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Summary. For an algebraic structure o/ = (A, F,R) or type 7 and a set X of open
formulas of the first order language L(7) we introduce the concept of E-closed subsets of
/. The set €5 (&) of all X-closed subsets forms a complete lattice. Algebraic structures o/,
2B of type 7 are called E-isomorphic if 43 (/) = € (%). Examples of such £-closed subsets
are e.g. subalgebras of an algebra, ideals of a ring, ideals of a lattice, convex subsets of an
ordered or quasiordered set etc. We study S-isomorphic algebraic structures in dependence
on the properties of X.

Keywords: algebraic structure, closure system, subalgebra, ideal, Z-closed subset, -
isomorphic structures
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The concept of an algebraic structure was introduced in [6] and [8]. A type of a
structure is a pair 7 = ({n;; ¢ € I'}, {m;; j € J}), where n; and m; are non-negative
integers. A structure & of type T is a triplet (A, F, R), where A # 0 is a set and
F ={fi;i eI}, R={o;;j € J} are such that for each i € I, j € J, f; is an
n;-ary operation on A and g; is an mj-ary relation on A. Denote by L(7) the first
order language containing operational and relational symbols of type 7, see [6] for
some details. If R = @, the structure (A, F, @) is denoted by (A4, F) and it is called
an algebra. If F = @, the structure (4, @, R) is denoted by (A, R) and it is called a
relational system. A relational system (A, R) is called binary if each ¢; € R is binary;
moreover, (4, R) is said to be antisymmetrical if each p; € R is an antisymmetrical
relation.

Introduce the following concepts: for each v € T', where I' is an index set, let

Gy (1, ..oy Ty Y1y -+ Ysy s 2, fi) De an open formula containing individual variables
T1, +eey Thys Y15 -+ Ys,r 2 and a symbol f; of an n;-ary operation; for each X € A,
where A is an index set, let GA(Z1,...,Zk,,¥1,-- -, ¥sx» 2, 0;) be an open formula
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containing individual variables i, ..., Tky, Y1, - Ysx» 2 and a symbol g; of an
mj-ary relation. Put & = {G,; v € [}U{Gx; A € A}. Theset & = {G,,7 €
I'} U {Ga, X € A} of formulas of language L(7) is called limited if there exist non-
negative integers n, m such that m = max({k,,7 € T} U {kx,A € A}) and m =
max({sy,y € T} U {sx,A € A}). Let & = (A, F,R) be a structure of type 7 and
BCA.

Definition 1. A subset B of & is said to be Z-closed if for each v € T,
A € A and every a1, ..., @k, @y, .. G, € B, by, oo b, b, L b
¢ e A, if Gy(ar,...,ak,,b1,...,bs,,c, f;) is satisfied in & then ¢ € B and if
Ga(ay, ... ay,, by, .., by, ¢, 05) is satisfied in & then ¢’ € B. Denote by %x (&)
the set of all £-closed subsets of 7.

Since the concept of £-closed subsets is defined by the set of universal formulas,
B =(){Bs; 6 € A} is also a E-closed subset of & provided %; has this property for
each 6 € A. We accept also the case B = (. Thus we have

Lemma 1. Let & = (A,F,R) be a structure of type 7 and T a set of open
formulas of the language L(t). Then the set (&) of all £-closed subsets of o
forms a complete lattice with respect to set inclusion with the greatest element A.

Corollary 1. For any &, ¥ and M C A there exists the least E-closed subset
Co (M) containing M.

If M ={a1,...,a,} then we will write briefly Co(M) = Cr(a1,...,an).

If the set ¥ is implicitly known, we will use only the lattice %x:(”) to specify the
closure system; we will use the more familiar notation for ¢5(4) provided it was
introduced in algebra, see the following examples.

Examples.

(1) Let & = (A,<) be an ordered set. Put I' = @, A = {1}, k1 =2, s; = 0 and
% = {G:1}, where G1(z1,72,2,<) is the formula (z1 < z and z < z3). Then the
T-closed subsets of @ are exactly the convez subsets of (4, <).

(2) Let & = (A, F) be an algebra, F = {fi;i€I}. Let A=0,T =1, k; = n;,
si =0fori el Put T = {Gi;ie€ I}, where Gi(z1,...,%n;,2 fi) is the formula
(fi(zs,. .-, %n;) = 2). Then the E-closed subsets of &/ are subalgebras of & = (A, F)
and %z (&) = Sub(&).

