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KYBERNETIKA — VOLUME 78 (1982), NUMBER §

ADDITIONAL SIGNALS IN LINEAR DISCRETE-TIME
CONTROL SYSTEMS I

Additional Control Signal

VACLAV SOUKUP

The interconnected discrete-time linear systems are gradually investigated using the algebraic
(polynomial) approach. Time optimal and least squares optimal control with additional control
(feedforward) signal is treated in the first part of this paper.

INTRODUCTION

The additional loops and signals are gradually studied in the paper provided they
are applied in linear, discrete-time (sampled-data), single input-single output control
systems. The algebraic (polynomial) approach established and developed by Ku&era
([1], [2]) is chosen for the investigation. At the same time the fundamental poly-
nomial operations used in a single variable system analysis are only needed. Some
problems presented in this work have been solved under supervision of the author
in [11] and [12].

Let us note that the multiloop structures are well known and frequently used
in automatic control practice for a long time ([3]—[1C]) but their applications are
often based upon the designer’s experience only. The results derived in this paper
answer the question when an additional signal can improve the control process
provided usual discrete-time synthesis approach is applied.

Following an introductory survey of polynomial theory fundamentals, double
controller system structure using the additional control signal (ACS) is treated
in this first part. The closed-loop stability condition is formulated and then time
optimal as well as least squares control are solved. It is shown that ACS can improve
the given control performance index in the case of controlled systems which are
described by non-minimum phase discrete-time models especially.
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1. POLYNOMIALS, SEQUENCES AND LINEAR DISCRETE-TIME
SYSTEM DESCRIPTION

The necessary notions, symbols and operations concerning the algebraic theory
of linear discrete-time systems will be briefly mentioned here. More thorough details
can be found in [1] or [2].

Given the real field R, constants o; € R, i € [0, n], and an indeterminate =~ * over
R a polynomial
6} a=0g+ ozt FoazT 4 oz
is defined and there is

a) degree of a = dega = nifa, + 0; deg0 = —o0;
o, is called the leading coefficient of a;

b) causal a if and only if & % 0;

¢) stable a if and only if a satisfies the stability test ([1], [2]); (if z~" were regarded
in(1) as a complex variable then all zeros z;‘ of a stable a would posses the known
property ]z;’| >1,j=1,..,n)

d) factorization a = a*a”~ where a*

which is contained in a;

is the stable polynomial of the greatest degree

€) d =+ oz + ...+ 0,z
f) a” =z =a, + oy 27  + . gz
g)a* =a*(a”)" =a%a"".
Considering two polynomials a, b of the type (1) the following properties and
operations are defined and algorithmized in [1] and [2]:
a) division
2 a=bu+v for b*0
where u and v are given uniquely with deg v < deg b; b divides a, b | a,ifv = 0;
b) a ~ b if and only if a = ib where degi = 0; obviously i ~ 1 and a [ b, b | a if
an~b;
¢) the greatest common divisor (GCD) d = (a, b);
d) polynomial fraction
G b_Bo+ Bzt .+ Buz "
a  atoaz 4 +azt

-1

which can be expressed by expansion into ascending powers of z' as
e) infinite recurrent sequence
b -
Q) G=-=y_ 2+ .. +y_ 2+ Y +rz '+ .. peR;
a
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f) the zero-position coefficient of the sequence (4) (G} = 7,

~ b

g) G=-= yoz N+ P P i AT
a

h) causal G if and provided (a, b) ~ 1 only if a is causal in (4); then y_, = ...
=7 =05

i) stable G if and provided (a, b) ~ 1 only if a is stable in (4);

j) the squared quadratic norm of a stable G

) 7 = o] = T3 = <c6).

Given polynomials a, b and ¢ the linear diophantine equation
(6) ax + by =c¢

has a solution x, y if and only if (a, b)|c. If the equation (6) is solvable it has
an infinite number of solutions.
Let x4, yo be a particular solution of the equation (6) Then

a) the general solution of (6) can be written in the form

™ X=xg—tt, y=yot t

a
@ T e
where ¢ is any arbitrary polynomial;
b) the minimum degree particular solution with respect to x is given unambiguously
as
a
(8) Xy =0, Yy =Yo+ —<u
(a, b)
where v and v are obtained by division x, = b/(a, b)u + v according to (2);
c) the particular solution with degx < deg b is not generally unique and follows
from the solution (8) as
b a
9 Xy =Xy ———1, Y, =y +———1
( ) 2 1 (a} b) Y i (a, b)
provided that degt < deg(a, b). If (a,b) ~ 1 then t = 0 and x, = x, y» = ¥,
are given unambiguously.
Provided moreover deg b > 0, deg @ > 0 in this case we can estimate degrees
of x and y in advance such that
_ _ ydega — 1 if dega + degb > degc
(10) degx = degh — 1, degy = <degc —degb if dega + degh < degec

and the unique particular solutions (8) = (9) can be found by comparison of the
coefficients at the same powers of z~* in (6).
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Now let @, @y, @2, ... be the values of a discrete-time signal at the time instants
0, 7, 21, ..., respectively; r(sec) > 0. We can simply use the causal sequence

