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KYBERNETIKA — VOLUME 25 (1989), NUMBER 4

EQUIVALENCE, INVARIANCE AND DYNAMICAL
SYSTEM CANONICAL MODELLING

Part I. Invariant Properties of Observable Models and Associated
Transformations ’

ROBERTO P. GUIDORZI

The first part of this paper considers two different classes of models for linear observable
multivariable systems: state-space models and polynomial input-output models. Equivalence
relations that do not affect the input—output behavior of the considered models are then intro-
duced, as well as associated sets of canonical forms directly parametrized by the image of all
models belonging to the same equivalence class in a complete set of independent invariants for
the considered equivalence relations.

1. DYNAMICAL SYSTEM MODELLING

The roots of System Theory lie in the acknowledgment of the comparatively
restricted class of mathematical models that can describe the behavior of highly
differentiated aspects of reality. The nature of real systems is transparent to System
Theory in that they are substituted with an equivalent mathematical model i.e.
with a set of mathematical relations which, it is assumed, describe the links between
input and output evolutions in the real system.

The substitution of a real process with a model is a critical step since it involves
an equivalence definition and a certain degree of simplicity in the model may com-
pensate for a possible lack of accuracy. However, once a mathematical model has
been selected no further critical decisions should, conceptually, be expected; but
this is only partly true since a model does not describe the (unique) reality of a (physi-
cal) process but only its behavior so that even models belonging to formally different
classes can be considered equivalent as long as they describe the same behavior.
Equivalence definitions can also be considered among the elements of a specified
class of models, usually corresponding to algebraic manipulations that can be per-
formed on a single model, leading to a new model of the same class which describes
the same behavior. In practice the availability of several models in the same class
or in different classes to describe the same process can be advantageously exploited
by careful selection of the most suitable model for every application.
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This work is concerned with linear multivariable systems and their models. The
purpose is to show that models which are, formally, quite different but describe the
same process are in fact linked by very simple algebra if properly selected within
given equivalence classes. The results and algorithms obtained can be used in broad
classes of realization problems. This first part of the paper consists of seven sections
with the following contents.

Section 2. In this section three different classes of models for linear multivariable
systems are considered. The first is given by the usual state-space models; the re-
striction of this class to observable, reachable and minimal systems are denoted
with X, X, and X, respectively. The second is given by polynomial input-output
models. This class can describe only observable and minimal systems; these restrictions
are denoted with S, and S,.. The third is given by polynomial input — partial state —
output models, which can describe only reachable and minimal systems; these
restrictions are denoted with S, and S_, respectively. For every considered class
of models a ‘“‘natural” equivalence relation is introduced. The term “‘natural” here
means that all the elements belonging to the same equivalence class describe exactly
the same dynamical behavior.

Section 3. In this section the classical notion of invariant function with respect
to a given equivalence relation is recalled. The associated definitions of complete
invariant, set of invariants, complete set of independent invariants, are then given.
The second concept that can be associated to equivalence classes i.e. the definition
of a set of canonical forms for a given equivalence relation follows. The links between
complete sets of independent invariants and canonical forms for the same equivalence
relation are then discussed.

Section 4. This section deals with a well-known set of canonical forms for the
given equivalence relation on X, and X, and shows how these canonical models
are parametrized by the image in a complete set of independent invariants of every
element belonging to the same equivalence class.

Section 5. This section defines a set of canonical forms for the considered equiv-
alence relation on S, and S,, and shows that their parametrization is the image
in a complete set of independent invariants of every element belonging to the same
equivalence class. ‘

Section 6. The canonical forms that have been independently defined on both
3, and S, are compared and the elementary algebraic links between these formally
different representations deduced.

Section 7. This section contains some short concluding remarks.

References to the contents of parts I and Il are made according to the following
rules: Definitions, theorems, lemmas, corollaries, properties, remarks, figures and
algorithms: (p, n) where p refers to the considered part and n is a progressive number.
Equations, relations, formulae and examples: (p, s, n) where p refers to parts, s to
sections and n is a progressive number.
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2. SETS OF DYNAMICAL MODELS FOR LINEAR MULTIVARIABLE
SYSTEMS AND ASSOCIATED EQUIVALENCE RELATIONS

Let # denote an arbitrary field and r, m and n integers with n > max (r, m). The
linear, finite~-dimensional, purely dynamic systems considered in the following will be
described by means of the following representations.

1) Sets of State-Space Models 2, Z,, 2, and X,

These models consist of the equations
(1.2.12) x(t + 1) = Fx(t) + G u(t)
(1.2.1b) ¥(t) = H x(1)
where t € Z, x(t) e F" = & is the state, u(t) € F* = % is the input, y(t) e F" = ¥

is the output, F e Z®*™ is the system dynamical matrix, G e #®*" is the input
distribution matrix and H € #*" is the output distribution matrix.

Definition 1.1. The set of all triples (F, G, H) with n > 1 will be denoted with X.

¥, will denote the subset of X of all triples (F, G, H) with rank (H) = m and completely
observable, i.e. such that

(1.2.2) rank [HT FTHT ... FT"™H"] = n.

X, will denote the subset of £ of all triples (F, G, H) with rank (G) = r and com-
pletely reachable, i.e. such that

(1.2.3) rank [G FG...F"™"G] =n.

X, will denote the intersection of X, and X, i.e. the subset of X of all the triples
(F, G, H) completely reachable and completely observable.

2) Sets of Input-Ouiput Meodels S, ard S,

These models consist of the equation
(1.2.4) P(z) (1) = Q{z) u(?)
where te &, y(t)e F™ = # is the output and u(t)e #* = % is the input. P(z)
and Q(z) are (m x m)and (m x r) matrices whose entries are defined over the ring

of polynomials in z (unitary advance operator) defined over # with n =
= deg det {P(z)} = 1.

Remark 1.1. In the previous definition it has not been assumed that P(z) and Q(z)
be left coprime. Their greatest common left divisor can therefore be a non-uni-
modular polynomial matrix and model (1.2.4) can therefore be strictly equivalent
(see Definition 1.9) to a non-completely reachable system [1].

Defisition 1.2. The set of all pairs (P(z), Q(z}} will be denoted by S, while the subset
of S, of all the pairs (P(z), Q(z)) with P(z) and Q{z) left coprime, will be denoted
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by S,.. The elements of S, are therefore strictly equivalent to completely observable
and completely reachable state space models, i.e. to elements of X,..

