 1)) .

Considering the pair (u,7) as a control parameter value zeZ; = U; x {e; K}
in state j from the optimality properties of the embedded Markov chain (compare
(A.1)—(A.7)) optimality conditions for continuous time Markovian decision process
X can be inferred. From the average reward optimality properties of the embedded
Markov chain follows that the long range average reward of the considered continuous
time decision process X can be found among stationary decision rules specifying
for each state j certain control parameter value #; € U; and a fixed time %; € {e; K>
during which control parameter value i; is being used if the trajectory of X remains
in state j.

(Similar result was also obtained in the paper Chitgopekar, S. S.: Continuous Time Markovian
Sequential Control Processes, SIAM Journal Control 7 (1969), 3, 367—389.)

(Received August 1, 1972.)

REFERENCES

{1] Howard, R. A.: Dynamic Programming and Markov Processes. M.LT. and Wiley Press,
New York 1960.

[2] Denardo, E. V., Miller, B. L.: An Optimality Condition for Discrete Dynamic Programming
with No Discounting. Annals Mathem. Statistics 39 (1968), 4, 1220—1227.

[3] Lippman, S. A.: On the Set of Optimal Policies in Discrete Dynamic Programming. Journal
Mathem. Analysis Applic. 24 (1968), 2, 440—445.

[4] Mandl, P.: Controlled Markov Chains (in Czech). Kybernetika 6 (1969), Supplement, 1—74.

[S1 Mandl, P.: On the Variance in Controlled Markov Chains. Kybernetika 7, (1971), 1, 1—12.

[6] Veinott, A. F.: On Finding Optimal Policies in Discrete Dynamic Programming with No
Discounting. Annals Mathem. Statistics 37 (1966), 5, 1284—1294.

Ing. Karel Sladky, Ustav teorie informace a automatizace CSAV (Institute of Information Theory
and Automation — Czecheslovak Academy of Sciences), Vy§chradskd 49, 128 48 Praha 2.
Czechoslovakia.



		webmaster@dml.cz
	2012-06-04T23:03:55+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