2

(“) F=(/)0+4’12_1+(PZZ' + ...

or the corresponding polynomial fraction to describe the signal provided the powers
of z™* in (11) serve as time position-markers only.

If the signal F is applied to a causal, linear, single variable, discrete-time invariant
system the response H = GF where causal G stands for the system response on the
unit impulse signal F; = 1 and can be called the system transfer sequence.

Continuously operating systems subjected to a discrete-time input (11) but being
observed at the discrete instants of time 0, 7, 27, ... only can be analyzed in the same
way.

In this paper given systems and signals are assumed to be described by the minimal
forms of their mathematical models and therefore

" b . . L
(u, b) ~ 1 if G =— Iisa system or signal description .
a

Moreover strict physical realizability of continuously operating controlled systems
is assumed, i.e.
(12) z7H b
b

if G = - isacontrolled system transfer sequence.
a

2. SIMPLE LINEAR DISCRETE-TIME CONTROL SYSTEM

The well-known results ([ 1], [13]) of the conventional single-variable, discrete-time,
linear control system represented by the block diagram in Fig. 1 are mentioned here
to serve for further comparison.

Fig. 1.

Let-a controlled system (continuously operating plant & together with a preceding
data reconstructor #) be described by
b

G=-,(a,b)~1,
a
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and a controller by

m
R=—,(n,m)~1.
n

If a reference signal Wis applied to the feedback system which is affected by a dis-
turbance V simultaneously we can write
Y=GU+V, U=RE and E=W-Y
where all continuous signals are taken in their discrete-time form, the disturbance
moreover being transformed to be additional to the open-loop system output.

1. Closed-loop stability

Closed-loop stability (CLS) is satisfied if

(13) an + bm =1, [stable.
Putting
(14) M = —n; and N = Iﬁ

the equation (13) can be rewritten in the other form
(15) aN + bM = 1
where M and N are stable and N™! causal as

(16) R = MN~! must be causal.

2. Optimal control
Let V = 0 at first and
w=L, p~1.
h
Then the causal optimal controller can be determined to satisfy both the CLS condi-
tion (15) and the control demands in an optimal way.

a) Time optimal control (TOC)

Assuming the given sampling period t the error sequence E must be finite and as
short as possible in this case while the control sequence U must be either stable
(stable TOC) or finite (finite TOC).

a) Stable TOC is satisfied by the controller (16) with

(17) M = . N= X
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where

(18) do

=4 = h_
(a, h) (a, h)

and x, y is the solution of the equation

(19) aghx + b y =f*

with the minimum degree of a causal x.
The error sequence (polynomial)

(20) : E=e=ua, [ x

and the control sequence

(1) U=l
hob*

Stable TOC problem is solvable if and only if h, is stable. The optimal solution,
if it exists, is given under assumption (12) unambiguously.
B) Finite TOC is satisfied by the controller (16) with

y hox
(22) M=, =
A agf*

where a, and h, are given by (18) and x, y is the solution of the equation
(23) aghx + by = f*
with the minimum degree of a causal x.
The error polynomial is given by (20) and the control sequence (polynomial)
(24) U=u=207"y.
ho
The finite TOC problem is solvable if and only if h, ~ 1. The optimal solution is

unique if the condition (12) is valid.

b) Least squares control (LSC)

In this case the squared quadratic norm o = |[E[? of the error sequence E is
required to attain its minimum and the control sequence U to be stable.

The optimal controller (16) is given by

I o hex
b*f*az ™’ b™"f*ag

(23)

where a, and h, are according to (18) and x, y is the solution of the equation
(26) aghx + b~y =b""f*a5 "~

with x causal, deg x < deg b™ .
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The error sequence

(27) AL L
f™Tag"b
the control sequence
() -2l
ag " fT Theb*
and

x\ x
29 o = (V2
() e = {(35) )
LSC problem is solvable if and only if h, is stable. Assuming (12) the optimal
solution is unique.

c) Disturbance effect

The formulations and solutions of the given control problems don’t change at the
presence of a disturbance V # 0. This fact follows from the transformed block
diagram shown in Fig. 2 which is equivalent to Fig. 1.