Remark 1.2. The considered models (1.2.4) represent, by hypothesis, purely
dynamical systems. The entries of the associated transfer matrix T(z) = P~'(z) Q(z)
(P(z) is nonsingular since n = 1) are therefore strictly proper rational functions.

3) Sets of Input — Partial State — Output Models S, and S_,

These models consist of the equations
(1.2.52) R(z) w(t) = u(?)
(1.2.5b) y(t) = S(z) w(t)
where te Z, u(t)e F* = % is the input, w(t) e F* = # is the partial state and
y(t) e F™ = % is the output. R(z) and S(z) are (r x r) and (m x r) matrices whose

entries are defined over the ring of polynomials in z (unitary advance operator)
defined over # with n = deg det {R(z)} = 1.

Remark 1.3. In the previous definition it has not been assumed that R(z) and S(z)
are right coprime. Their greatest common right divisor can therefore be a non-
unimodular polynomial matrix and the model (1.2.5) can be strictly equivalent
(see Definition 2.2) to a non completely observable system [1].

Definition 1.3. The set of all pairs (R(z), S(z)) will be denoted with S, while the
subset of S, of all pairs (R(z), S(z)) with R(z) and S(z) right coprime will be denoted
with S_,. The elements of S, are therefore strictly equivalent to completely reachable
and completely observable state space models, i.e. to elements of X,.

Remark 1.4. The models considered (1.2.5) represent, by hypothesis, purely
dynamic systems. The entries of the associated transfer matrix T(z) = S(z) R™'(z)
(R(z) is nonsingular since n = 1) are therefore strictly proper rational functions.

Equivalence Relations on 2, S, and S,

The symbol E will denote the following equivalence relations. On Z:

(L26) (F,G,H)E(F,G,H) if F=TFT™', G=TG, H=HT!

where Te "™ is a nonsingular matrix. The same equivalence relation will be
considered on X, X and X, since these subsets are closed with respect to E. On S,:

(127) (P@). Q) E (F(2). 0() if P(z) = M(2) P, O(2) = M() O(:)

where M(z) is an (m x m) nonsingular unimodular polynomial matrix. Since the
inverses and the products of nonsingular unimodular matrices are still nonsingular
unimodular matrices it is easy to verify that relation ( 1.2.7) is an equivalence relation
i.e. it is reflexive, symmetric and transitive. The same equivalence relation will be
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considered ’on S,. since this subset is closed with respect to E. On S,:
(1.2.8) (R(z); S(z)) E (R(2), 8(z)) if R(z) = R(z) M(z), 8(z) = S(z) M(z)

where M(z) is an (r x r) nonsingular unimodular polynomial matrix. Since the set
of such matrices is closed with respect to inversion and multiplication, it is easy
to verify that relation (1.2.8) is also an equivalence relation i.e. it is reflexive, sym-
metric and transitive. The same equivalence relation will be considered on S, since
this subset is closed with respect to E.

3. COMPLETE SETS OF INDEPENDENT INVARIANTS AND
CANONICAL FORMS FOR EQUIVALENCE RELATIONS

Complete Sets of Indeperdent Invariants for Equivalerce Relations

Definition 1.4. Denote a set with X and an equivalence relation defined on X
with E. Then denote with S a second set and with f: X — S a function. If x" and x”
are two elements of X, and f is such that x'Ex” implies f(x') = f(x") then f is called
an invariant for E. Moreover if f(x) = f(x") implies x'Ex” then f is called a complete
invariant for E.

If f is a complete invariant for E then all the elements of X belonging to the same
equivalence class have the same image in f; moreover, these classes coincide exactly
with the inverse images in f of the elements of the image (or range) of f. There exists,
therefore, a bijection between the quotient set X /E and the image of a complete
invariant for E.

Definition 1.5. A set of invariants fy, ..., f,, fi: X — S, for E is called a complete
set of invariants for E if the function f = (fy, ..., f,): X = S; X ... x S, defined
by ¢ = (fi(x), ..., f,(x)) is a complete invariant for E.

Definition 1.6. A set of invariants for E, f,, ..., f,, fi: X = S; will be called in-
dependent if the associated invariant f = (fy, ..., f,): X = §; X ... x S, is surjective.

This condition, which is more restrictive than the one given in [2], implies that no
invariant f; can be expressed as a function of the others. This last condition, however,
is much weaker than the given definition of independence.

A complete set of independent invariants for E is also called a basis for E on X.

Lemma 1.1 [2] [3]. Let f: X — S be a complete surjective invariant for E. Then
every other invariant for E can be uniquely computed from f.

f
X —>3
g\\ /
Fig. 1.1,
T
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Proof. Let f: X — Sand g: X — Tbe, respectively, a complete surjective invariant
and a generic invariant for E. Commutativity in the diagram of Fig. 1.1 can be
obtained if and only if for every element s of S the function h is defined as h(s) = g(x)
where x is any element of X such that f(x) = s. Since f is complete and surjective
and g is an invariant, & is well defined for all the elements of S. |}

Corollary 1.1. Let f: X — S be a complete set of independent invariants for E.
Then every other invariant for E can be uniquely computed from f,

Property 1.1. Let f: X — S be a complete set of independent invariants for E.
If g: S — R is a bijection, then h = g - f: X — R is a complete set of independent
invariants for E.

Canonical Forms for Equivalence Relations [3]

Definition 1.7. Let E be an equivalence relation on X. A subset C of X is called
a set of canonical forms for E if every x € X is equivalent under E to one and only
one element of C; this element is the canonical form of x. The function g: X — C thus
defined is therefore a complete invariant for E. Obviously g can be assumed surjective
without loss of generality.

Complete Sets of Independent Invariants and Canounical Forms

Let f: X — S be a complete set of independent invariants and C a set of canonical
forms for E. Then (Corollary 1.1) there exists a unique function h: S — C such that
g = h- f. Since g is complete, h is a bijection. Moreover if i: C — X is the injection
i(c) = cthen it follows that k™! = f- i. The following theorem has thus been proved.

Theorem 1.1 [2]. Let C be a set of canonical forms for an equivalence relation E
on X and f a complete set of independent invariants for E. Then there exists a unique
bijection between C and the image of f.

4. CANONICAL FORMS ON X, AND £,

t

Let (F, G, H) be an element of X, with dim (F) = n and

hy
(1.4.1) H=|: G=1g,...9].
hy
Consider then the m sequences of vectors given by
WY FTAT ... FTO=mr D)t
(1.4.2) :
hT TThT . FT(n—m+ l)hT
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Now order vectors (1.4.2) as follows
(1.4.3) WY .. BT FTHT . FTRT ... FTO-mtOpT

and select, in sequence (1.4.3), the vectors linearly independent of preceding ones. Let
F™°hT be the first vector, belonging to the ith row of (1.4.2), linearly dependent on
preceding ones in (1.4.3), i.e. such that

m v;°
(144) R WL
Jj=1k=

where, because of the order of the vectors in sequence (1.4.3), the integers v, are given
by

Ve =% for i=j
(1.4.5) vy = min (v} + 1,¥}) for i>j
VY = min (v, v5) for i<j

The total number of scalars «;;, thus defined is therefore given by
(1.4.6) =Y Y.
i=1j=1
As is well known, dependence relation (1.4.4) implies also the linear dependence

of all subsequent vectors belonging to the ith row of (1.4.2) (i.e. of the type FTC*+*PpT,
k = 1) from their antecedents in sequence (1.4.3).

The linearly independent vectors selected in sequence (1.4.3) are called regular
vectors [4].

Remark 1.5. Since rank (H) = m, all the integers v} are greater than zero,

Remark 1.6. Because of the complete observability of all the elements of X, the
regular vectors constitute a basis for &, i.e. v{ + ... + v;, = n.

Denote now with
(1.4.7) bl = <9 FT¢=DpTs

the scalar products of the columns of G, g; with the regular vectors.

Definition 1.8. The integers v¢ (i = 1, ..., m) obtained by means of the outlined
procedure are called in the literature Kronecker invariants of the pair (FT, HT) since
they are coincident (modulo ordering) with Kronecker’s minimal column indices
for the singular matrix pencil [zI — F'| HT] [5], [6]. These indices will, in the
following, be called structural invariants of (F, H) or observation invariants of
(F, G, H). The scalars af,; which appear in (1.4.4) will be called characteristic
parameters of the pair (F, H), and the scalars b3, which appear in (1.4.7) will be
called input parameters of (F, G, H).

A set of scalars (v, oy, b3;) has been associated to every element (F, G, H)
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of X,. A function

fo = (2 S F10): £ > N7 x 4 x F00
has thus been implicitly defined. Here, and in the following, N denotes the set of
natural numbers. It is now possible to prove the following theorem.

Theorem 1.2. The function f, = (1", fii, ,"J’;) constitutes a complete set of in-
dependent invariants for equivalence relation (1.2.6) on X,.

Proof.
Invariance of f,

Let (F, G, H) and (F’, G’, H') be two elements of X, with (F, G, H) E (F’, G', H').
It will be proved that f,(F, G, H) = fo(F’, G’, H'). Because of the given defini-
tion for E there exists a nonsingular matrix Te F®*" such that F' = TFT!,
G’ = TG and H' = HT™*. Sequence (1.4.3) for (F', G', H') is given by

(1.4.8) (T~ BT (T 9T BT ... (T~Y)T Fre=m+DpT

Because of the nonsingularity of T~ ! the linear dependence relationships among
vectors (1.4.8) are obviously the same as among vectors (1.4.3). It follows, therefore,
that f{*(F, G, H) = f{"(F', G', H') and f{;(F, G, H) = f{#(F', G', H'). Now denote
with R the basis of & given by the regular vectors ordered as follows

(1.4.9) R =[h] .. .FTO®"DpT| | by ..  FTO"DRTT

Because of the given definition (1.4.7) the scalars b, are the entries of the matrix
RTG. When the triple (F’, G’, H') is considered, because of (1.4.8) it immediately
follows that the scalars b5, are the entries of the matrix R'G’ = ((T™!)" R)T TG =

= R"G. Therefore fi5(F, G, H) = fis(F', G', H') and, consequently, f,(F, G, H) =
= f(F', G, H).
Completeness of f,

Let (F, G, H) and (F', G/, H') be two clements of X, such that f(F,G, H) =
= f(F', G', H') = (v}, a3, b3;,). It will be proved that (F, G, H) E (F', G', H'). Since
¥} = v;° it follows that the regular vectors associated to (F’, G, H') are generated
exactly in the same way as vectors (1.4.9), i.e.

(1.4.10) R = [T ... FTOe~ DT | | by .. FTORT DRI
Now define the nonsingular matrik

(1.4.11) T' = RR™!

so that

(1.4.12) R = T'R

(1413)  FT6ORT = TUETG-OT (=1 myk = 1,...,)).
Relation (1.4.13) for i = 1,...,m and k = 1 implies H' = HT. Moreover, since
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% = o it also holds that
(1414) F/Tvioh:.T = TTFTVi"h? (l =1,..., Tl’l) . »
From (1.4.13) and (1.4.14) it is possible to write
FTR' = T'F'R
and, consequently,
FIT — TTFTRRI—I — TTFT(TT)—I

F' =T 'FT.
From condition b, = b(j, it follows that
RTG’ = R'G

or also
G = (R/T)"1 R'G=T71G.

It has thus been proved that (F, G, H)E (F’, G’, H') and, therefore, that the set
(f", f35is fii) constitutes a complete invariant for E.

i

Independence of f,

Let (v}, ...,v}) be an arbitrary element of N™ with n =V + ... + v, V; 0,
(o5;) an arbitrary element of ' and (b7;,) an arbitrary element of 7", It will be
proved that there exists an element (F,G,H)eZX, such that f(F, G, H) =
= (v, a9y, bSy,) i.e. that f, is surjective with respect to N™ x F! x F@*n_ This will
ensure the independence of the considered set of functions.

Choose an arbitrary basis, R, of Z and denote its vectors as follows:

(1.4.15) R=[eg ..o e lapol]e|Cnr ool
Define now the rows of the (m X n) matrix H as
(1.4.16) hi=ey (i=1,...,m)
while the columns of the (n x n) matrix F'R are defined by the folléwing relations
(1.4.17a) Fle;; = ;.1
(1.4.17v) Fle; o = }ri viooc‘,.’jkejk .
Jj=1k=1

Since R is nonsingular, the n relations (1.4.17) define F uniquely. Similarly the columns
of RTG (and, consequently, of G) are defined by means of the relations

(1.4.18) R7g; = [byis v brio] oo | Buit - Dunino]” -

It is now necessary to verify that the image in f, of (F , G, H) defined by relations
(1.4.16), (1.4.17) and (1.4.18) is (v}, o5y, b3y). From (1.4.16), (1.4.17a) and (1.4.17b)
it follows that

(1.4’.19) eij = FTei(j_l) = vl = FT(j_l)eil = FT(j_l)h'lr .