Fig. 2.

Putting

(30) wo=w-v="_

all the above relations can be used unchanged.

3. CLOSED-LOOP STABILITY AND CAUSALITY OF A SYSTEM
WITH ADDITIONAL CONTROL SIGNAL

If an auxiliary additional control signal U, formed by an additional controller
R, may be applied through a data-reconstructor # to the selected second part &,
of a controlled plant according to Fig. 3 the following relations are valid:

(Bl) Y=GU, +GU,+V, U =RE, Uy=RE and E=W=-Y



where

(32) G:E, (a,b) ~ 1,
a

represents a discrete-time transfer sequence of the whole controlled system (includ-
ing #, ¥, and &),

(33) G =2 (anb)~ 1,
ay

Fig. 3.

a transfer sequence of its second part (including # and &),

(34) Ry =2 (ny,m)~1, and R, =2, (ny mg) ~1,
my

ny
are two controllers transfer sequences.

Provided that dynamic modes of &; and &, cannot be mutually compensated
then generally b, does not divide b but a, | a and we can write a = a,a,.

Theorem 1. A closed-loop system with ACS pictured in Fig. 3 and described by the
relations (31)—(34) is stable and causal (physically realizable) if and only if

(35) R, =MN"' and R, = M,N"!

where M, M, and N are stable sequences which satisfy CLS equation
(36) aN + bl\./l1 + bya M, =1

and N™*! is causal.
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Proof.

1. It will be proved at first that closed-loop system is stable if and only if
(37) Ky = bM | + bya M,

in Y= KyyW+KypV
and

(38) Kyp = aN
in E = KyW +KyeV
where My, M, and N are stable sequences.
a) Only if: Considering (32)—(34) define the controlled system transfer matrix
(39) G =[G G,] =a *[b bya,]

and the controller transfer matrix

R mn -
(40) f= [R;] B [m;n:z] ((n5s 12) nyoma) ™"

where

s and nyy = 2.
(ny, n3) (11, 1)
The right-hand sides of (39) and (40) are left coprime factorization of G and right
coprime factorization of R, respectively ([1], [2], [14]).

Hence closed-loop system pscudocharacteristic polynomial

My =

(41) I = a(ny, ny) nyonye -+ bmynyg + byaymangg
and closed-loop transfer sequences
(42) Ky = (bmynyg + byaymyngo) 171

— -1
Kye = a(ng, ny) nyongel ™.
Denoting

(43) My = mn,l™t, M, = mynl™*
and N = (ny, ny)njohyel ™t

then really Ky,y and Ky have the form (37) and (38), respectively. A system is
stable if and only if its pseudocharacteristic polynomial [ is a stable polynomial.
Therefore M, M, and N are stable too.

b) If: Let us assume that pseudocharacteristic polynomial I = I*17 with I~ ~ 1.
If M, M, and N are stable then according to (43)

Mylayg = ["m,, mynyo =1"m; and ("u "2) Nyghae = 17n
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is necessary. But
(mxnzm Mahyo, (”1: ”z) ”10"20) ~1
and hence I7 ~ 1 must be valid.
Note that the remaining closed-loop transfer scquences
(44) Ky, = =Ky, = aMy, Kyy, = =Ky, = aM,
and
Kyjy = =Kyp = aN
are then stable too.

2. Now using these results we can simply prove the relation (36) since
aN + bMy + bya,M, = (a(ny, ny) nyonye + bmyngg + byaymynge) 171 =
=t=1
and (35) since using (44)

Ry = Ky Kyle = aM,N™'a™! = M,N™*
and
Ry = Kyp,Kyle = aMyN™'a™! = M,N™'.
Obviously causality of N~' is required to ensure causal controllers (35). ad

The equation (36) can be rewritten in the polynomial form (41). Properties and
solutions of such an equation are investigated in the next section.

4. POLYNOMIAL EQUATION ax + by + cv = [ AND ITS SOLUTION

For any polynomials a, b and ¢ we can always find their GCD d = (a, b, ¢) along
with three triplets of polynomials p, . 7; py, q, r; and p,, g3, F, such that

(45) ap + bg + cr=d
(46) ap; + bgy +cr; =0 and ap, + bg, + cry = 0.

Note that d = (q, b, c) can also be considered as the special case of a general
matrix GCD investigated in [1]. The algorithm for the calculation of d and all other
polynomials in (45), (46) is given in the Appendix.