Substitution of (1.4.19) in (1.4.17b), in (1.4.15) and, consequently, in (1.4.18) directly
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leads to relations (1.4.4) and (1.4.7). It is thus proved that f(F, G, H) = (a3;),
o(F, G, H) = (D3;;). Now let % = f*(F, G, H); from the substitution of (1.4.19)
in (1.4.17b) it follows that 3 < v? but the substitution of (1.4.19) in (1.4.15) leads

to relation # + ... + 7%, = n so that ¥ = v{ and f?*(F, G, H) = (+%). O
The following corollary directly follows from Property 1.1.

Corollary 1.2. Let g: N" x F' x FO*) 5 N x F x F@*) be a bijection.
The function g - f, is a complete set of independent invariants for E on Z,,.

In [4] it is proved (in the dual case of completely reachable systems and with
a weaker definition of independence) that fy = (f”, fi5,) constitutes a complete set
of independent invariants for equivalence relation (1.2.6) on the set of the pairs (F, H).
The image of f,, however, does not allow to parametrize the quotient set Z,/E.

Canenical Forms on £,

fo= (" [ f0) is a complete set of independent invariants for E on Z,. The
image of f,, (v§, &f» b3;) can therefore be used to parametrize Zo/E i.e. to construct
a set of canonical forms for E on X,

Definition of the Set of Canonical Forms C,

Very useful canonical forms are the multicompanion ones that can be directly
obtained from the set of scalars (v}, ., b3;,). This canonical subset of X, will be
denoted with C,. The elements of C, can be constructed by means of relations
(1.4.15)—(1.4.18) when choosing the natural basis for 2. From R = I, in fact it
follows that

100...000...000...0

(1.4.20) ' §./000...010...000...0
000...000...010...0
‘1r (v1®+1) (vi®+...FVm-1°+1)
(1.4.21a) F=[F;] Gj=1..m)
) 0 1 ...0
0 0 ...0
(1.4.21b) F,=1|: :
0 0 ...1
(vs°xvg°)_o‘?i1 HER O‘?iv,»o_.
(0 ... 0
1.4.21 N . b :
(1.4.21c) Fo=lo ... ... 0
(v.-oxv,o)_“?ﬂ coe Oy0 0.0 0
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- Gl - ng ?11 e b‘i)rl
(1.4.22) G=|: G.=| : |=|: :
Gm g'irvi‘) b‘i)lvi" b(i,rvi" (vi®xr)

It is well known how the canonical triple (F, G, /) is algebraically linked to
a generic triple (F, G, H) equivalent under E. In fact F = TFT™!, G = TG, f =
= HT ' where T'is the transpose of the matrix of regular vectors (1.4.9).

Other canonical forms for E on Z, can be parametrized by means of sets of scalars
bijectively obtained from (v}, a3y, b3;) [2], [ 7]

Example 1.4.1
Let us consider the triple (F, G, H) € Z, given by

-05 1 0 15 17
: -1 =11 0 1
(1.4.23) CF=| 1 00 0 -t
. 065 0 1 —-15 -1
05 0 0 —05 0]
01
10
(1.4.24) G=|1 0
0 1
lo 1
050 0 050
(1.4.25) H=[0 00 0 J
The sequence of vectors (1.4.3) is given by:
050 0 05 : 0 -05} 1 0-5
0 0005 0 | -05 05 05-1
(1.4.26) 0 0 05 0  05-05 -05 2
050 0 —-05 0 1-5 } 0 =35
o1 0 o0 0 1 | -1 -1
o O O O @} L ° o

where the vectors linearly independent of their antecedents have been denoted with the
abstract symbol O, the linearly dependent ones with the symbol e. The scalars
v and v§ are therefore given by v{ = 3 and vj = 2.

The scalars of;, can be obtained by computing the dependence coefficients of the
first dependent vectors in (1.4.26), i.e. (FT)? b} and (FT)? h] from their antecedents.
The values obtained are

0 —

a1 = 1 e = 1
o = 221

212 — o = -2
o _ %222

%213 =
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0
231 = 1

] —
%112 =
0
X113

The scalars b3,

] —
G121 =

!
—_

(]
Aiz2 =

can then be determined as scalar products of the columns of G with

the regular vectors in sequence (1.4.26). The values obtained are

=0

(3
111

o 1 211 =0
112 =
o b1, =0
113 = 0
()

=1
121 o — 1
° 221
b122 = 0 bo — 0
° 222 &
b123 =0

The scalars computed in this way are the image fo(F, G, H). The canonical form
(1.4.20)— (1.4.22) directly parametrized by this image is thus given by the following
triple.

01 0/ 0 0
00 1| 0 0
(1.4.27) F={10-1/-1 1
00 0 0 1
1 0o-1 1 -2
0 1
1o
(1.4.28) G=10 0
0 1
1o o
(1.4.29)

H=[100]00
000|10
Remark 1.7. The canonical forms (1.4.20) —(1.4.22) that have been considered on X,

can obviously be considered also on X, since X, is a subset of X, which is closed
with respect to equivalence relation (1.2.6).

5. CANONICAL FORMS ON S, AND S,

In this section a subset, K, of S, is defined. It is then proved that K is a set of cano-
nical forms for equivalence relation (1.2.7) on S,. The transformation of a generic
element of S, to the corresponding canonical form is then considered and a trans-
formation algorithm given. The invariance properties of this transformation are then
investigated and a numerical example is proposed.
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Definition of the Set of Canonical Forms K

Consider a subset, K,, of S, whose elements (P(z), J(z)) are characterized by the
following conditions:
1) The polynomials on the main diagonal of P(z) are monic;
2) The relations among the degrees of the entries of P(z) are

(1.5.1a) deg {p:i(z)} = deg {p;;(2)} if i>j

(1.5.1b) deg {p.(z)} > deg {p;(z)} if i<

(1.5.1¢) deg {P.i(z)} > deg {p;i(z)} if i+j;

3) The relation between the degrees of the entries of P(z) and J(z) is
(1.5.2) deg {p:(z)} > deg {G;,(2)} -

The entries of the elements of K, will be denoted as follows:

. [5,1(2) ... Diml2)
_ﬁrni(z) e ﬁmm(z)
- —qll(z) o qlr(z)
(154 o) - : s
. _67,.11(2) e (’j,,,,(z)
(1:5.52) Bilz) = 2% = 03,0200 — L — 0z — oy
(1551’)) ﬁij(z) = Uv et a(i’jzz _ d(i)jl
(1‘5'6) ‘71’}(2) = ﬁijvif’z(vq Dyt Biiaz + Bijt -

Remark 1.8. Because of relations (1.5.1) it follows that the row degrees in P(z) are
the degrees of py((z), ..., Pum(z), i.6. V3, ..., v. Moreover it holds that

(15.7) deg det {B(2)} =i§1v‘i’ =n

~ Remark 1.9. 'the total number of significant coefficients in the entries of P(z) is
given by . moom
(1:58) 1=% 3o (=)
i j=1
while the total number of coefficients in the entries of Q(z) is given by

m

(1.5.9) Y Z

i=1 j=1

= h X Fr.

HM-.

Theorem 1.3. K, eonstitutes a set of canonical forms for E on S,.

Proof. The proof will be decomposed into the following steps:

a) For every element of So, (P(2), Q(z)) there exists an element of K,,
(P(z), O(z)), equivalent to (P(z), Q(z)).

A constructive proof of the existence of this element is given by Algorithm 1.1.
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b) The element of K, equivalent to a given element of S,, is unique.

Assume that for a given element (P(z), Q(z)) of S, there exist two different elements
of K,, (P'(2), 0'(z)) and (P"(z), §"(z)) equivalent to (P(z), Q(z)). From this assump-
tion it immediately follows that (P'(z), 0'(z)) E (P"(z), 0"(2)), i.e. that there exists
a unimodular matrix M(z) such that P"(z) = M(z) P'(z) and 0"(z) = M(z) 0'(z).
Let us now consider the ith row of ﬁ”(z); this row is a linear combination of the rows
of P'(z) multiplied by the elements of the ith row of M(z). Since (P"(z), 0"(z)) is an
element of K,, the elements of the ith row of P”(z) must satisfy conditions (1.5.1a)
and (1.5.1b). Since, however, the element of the ith row of M(z) are polynomials
in z (and not rational functions), and the elements of P’(z) satisfy conditions (1.5.1a)
and (1.5.1b) it follows that, necessarily, m;(z) + 0 and that the row degree of this
row is W =y + deg Im”(7)} Since M(z) is unimodular, degdet{P'(z)} =

= deg det {P"(z)} i.e. Z v o= Z vy” and therefore deg {m;(z)} = 0, (i = 1, ..., m).

It has thus been estabhshed that P'(z) and P"(z) share the same ordered set of row
degrees. The elements of the ith row of P”(z) must also satisfy column conditions
(1.5.1c) with respect to the on-diagonal elements of the subsequent rows; this
necessarily leads to the conditions mij(z) = 0 for i < j on the ith row of M(z).
Similarly the elements of the ith row of P”(z) must satisfy column condition (1.5.1c)
with respect to the on-diagonal elements of the preceding rows and this leads to the
conditions m;;(z) = 0 for i > j on the ith row of M(z). It has thus been established
that M(z) = diag {m,{z)} with deg {m,(z)} = 0; M(z) is therefore a diagonal real
matrix. Since the polynomials on the main diagonal of P'(z) and P"(z) are monic it
follows that M(z) = I and, consequently, P'(z) = P(z2).

~c) Elements of S, in the same equivalence cluss (with respect to E) are equivalent
to the same element of K.

Let (P'(z), Q'(z)), (P"(z), Q"(z)) be two equivalent elements of S,, (P'(2), 0'(z)),
(P"(z), 0"(z)) the two corresponding equivalent elements of K,. Because of the
equivalence between (P'(z), Q'(z)) and (P"(z), Q"(z)) it also follows that (P'(z),
0'(z)) E (P"(z), 0"(z)) and since, because of step b), the equivalence classes with
respect to E in K, have a single element, it follows that (F'(z), 0'(z)) = (P"(z),
().

d) Elements of/S0 which do not belong to the same equivalence class are equivalent
to distinct elements of K.

Let (P'(z), Q'(z)} and (P"(z), Q"(z)) be two elements of S, belonging to distinct
equivalence classes. It follows that P'(z) + M(z) P"(z), Q'(z) &= M(z) Q"(z) for every
unimodular matrix M(z). If there exists an element of K, (P(z), 0(z)) equivalent to
(P(2), Q'(z)) and to (P"(z), Q"(z)) then P(z) = M'(z) P'(z) = M"(z) P"(z), 0(z) =
M'(z) Q'(z) = M"(z) Q"(z) and, consequently, P'(z) = M'~'(z) M"(z) P'(z), Q'(z} =
M'~(z) M”f Y Q'(z). (P'(2), Q'(2)) and (P"(z), Q"(z)) are therefore equivalent to
distinct elements of K.
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According to Definition 1.7 it has thus been proved that K, is a set of canonical
forms for equivalence relation (1.2.7) on S,.

Transformation to the Canorical Ferms on S,

Step a) in the proof of Theorem 1.3 will be constructively established by means
of the following algorithm which allows, given a generic element (P(z), Q(z)) of S,,
the transformation to the corresponding canonical form (P(z), 0(z)) of K, to be
performed.

Algorithm 1.1. {cf. [8], [9D

STEP 1. The matrices P(z) and Q(z) are premultiplied for a suitable unimodular
matrix M(z) such that M(z) P(z) is row-proper. A detailed description of this step
can be found in [1].

STEP 2. Achievement of row condition (1.5.1a). By means of exchanges of rows,
in every row of P(z) polynomials whose degree equals the row degree are moved
on the main diagonal. The same row exchanges are performed on Q(z). This operation
is always possible if P(z) is row-proper [8].

STEP 3. Achievement of row condition (1.5.1b). The entties p,,—  u(2)s Pu=2.m(2)s --
coos Do) Pz 2m=1(2)s + s P1,m=1(2)s -+, Py 2(2) are tested in the given order with
respect to row condition (1.5.1b). If deg{p;;(z)} < deg {p;(z)} no operation is
performed. When deg {p;(z)} = deg {p:,(z)} and deg {p;(z)} = u;; = deg {p;;(z)} =
= u;; the degree of p,;(z) is lowered by subtracting from the ith row of P(z) the jth
row multiplied by «z*¥~#i where « is the ratio of the maximal degree coefficients
in p;(z) and p;;(z). If deg{pi(2)} = deg{pi(z)} and deg{p;(z)} = u; <
< deg {p;(2)} = ,; it is sufficient to exchange the ith row of P(z) with the difference
of the jth row and of the ith row multiplied by az*7~#¥ where % is the ratio of the
maximal degree coefficients in p;,(z) and p,;(z). The same elementary operations
performed on P(z) are obviously performed also on Q(z). It is important to note
that this step does not change all conditions obtained in previous steps.