The identities

“7) (a, b, ¢) = ((a, b}, ¢) = {a. (b, ¢)) = ((a, ¢,), b)

are evident.
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Given polynomials a, b, ¢ and [ the linear diophantine equation
(48) ax + by + cv =
is solved by any triplet x, y, v satisfying (48).

Theorem 2. The cquation (48) has a solution if and only if (a, b, ¢) | I.

Proof. Only if: Let x4, Yo, o be a solution of (48) and a = agd, b = bod, ¢ = cod
where d = (a, b, ¢). Then d(aoxq + boyo + ¢obg) = I and consequently d | 1.

If: Let d\ I and I = dl,. Writting (45) multiplied by I, we have apl, + bql, +
+ crly = dly = I and plg, glg, 7y is a solution of (48). O

General solution of the equation (48) is a linear composition of any particular
solution and the general solution of the equation
(49) ax + by +cv=0.

Let us denote
b

a a
P Ay, —= =0, —— b,,
@b " @ (@ b)

b c c
= ¢, and = ¢y

— =b,,
(b, ¢) (a, ¢) (8, ¢)

Obviously
ab, — ba, =0, ac, —ca, =0 and be, —cb, =0;

hence the triplets b,, —a,, 0; ¢,, —a,, 0 and 0, ¢,, —b, represent solutions of (49).
These. solutions are the simplest ones because the polynomials in each triplet are
not mutually divisable. But only two triplets are independent seeing that

b, —ay, O
rankfe, 0 —a,|=2.
0 ¢ —b.

Then the complete general solution of the equation (48) can be written in the form,
e.g.,
(50) X = Xo +. bty + city
Y =Yoo — aly
v = vy — a.t,

where xo, Yo, Vg is a particular solution of (49) and t,, ¢, are any arbitrary polynomials.

If d = {a, b, ¢) and polynomials p, q, r; py, q;, 1, and pa, 4, 7, satisfying (45) to
(46) have been computed the particular solution of (48) can be formed as

(51) Xo=p

]~

I
> y0=qg, Vg =171

i~
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and the general solution is

1

(52) X = pa + pity + Ptz
1

y:q‘—l‘F‘htl + qaty

1
v = ré + 1ty + Faty

with any arbitrary f, 1.

Special solutions of the equation (48) can be found by the suitable choice of #,
and 1, in (50) or (52). The other approach uses the decomposition of the equation
(48) into two equations of the type (6). Searching, e.g., for min deg x solution of (48)
we put .

(53) by + cv=(b,c)s
and
(54) ax + (b, c) s=1.

Hence provided (a, b, c)[ I at first the particular min deg x solution x, s of (54)
can be determined according to (8), (9) or (10). Having x, s we can find general
or a suitable particular solution y, v of the equation (53) which is always solvable.

Three terms in (48) can be conjugated in advance according to our demands,
of course.

Note that a special solution of (48) is not generally unique even in the case
(a, b, ) ~ 1if the requirement is referred to one of polynomials x, y, v only.

One example is given for illustration.

Example. Let us find a) general solution and b) min deg x solution of the equation

(l—zx+z'1+227Yy+z7v=1.
a) Using the GCD algorithm presented in the Appendix we obtain
d=(1—z"%2z"'+2272z7)=1 and p=1, ¢=0, r=1,

pr=-z" gq=1, rn=~3"1 p=z1 ¢,=0, r,=~1+z"1

The given equation is solvable and its general solution can be written according
to (52):

(55) x=1l-z'ty+z2 ', y=t, v=1=-3z"", —(1 -z7Y,
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If the particular solution, e.g., xo = 1 — z7%, yo = —0-5 and vo = 2-5and b, =

=b=z'1+2",¢c,=c=z"1a,=a, =a=1-z"'are determined then
the general solution in the form (50) is
(56) x=1—z"'+z"1+22"Y, + 2771y

y=-05-(1-z"Yy

v=25=(1=z"1,.

I

b) Starting with the general solution (55) any min deg x solution is obviously
with x = 1, deg x = 0, for any arbitrary t; = 1, = 7 in (55). Using the solution (56)
and choosing t; = 0,1, =1 weobtainx =1, y = —0-5and v = 15 + z™!

According to the second approach we can decompose the given equation for

(boe) =

and

M1+ 22"y +z =271

-zx+z7s=1.
The unique min deg x solution of the second equation is found to be x == 1, 5 =
Substituting s = 1 into the first equation its simplest particular solution is y,
vo = 1 and its general solution

I
e

y=yo—t=—t, v=vo+ (1 +2z")r=1+(1+2z7")t for any t.