STEP 4. Achievement of column condition (1.5.1¢) in the right-upper triangular
part of P(z). The polynomials considered in Step 3 are tested in the same order
with respect to column condition (1.5.1c). If u;; < p;; no operation is performed.
When p;; = p;; the degree of p;(z) is lowered by subtracting from the ith row
of P(z) the jth row multiplied by «z"#~*# where a is the ratio of the maximal degree
coefficients in p;;(z) and p,,(z). After the described operation the next polynomial
in the given sequence must be tested even if condition (1.5.fc) with respect to p,(z)

has not been achieved. The entire step is repeated until condition (1.5.1c} on the right
~ upper triangular part of P(z) is achieved. The same clementary row operations are
performed on Q(z). Note that the operations performed at this step to reduce the
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order of p;;(z) do not change the row conditions obtained at Step 3 or the column
condition (1.5.1¢) on the polynomials tested before p;;(z).

STEP 5. Achievement of column condition (1.5.1c) in the left lower triangular
part of P(z). The entries p, 1(z), P3,1(2); s Pm,1(2), P3,2(2), -5 Pm,2(2)s s Praym—1(2)
are tested in the given order with respect to column condition (1.5.1¢). If p;; < p;;
no operation is performed. When u;; = u;; the degree of p; j(z) is lowered by sub-
tracting from the ith row of P(z) the jth row multiplied by az*"~*# where « is the
ratio of the maximal degree coefficients in p;,(z) and p;,(z). After this operation the
next polynomial in the given sequence must be tested even if condition (1.5.1c)
with respect to p;;(z) has not been achieved. The same elementary row operations
are performed on Q(z). The entire step is repeated until condition (1.5.1c) is
achieved on the left lower triangular part of P(z).

This step does not change all the conditions obtained in previous steps.

STEP 6. Adjustment of the coefficients on the main diagonal of P(z). The first,
second, ..., mth rows of P(z) and Q(z) are divided for the maximal degree coefficients
in py4(2), P22(2)s .-+, Puml(z) respectively. After this step the polynomials on the main
diagonal of P(z) are monic.

Given a generic element (P(z), Q(z)) of S,, Algorithm 1.1 leads (by means of steps
equivalent to the premultiplication of P(z) and Q(z) for unimodular matrices) to the
equivalent canonical pair (P(z), 0(z)). The algorithm is based on the fact that every
step does not change all previously obtained conditions.

By means of Algorithm 1.1 a function ¢° = (¢¢", %%, Pn): So = N™ x F' x
x F7 has been implicitly defined. The image ¢°(P(z), O(z)) = (v, o3 Bis)
has been used for the parametrization of the elements of K, i.e. for the parametriza-
tion of the canonical forms on S,. The following theorem can therefore be established.

Theorem 1.4. ¢° = (¢3", §3%, §35) constitutes a complete set of independent
invariants for equivalence relation (1.2.7) on S,

Proof.

Invariance of ¢°

Let (P'(z), Q'(z)) and (P"(z), Q"(z)) be two elements of S, with (P'(z), Q'(z))
E(P"(z). Q"(z)). It must be proved that ¢°(P'(z), Q'(z)) = ¢°(P"(z), Q"(z)). This
has already been done in step ¢ of the proof of Theorem 1.3.

Completeness of ¢°

Let (P'(z), Q'(z)) and (P"(z), Q"(z)) be two elements of S, such that ¢°(P'(z),
0'(z)) = ¢°(P"(z), 0"(2)) = (v, o2y, B3y)- It must be proved that (P'(z), Q'(z))
E(P"(z), Q"(z)). Since ¢°: S, > K,, the pairs (P'(z), Q'(z)) and (P’(z), Q"(z)) have
the same canonical form. Because of steps c) and d) in the proof of Theorem 1.3
it follows that (P'(z), Q'(z)) and (P"(z), Q"(z)) belong to the same equivalence class
of S,.
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Independence of ¢°

Let (v}, ..., ;) be an arbitrary element of N™ with v; &= 0 and n = 3 4 ... + V3,
(o5;) an arbitrary element of #' and (B3;) an arbitrary element of #x»_ It must
be proved that there exists an element of S,, (P(z), Q(z)), such that ¢°(P(z), Q(z)) =
= (v}, a3p> B3j) i-e. that ¢° is surjective with respect to N™ x F' x #®*P_ This
will assure the independence of the considered set of functions. Using relations
(1.5.3), (1.5.4), (1.5.5) and (1.5.6) an element (P(z), §(z)) of K, can be obtained such
that ¢°(P(z), 3(z)) = (5, o5, B3;) and since K, is a subset of S, this completes
the proof. O

Remark 1.10. Theorem 1.4 can be obtained as a corollary of Theorems 1.3 and 1.1.
Similarly, Theorem 1.3 could be considered as a corollary of Theorems 1.4 and 1.1.
The way this material has been presented allows either of these two ways to be
selected.

Example 1.5.1

A numerical example regarding the application, step by step, of Algorithm 1.1
to an element of S, so as to obtain the equivalent canonical form, is now proposed.
Let us consider the pair (P(z), Q(z)) given by

z2 —1 z2 42z -1 1 2z + 2
P(z)‘"[223+2z2—z—2 z3+3z2] Q(z)_[22+2322+52+1
STEP 1. P(z)is already row-proper since the real matrix, whose rows are obtained

from the coefficients of the terms in the rows of P(z), whose degree equals the row
degree is the nonsingular matrix :

e[t ]

STEP 2. Row condition (1.5.1a) is already satisfied.

STEP 3. The only element to be tested is p;,(z), Since deg{pi.(z)} =
= deg {p1:(z)} = 2 and deg {p1,(z)} < deg{p,2(z)} = 3 rows 1 and 2 of P(z) are
exchanged and the degree of p, 2(2) is now lowered by subtracting from the first row
the second one multiplied by z. The same operations performed on the rows of P(z)
are performed also on Q(z). The matrices obtained are '

23 +222 -2 224+ 2

Pi(z) = M.(2) P(2) =[ -1 2242 1]

o) =@ = [F 12 T LT

My(z) = [_i (1)]

STEP 4. The only element to be tested is again Plz(z). Since deg {Plz(z)} =

where
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= deg {p,,(2)} the degree of P12(z) is lowered by subtracting the second row from the
first. The matrices obtained are the following.

2 +z2 -1 —z+1
(1.5.10) Py(z) = M,(z) P(z) =[ 22 -1 z224+2z-— 1]

\ 1 ’ -1
(15.11) 0a(2) = My(2) Qu(2) = [z . 2 2 ]

where
1 -1
Mz(z) = [0 1] .

Since condition (1.5.1c) is now achieved the next step be considered.

STEP 5. The only element to be tested is p,4(z). Since deg {p,1(z)} < deg {p;1(2)}
no operations are performed.

STEP 6. The polynomials p, l(z) and p, z(z) are already monic so no operations
must be performed.

The canonical pair (P(z), O(z)) is therefore given by P(z) = P,(z) and O(z) =
= Q,(z).

Remark 1.11. Note that trasnformation to the canonical form of the given pair
(P(z), Q(2)) has been performed by premultiplying P(z) and Q(z) for the nonsingular
unimodular matrix

M(z) = M,(z) My(z) = [_ Zl_ : (1)]

Remark 1.12. The image ¢°(P(z), Q(z)) is given by

vi = 3 v, = 2
o —_—
aj3 = —1 W = 1
122 =
(4]
a2 = 0 . = —1
o 1 121
%111 =
o _
Sy = —1 0, = —2
; =
0 —_
12 = 0 @ = 1
o 221
G171 = .
/
0 . 0 —
i3 = 0 123 = 1
0 _ o —
2= 1 122= 1
0 — 0 —
111 = 1 121 = —1
0 . 0 _
212 = 0 Bo2 = 2
0 — 04 —_
211 = 1 Boai = 2

Remark 1.13. The canonical forms that have been considered on S, can also be
considered on S, since S, is closed with respect to E.
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6. ALGEBRAICAL LINKS BETWEEN CANONICAL FORMS ON I,
AND 5,

In this section the strict equivalence between triples (F, G, H) on X, and pairs
(P(z), Q(z)) of S, will be defined. Subsequently, the algebraical links between the
elements of the canonical set C, and the strictly equivalent elements of K, will be
deduced and a numerical example proposed. The section ends with a discussion
of the invariance properties of the considered transformations.

In the following the state, output and input vectors will be denoted as

(1) = [xa(0)s s x0T, (1) = [1(@s s yalO]75 - u(t) = [w3(0)s s (O]
Strict Equivalence between Elements of 2, and S,

Definition 1.9. Let (F, G, H) be an element of X, with n = dim {F}. An element
(P(z), Q(z)) of S, with degdet {P(z)}) = n will be called strictly equivalent to
(F, G, H) iff for every x(f,) € Z and for every possible input sequence u(+) there
exist n scalars of F, yi(ty), ..., Yu(to)s s Y1(to + n1)s ..., yulto + ny,) such that
model (1.2.1) with initial state x(t,) and the input-output model (1.2.4) with initial
conditions y,(ty), ..., yu(to + n,) generate the same output sequence y(+), with
the considered input sequence u(-), for every t = t,.

Remark 1.14. From Definion 1.9 it follows that, because of equivalence relation
(1.2.6), every element (P(z), Q(z)) of S, strictly equivalent to an element (F, G, H)
of Z, is also strictly equivalent to all elements of X, equivalent to (F, G, H) under
(1.2.6).

Algebraical Links between Canonical Triples (F, G, [) and Canonical Pairs (P(z), 0(z))

Theorem 1.5. For every canonical triple (F, G, H) of C, there exists a strictly
equivalent canonical pair (P(z), 0(2)) of K.

Proof. Let (F, G, [I) be a canonical multicompanion triple with the structure
(1.4.20)—(1.4.22) and with dim {F} = n. In this representation the system is decom-
posed into m interconnected subsystems. The states of these subsystems are given
by the components with position 1,...,v;..5v] + ...+ + 1,..,v] + ...
... + v}, of the system state vector. Moreover, the state of the jth subsystem can be
completely observed from the jth component of the output vector. Thanks to the
particularly simple structure of F and H, it is in fact very easy to obtain the following
relations '

Xysod vy 04 ;(’) = }’j(t)
xvi“+...+vj-x°*2(t) =2z yj(t) - g~;_r1 u(?)
(1.6.1) Xy 00 1y, r0us(t) = 22 y(t) — G, u(t) — §1z u(?)

xvloh_ﬂjo(t) =20 (1) - gN};\,j(,, H u(t) — ... — gflz“f°‘2 u(r) .
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Relations (1.6.1), written for j = 1, ..., m, allow the state vector x(t) to be expressed
as a function of the input-output sequences. These n relations can be written more
concisely in the form :

(1.6.2) x(t) = V(z) y(t) + WZ(2) u(t)
where '
1 0T
z 0
- 270
(1.6.3) ; V(z) B E
0
0 z
0 e
(nxm)
0 ... 07
gt 0 ... ... 0
. ﬁfmo_l, s gL ... 0
(1.6.4) w=|: :
: 0 ... 0
gry 0 ... ... 0
| Gmvmo—1y - Gy -+ O

: (nxr(vaze=1)
vy = max {y}
, I

s . ztn=| 4
g ~ Lme-2)]

(r(vm°®—1)xr)

Substituting expression (1.6.2) for x(t) in equation (1.2.1a) we obtain the following
input-output relation

(1.6.6) [(zI = FYV(2)] »(t) = [(2I = F) WZ(2) + G]u(r).

Among the n relations (1.6.6), however, only the vjth, (¥{ + v3)th, ..., nth are
significant, since the remaining ones are simple identities. Deleting non-significant
relations, (1.6.6) can be written in the form

(1.6.7) : . J P(z) y(t) = 0(2) u(r)
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where

[511(2) - Bin(2)

(1.6.8) Bz) = | : :
| But(2) - Pnl2)
_ —qll(z) Ejl,(z)

(1.6.9) 0@z =1: :
L Gni(2) - Gu(2)

The entries of P(z) can be directly obtained from (1.6.6). In fact, from the structure
of F it follows that

(1.6.10) Bulz) = 27 — o2 = = oz —

i

(1.6.11) Piyl2) = “O‘?jv,«,»ozv”o—l — e = 0557 = Oy

The entries of §(z) can be obtained by computing the right side of expression (1.6.6).
Simple passages lead to

(1.6.12) §ij(z) = Bz + oo+ Bypz + B

where the scalars f5;, are linked to the scalars b3, i.e. to the entries of G, by the
bijection