Then all triplets 1,0, 1; 1, 1, —2z7%; 1, —0-5, 15 4 z~*; ... represent the min deg x
solution of the given equation.

5. TIME OPTIMAL CONTROL WITH ADDITIONAL CONTROL
SIGNAL

Let us return to the system with ACS shown in Fig. 3 and formulate the problem
of TOC in the same way as for simple control. We shall also distinguish stable and
finite TOC with the both control sequences U, and U, either stable or finite, respecti-
vely. The solution is presented and proved in the following theorem.

Theorem 3. Given a discrete-time system with ACS pictured in Fig. 3, described
by the relations (31)—(34) and subjected to the inputs

V=0, w=£, (h, f)~1,
h
then

a) stable TOC is ensured by the controllers (35) where

y v hox
57 M, = , My=-——— and N = .
( ) 1 brf* 2 biaif* aif*
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Here

(58) ag

=%
@i ™ @n
and x, y, v is the solution of the equation

(59) aghx + b~y + byajv = f*
with the minimum degree of a causal x.
The error sequence (polynomial)

(60) E=e=asf x
with
(61) degx < degd~™ where d = (b, b,)
and the control sequences
(62) Ulz%"% and Uzzﬁﬁ:%'

The optimal solution exists if and only if h, is stable. Optimal controllers are
not given unambiguously while the resulting error polynomial (60) is unique.
b) finite TOC is satisfied by the controllers (35) where

(63) My=X M=% and N= X
A I agf*
Here a, and h, are given by (58) and x, y, v is the solution of the equation
(64) aghx + by + byaw = f*
with the minimum degree of a causal x.
The error polynomial is given in the form (60) with
(65) degx < degd
and the control sequences (polynomials) are
(66) U, =Y g v, =SS0
ho ho

The optimal solution exists if and only if h, ~ 1. Optimal controllers are not
given unambiguously but the resulting error is unique.

Proof. Let us write the closed-loop stability equation (36) in the form
(67) aN =1 —bM, — byaM, =1 — d(boM, + byoa,M,) = 1 — dL
where d = (b, b,), b = bod and b, = byod.
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Since M, and M, are required to be stable the sequence
L= byM, + byea,M;
must be stable too. Multiplying both the sides of (67) by W = /[ then

(68) NL =L o L, L =L _a
h h h h h h

with respect to (42), (43). The error sequence is required to be polynomial E = e
and therefore considering (58) the optimal choice of a stable N stands in (57) as well
as in (63). The resulting error has the form (60) where a causal polynomial x is

undetermined till now. It follows from (68) that f — he = dfLmust be a polynomial
too.

a) Hence the optimal choice of L is

s
L= drft
and
f—he=d f"s
or using (60)
(69) aghx +d s=f".

The equation (69) is solvable if and only if (ag h, d~) ~ 1. Since the error polynomial
is required to be as short as possible the min deg x solution x, s of (69) is optimal.
Considering z~! , d~ in accordance with (12) then always deg d~ > 0 and the
min deg x solution of (69) is unique; hence the optimal error is unique too.

But L can be realized in the system structure through M, and M, only in such
a way that the equation

BM,f + bya,M,f = d"f"s

resulting directly from (_68) must be always solvable for any s. The only choice (57)
of stable M and M, ensures this property; in this case the equation

(70) by 4+ byajv=d"s

is obtained which is always solvable. All solutions y, v of (70) are allowed and there-
fore M, and M, as well as the controllers R, and R, are not given unambiguously.
Combining the equations (69) and (70) the only cquation (59) can be written and
solved for min deg x.

The resulting control sequences U, and U, are given by (62). They are stable for
ho ~ hg only. In this case the equation (59) as well as (69) is always solvable because
(agh, b=, b7ar) ~ (ho,d™) ~ L.
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b) The choice (57) of M, and M, does not ensure finite U, and U,. Analyzing (62)
and (68) the only h, ~ 1 is allowed in this case and a stable L must be

L=—.
Then . !
f—he=df"s and
(71) aghx +ds=f".

Provided /1, ~ 1 the equation (71) is always solvable; its unique min deg x solution
X, s must be found.
Substituting L into (68) the equation

M\ f + bya,M,of = df s

is obtained. Since this equation must be always solvable for any s stable M, and M,
are chosen according to (63). The resulting equation is

(712) by + byaw =ds.