(1.6.13) G = MG
] [Bu e B
(1.6.14) G=|: G, =|: :
_Gm (i,lv,» et ?rv,-
(1.6.15a) _ M=[M;] (@Gj=1L..m)
[ —ofi,  —ohs .. —Ufe 1
—0%; —Og .. 1
(1.6.15b) M,=| :
_a?ivi° 1
| 1
(vi®xv°)
=0, —Os ... 0%y 0]
—0ls  — O .-
(1.6.15¢) | My=|-&,. 0 ... 0 0
0 0 0 0
| 0 0 .. 0 0]
(v49 % v;0)

Matrix M is structurally nonsingular for every set («3;,) € &' since, in every case,
det {M} = 1.
From relations (1.4.5) it follows that the degrees of the polynomials of F(z) and
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0(=) satisfy the following conditions

(1.6.16a) deg {pi(2)} = deg {Pis(2)} if i>j
(1.6.16b) deg {pi(z)} > deg {p;;(2)} if i<}
(1.6.16¢) deg {p.(z)} > deg {p;i(z)} if i+j
(1.6.17) deg {pi(z)} > deg {7:)(2)}

The n initial conditions on the output vector components required by the definition
of strict equivalence between state-space and input-output models, are given by
relation (1.6.2) written for ¢ = t,. It can be noted that the conditions requested
on the first component of the output vector are vi, those on the second v3, ..., those
on the mth component v;,.

Relation (1.6.10) shows that the diagonal elements of P(z) are monic and, since
the obtained conditions (1.6.16a), (1.6.16b), (1.6.16c) and (1.6.17) are coincident
with conditions (1.5.1a), (1.5.1b), (1.5.1c) and (1.5.2), it follows that the obtained
pair (P(z), 0(z)) is canonical. This completes the proof of the theorem. O

Corollary 1.3. For every element of X,/E there exists a strictly equivalent element
of K,.

Example 1.6.1

Let us consider the canonical triple (F, G, H) of Z, given by (1.4.27)—(1.4.29),
the initial state

(1.6.18) x(0) =00 10 0]

and the input sequence

(1.6.19) u(0) = [1,0]7, u(l) = [0,1]%, u(2)=[L1] ...

A strictly equivalent pair (P(z), 0(z)) of S, as well as the associated initial conditions
on the output components will be determined.

The matrix P(z) can be written by direct inspection of F. In fact, from (1.6.10)
and (1.6.11) it follows that

~ 2 +z22-1 —z+1
(1.6.20) | P(Z)—[ 2 z2+2z—1]'

Determination of ((z) requires the prior construction of matrix M (1.6.15). This
matrix can be written by direct inspection of F on the basis of (1.6.15).

1 1] -1 07
1 10, 00
1 00, 0O

(1.621) = . M = !
010
Lli oo 1
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and

| i1 -1
‘ 1 1
(1.6.22) G=MG= lo 1
| 1 2
o 0 2
From (1.6.22) the scalars 3 are given by
T Byt
12 212 =10
3= 0
:21 ; hi Br21 =2
izz 18322 =2
123 =

Matrix ((z) is thus given by
~ z+1z2+z—1
(1.623) 0(z) = [ pre e ]

The initial conditions on the output components are given by ¥(0), y1(1), 1(2), y2(0)
and y,(1). With the initial state (1.6.18) and the input sequence (1.6.19) it follows
that

yi() =0 y,(0)=0

»(2)=3  »(1)=0
It can be noted from the comparison of (1.6.20)—(1.6.23) with (1.5.10)—(1.5.11)

that the obtained canonical pair (P(z), (z)) is the same as that considered in Example
1.5.1.

Invariance Properties of the Transformations to the Canonical Forms on X, and on S,

The parametrization of the elements of C, has been performed by means of the
image (v}, af;;, bj;) of a complete set of independent invariants, f, for E on Z,.
Similarly, the parametrization of the elements of K, has been performed by means
of the image (v}, «{;. B3x) of a complete set of independent invariants, ¢,, for E
on S,.

The map g,: F@*” — F* described by relation (1.6.13) which transforms
the set of scalars (b};,) onto the set (85;,) is, because of the structural nonsingularity
of matrix M (1.6.15), one to one. Also function c,: N™ x F' x F*1 5 Nm x
x F'x FO0 defined by co(v5, afye b3y) = (v, a3 Bipe) i, therefore, a bijection.

Because of Property 1.1 it follows that function 6,: X, —» N™ x &' x F@*n

given by 6, ¢, - f, constitutes a complete set of independent invariants of E on X,.
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Similarly, function d,: S, » N™ x %' x F®*" given by d, = ¢ ' - $, constitutes
a complete set of independent invariants for E on S,.
The following theorems have thus been proved.

Theorem 1.6. Every canonical form (F, G, H) of C, is parametrized by the image
in d, of any strictly equivalent element, (P(z), Q(z)), of S,.

Theorem 1.7. Every canonical form (P(z), §(z)) of K, is parametrized by the
image in J, of any strictly equivalent element, (F, G, H), of Z,.

Remark 1.15. In Sections 4 and 5 all the algorithms for the construction of functions
fo» ¢» d, and 8, have been described. This allows every transformation between
state-space observable and input-output models to be performed. In [10] an algorithm
to obtain the set of scalars (v§, oy, i) directly from input-output sequences has
been described.

The considered transformations between state-space and input-output canonical
forms are summarized by the commutative diagram of Figure 1.2 where II, and II,
are sets whose elements are all the sets of scalars (v}, afy., b5;,) and (V3, oy, Bos)
respectively. Let us now denote with C,, the subset of C, whose elements are the -

ll’<——5'

canonical forms of the equivalence classes of X, and with K, the subset of K,
whose elements are the canonical forms of the equivalence classes on S,.. The follow-
ing theorem, analogous to Theorem 1.5, can be stated.

Theorem 1.8. For every canonical triple (F, G, H) of C,, there exists a strictly
equivalent canonical pair (P(z), (z)) of K.

The proof follows from the properties of the elements of S, [ 1] and from Theorem
1.5.

7. CONCLUDING REMARKS
This first part of the paper has introduced three classes of models for multivariable
systems and associated equivalence relations. After some recall on invariant functions

for equivalence relations, canonical forms for state-space observable and input-
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output models parametrized by the image in a complete set of independent invariants
of the elements belonging to the same equivalence class have been introduced. Finally
the algebraic links between the previous formally different representations have
been deduced. ’

The models considered previously refer to purely dynamical systems; the extension
of the given results to systems where an algebraic input-output link is present si very
simple and can be performed according to the lines followed, for instance, in [11].

(Received October 6, 1988.)
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