General solution y, v of (72) is allowed and therefore M, and M, as well as R, and
R, are not given unambiguously. Combining (71) and (72) the only equation (64)
is obtained.

The control sequences U, and U, are given by the relations (66). [

6. LEAST SQUARES CONTROL WITH ADDITIONAL CONTROL
SIGNAL '

In this case o = ||E|? is required to attain its minimum and both U, and U,
stable. The solution is formulated and proved in the following theorem.

Theorem 4. Given a discrete-time system with ACS shown in Fig. 3 and described
by the relations (31)—(34) with the inputs

y=o, W={—, (hf) ~ 1,
{3

LSC is satisfied by the controllers (35) where

y v
73 My=—o2b M= b
) = e M
and
(74) N = _ hox .
d~"f*a}
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Here a, and h, are given by (58),

(75) d = (b, by)

and x, y, v is the solution of the equation

(76) aghx + b~y + byayjv=d” "f*ag "~
with the causal x, deg x < degd™.

The optimal error sequence has the form

(77) E= ’.:{*‘L_{%x'_': ;
f g
the corresponding control sequences are
(78) (S 3 B A R L ¥ B B— +“‘1f LA
ag “bTd""f""h, ag ~byatd™"f""hy

and the optimal control performance index

x\ x
79 0. ={l—]—) -
(1) e = ((2) )
The optimal solution exists if and only if h, is stable. Optimal controllers are not

given unambiguously while the resulting optimal error sequence is unique.

Proof. Any stable error sequence E = W — Ky yW and o, = [E|* = (EE)
in accordance with (5). Let us denote

(80) : E¥ = W* — Ky, W
where
we=1"
h
Then

E=E"‘)_f_—“~ and EE = E¥E*.

Putting

(81) Ky = bM; + bya,M, = dL
where

(82) d=(bb;) and L= %(le + ba M,)

the equation (80) obtains the form

(83) B E* = W* — dLW*.
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Hence optimal L ensuring og_, must be found. Let us write

(84) EFE* = (W* — dLW™) (W* — dLW*) = (Z — d¥LW*®)(Z — d*LW*)
where a sequence Z simply satisfies the identity (84). Since the identities

(85) ¢l = ¢*¢F = "¢~

are valid for any polynomial ¢ the following relations result from the comparison
of the multiplied terms in (84):

d*Z = dW*, d%Z = dW* and ZZ = W*W*,

Then (84) can be written in the form

(86) ERE* = (ﬂ, WE W) (i we — d*LW*) _
e Fe
d [\ /a o
== F - FLWE\ [V [ Z w* — gxLw*)— = EE,
a* ¢ ) \d*¥ ¢
where
~ N o -
(87) Eo= 3 po _ gn Coppe = ST T I
d¥%c ¢ d~ch I h

with a polynomial ¢ undetermined till now.
The following expansion of the first term in (87) into partial polynomial fractions

A7 _x s

88
(88) d~ch d~  c¢h

results in the equation

(89) chx +d™s=d""f*".
Putting

~ ok
(90) x =2 gy

ch ch

then
(91) Eg =X +—

e
and

o AR
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Tt is proved by Kudera in [1] (pp. 208) that the expression of the form (92) reaches
the minimum value if X = 0 provided x, s represent the particular solution of the
equation (89) with deg x < deg d ™. Using this result o5, stands in (79) and optimal

Emin

N

93 L=

©3) o

Substituting (93) into (83) then
&3 - * T RLT

(94) ot st AT —chx | ex
h d""he™  h d™"he cmd "

where the equation (89) has been used.
In a stable system there is at the same time

¥
(95) B = anwr = oy
ho
The comparison of (95) and (94) resuits in
hoex
apf*c™d™" ’

Hence ¢ = a; must be chosen to ensure stability of N. Then optimal N stands
in (74), optimal error in (77), the equation (89) obtains the form

(96) aghx +d™s =d "f*a; "~

and

o7)

N

dffragT
If Lis substituted into the equation (81) then
(98) d¥*a5~bM, + d*f*ag " bya,M, = ds

Stable M, and M, must be chosen in such a way that the equation (98) is always
solvable for any s. The choice (73) satisfies this requirement seeing that the resulting
equation

(99) by + byajv=4d"s

is always solvable. Combining the equations (99) and (89) the only equation (76)
is obtained.
The control sequences result in (78). They are stable if and only if hy ~ hg. Then
the equation (76) as well as (89) is always solvable since (h, d™) ~ (ho,d”) ~ 1.
The solution with deg x < deg d~ of (89) is unique and identical with min deg x
solution. Hence the error (77) is unique too. Any solution y, v of (99) is allowed and
therefore Ry and R, are not unique. ]
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7. OPTIMAL CONTROL AT THE PRESENCE OF A DISTURBANCE

The cexternal disturbance affecting the system through any part of &, or &,
can be transformed to be
fr

hy

V=

additional 1o the open-loop system output (Fig. 3).
Consequently the block diagram can be transformed in the way used in H.2¢
(Fig. 2) and the only input W, = W — Vconsidered for the design.
Putting
v, -/
h

all the results and relations given by Theorem 3 and 4 are valid unchanged.

R CONCLUSIONS

The natural question whether and when can optimal control be improved by ACS
must be discussed and answered.

Three main conclusions concerning solvability, optimality and additional equip-
ment demands follow from the comparison with a simple control systeni.

L. With regard to solvability of the optimal coutrol problems treated above
it must be said that any optimal contro] problem is not solvable using ACS unless
being solvable in simple control system (and on the contrary).

In the both cases the same condition of solvability is valid, namely

hy ~ hg for stable TOC and LSC

and
he ~ 1 for finite TOC
where
hy = e if G= b and W= !
((1, h) a h

is the overall controlled system and the input transfer sequence, respectively.

2. Let us consider a general control performance index 4 which is minimized
by an optimal solution. The minimal values of 1 attained by one controller R, = R
in a simple control system and by two controllers R;, R, in ACS configuration are
deneted by 2 and Z,, respectively.

Applving ACS we search the optimal pair R, R, among all possible pairs includ-
ing the pairs Ry, 0, i.e., including the simple control configuration.
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Therefore

(100) Ja=min 2 = min (ig.c0 Agaeo) S Mindg,p = 2y .
Ry Ry Ri.R> R

Analyzing the relations presented in Sections 2.5 and 6 we can sce that j, = A i
d™ ~ b~ for stable TOC or LSC solution. and
d ~b for finite TOC solution.

In this case the solution x., v, v with ¢ = 0 of the cquations (59), (64) and (76}
always exists among all their optimal solutions and consequently the pair R, 0
among equivalent optimal R,, R, and therefore ACS cannot bring an effect in opti-
mality. The application of ACS is purposeful if £, < A1 it can come only if

(1o1) d” ~ b~ for stable TOC and LSC, and
(1023 d ~b for finite TOC.

Thus ACS can improve stable TOC or LSC of a non-minimum phase controlled
system G = bfa with b~ containing other unstable factors in addition to z™ 1.

This restriction is not valid for the application of ACS in the case of finite TOC.

3. Additional control signal can be applied in discrete-time control systems almost
without a special technical equipment. If the both transfer sequences R, and R,
are realized by computer programs the only additional data reconstructor J# pre-
ceding a controlled subsystem &, is needed.

Example. The continuous-time controlled subsystems in the block diagram in Fig.
3 are described by their transfer functions (in Laplace transform)
e’ . 1 . L -
FLip)=—, Lip)= —-— and  #(p)= ——.
]( ) P ) (p + 0'5)2 p
Let us find the time optimal as well as least squares optimal error sequence and
the corresponding discrete-time controllers R, and R, if

V=0, W=le—

and the sampling period t = 1 sec. The results will be compared with the simple
control solution.
At first the discrete-time transfer sequences
b 0-1306z (1 + 2:9276z"1) (1 + 02071z )

G = AObe L e7eib- JU T
a (1= =74 (1 — 0:6065z~1)
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and
_ by _ 9-3608:“(] + 0-'_7]652")

G, = lhE U IR )
ay (1 — 06065z~ 1)?
are determined.
Hence
Sr=fr=f=1, hy=1, a5=ay =a, = (1 - 06065z71)?,
ap=ay =1-z71,
b” o=z A1 +29276z7"), by =z"', d=(bby)=d =(b", by)==z"".

1. Solving the stable TOC problem we substitute into the equation (59):
(L—zYx+="0 +29276z" Yy + 21—z v=1.

The min deg x solution is

x=1, y=02546— (1 — 271
and p =1 + 0:7454z71 + z7'(1 4+ 2:9276z7 ') ¢ with an arbitrary f.
The error e = agf "x = 1, deg e = degx = 0.

Putting 1 = 0 the simplest pair of the controllers transfer sequences is according
1o (35) and (57)
o 0254601 — 0606527 1)y g, o (14 07454271 (1~ 0-6065:71)"
0-1306(1 + 02071z 1) 0-3608(1 -+ 0-7165z"")

the control sequences (62) are Uy = R, and U, = R,.
Stable TOC in simple system (R, = 0) solved for the comparison gives the results:
. 0 - 1)2
e=1+z'407454z72, R = 025461 — 060651y
0-1306(1 + 0-2071z7 1) (1 + 271 4+ 07454272
and

U= 0-2546(1 — 0-6065z" ) )
0-1306(1 + 0-2071z" %)
Hence dege = 2 and 4, — 4, = 2.
2. Solving the finite TOC problem the equation (64) has the form
(I ==Y x 4+ 01306z (1 + 2:9276z~ ) (1 + 02071z 1) y +
+ 0-3608(L + 0-7165z "} (1 — z7 v = §
and its min deg x solution
=1, p= 19845 — 0369527 " — 0-3608(1 -+ 0-7165z" ") (1 — =~ ') 7, and
v = 27716 + 0:0674z7* — 0-1132272 +
+ 01306z~ *(1 + 29276z~ "} (1 + 0-2071z"*)t for any f.

The error ¢ = [, dege = 0.
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Choosing t = 0 the controllers transfer sequences
R, = (1-9845 — 0-3695z ") (1 — 0-6065:"')* and
Ry = (27716 + 0-0674z 7" — 0-1132z7 ) (1 — 0-6005z" ') ;

the control sequences U, = Ry and U, = R,.
Finite TOC solved for comparison in the simple system (R, = 0) gives the results:

e=1+z "+ 0781z % 4 01279z %,

R= and U = 1-6148(1 — 0-6005: 1) .

Hence dege = 3 and 4; — 4, =
3. For LSC solution
f*=1, a;” =1 and d 7 =(b.h,) 7 =1 isdetermined.

The equation (76) is identical with the cquation (59) and consequently in this
example LSC solution and stable TOC solution are identical too. The control per-
formace index ¢, = 1. The results of LSC solution in the simple control system are:

29276 + 3927621 + 2:9276z 2 _

E = | 4+ =7 406584272 — 0-2249z73 4 .,
2:9276 + =7 F
Ro (t — 060657y
0-1306(1 + 02071z ') (29276 + 3-9276z"" + 2:9276z72)
and
—_— . '771 2
U = (1~ 06065 1) Do =249
0-1306(1 + 0207tz ') (2:9276 + z )
APPENDIX

The following algorithm produces for three given polynomials a, b, ¢ (not all zero)
their GCD d = (a, b, ¢) together with the other polynomials satisfying the equations
(45) and (46). Tt is the simplified special case of general matrix GCD algorithm given
in [1] and [2].

The algorithm arranges gradually polynomial terms in row matrix K and square
(3 x 3) matrix @ starting with initial

100
K=[a,bc] and Q=|010]|=1I;.
00!
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I. Set K = [a,b,c}and @ = I.

2. Determine the position j of least degree nonzero polynomial in X; je 1,2, 3.
If ali polynomials are zero stop.

3. If j = 1 interchange j-th and the first column of both K and Q.

4. If both the second and the third columns in K are zero stop.

5. Divide the leading coefficient of the first polynomial in K into the leading coeffi-
cients of the second and the third polynomial in K, calling the results g, and u3,
respectively. Subtract the degree of the first polynomial in K from the degree
of the second and the third polynomial in K, calling the results v, and v;, res-
pectively.

6. Subtract pi,z""* times the first column from the second one and pyz™** times
the first column from the third one in both matrices K and Q.

7. Go to 2.

After finishing the algorithm there are
P prD2
K=1[d0,0] and Q= |q g, g,
Fory T,
Example. Let us determine GCD of the polynomials a = | — z7', b=z"" +

+ 227" and ¢ = z™* together with the other polynomials in (45) and (46). Using

the given algorithm we have gradually:

K ]

[1—z%z 2 +2:7%27') J1oo o= =2, py = —1
010 v, = 1, vy= 0
001

[1—2z713:z7%1] 12271 1
01 0
10 1

[f:3z711 —z7] 122741 = 3, py=~—1
(U] 0 v, = 1, vg = |
10 o

[1;0;1] [0 —z°1 1 427! = 0, py= |
0 1 0 v, = 0, v3= 0
I —3z71 z7!

[1;0;0] (1 — 1 z7!
0 1 0
1 —=3z7% —1 4 7!
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Then
d=1; p=1, ¢

I
=]
"
~
|
i

,ogy =1
ro= =31 p=ct g, =0, rp= -1+ 7h

(Received January S, 1982.)
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