(3) Let # = (R,+,.,0) bearing, A =0, ={1,2,3}, ki =2, ko = k3 = 1,
s1 =0, 82 = s3 =1 and T = {G1,G2,G3}, where G is the formula (z; + x5 = 2),
G is the formula (z; -y1 = z) and G3 is the formula (y1 - z; = 2). Then the E-closed
subsets of # are the ideals of Z and € (#) = Id Z, the lattice of all ideals of Z.
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Analogously we can introduce left or right ideals of Z.

(4) Similarly, if & = (L, v, A) isalattice, A =0, T = {1,2}, k1 =2, k2 = 1,5, =0,
sz =1, & = {G),G}, where G, is the formula (z, V 23 = z) and G, is the formula
(1 Ay2 = z), then the L-closed subsets are lattice ideals, i.e. €= (¥) =1d 2.

(5) Let £ = (L,V,A) be a lattice, T = {1,2}, A = {U}, ks = k2 = kp = 2,
81 = 82 = spv =0, & = {G1,Gq,Gr }, where G is the formula (z; V 22 = z), G2
is the formula (z; A z3 = z) and Gy is the formula (z1 A z = 21 and z3 V 2 = 232).
Then the T-closed subsets are the conver sublattices of £.

(6) Analogously, if & = (L, +,.,<) is a Alattice (see 10]), [ = {1,2}, A= {1},
ky =k =k =2, 8 =s; = s =0, £ = {G1,G2,Gv}, where Gy is the formula
(z1 + 22 = 2), Gy is the formula (z; - 22 = 2) and Gy is the formula (z; < z and
2 < z2), then the Z-closed subsets are just the conver subA-lattices of £.

(7) Analogously, if & = (A,V,A,Q) is a g-lattice (see [3]), & = {G1,G2,Gvr},
where G is the formula (z1 Vz; = 2), G2 is the formula (z; Az2 = z) and Gy is the
formula (z;Qz and 2Qz2), then the T-closed subsets are the convez sub-g-lattices
of &

(8) Let & = (A, f) be a monounary algebra, A = ¢, T' = {1}, ky = 2, s, = 0,
% = {G,}, where Gy is the formula (zy # 23 and 72 # 2 and 2 # z; and f(z) = 2
and f*(z) = x, for some non-negative integer k). Then the T-closed subsets are the
conver subsets of the monounary algebra o/ defined in [7].

(9) Example (1) can be generalized as follows: For a binary relational system
& = (A,R) with R = {g;;j € J} we call €x(&) the lattice of conver subsets if
L = {Gj; j € J} and every Gj(z1,22,2) is the formula (z; g; z and z g; z3); we
denote %% (&) by Conv(«).

(10) Examples (5), (6), (7) can be generalized as follows: An algebraic structure
& = (A, F,R) is called a binary algebraic structure if a relational system (4, R) is
binary. Let & be a binary algebraic structure, # = (4, F), & = (A,R), L= U
%, where £; = {G; v € I'} and £; = {G»; A € A}. The lattice €x () is called
the lattice of convex subalgebras of o if €x, (&) = Sub & and 6y, (@) = Conv @h;
%= () is denoted by C Sub &

We can also modify Definition 1 in the sense of the following remark.

Remark 1. The concept of E-closed subsets can be generalized if we consider
term functions instead of fundamental operations in formulas G, of . Indeed,
if € = (G,.,7',¢) is a group, p(z,y) is the term function p(z,y) = yzy~! and
L = {G1,G2,G3,G,4}, where G1(z1, 22, 2, .) is the formula (z1 -z = 2), Ga(z1, 2,7 1)
is the formula (21,7} = 2), Gs(z,€) is the formula (e = 2) and G4(21,71,%,p) is the
formula (p(z1,y1) = 2) then ¥x(¥) is the lattice of normal subgroups of €.
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Similarly, we can also define ideals of an £-group € = (G,.,~,e,V, A), ie. nor-
mal subgroups of the group (G,.,~!,e) which are convex sublattices of the lattice
(G,V,A).

Definition 2. Let &7, & be structures of the same type 7 and let £ be a set
of open formulas of the language L(r). We say that &/, & are T-isomorphic if the
lattices ¥% (@) and %% (%) are isomorphic.

Examples.

(10) Binary relational systems & = (A,R), # = (B, P) of the same type are
called convez isomorphic if Conv @ = Conv #. A special case of this concept is rep-
resented by convex isomorphic ordered sets. They were characterized in [1] and [4].

(11) Binary algebraic structures & = (A, F,R), & = (B, G, P) of the same type
are called convez isomorphic if C Sub& = C Sub . In particular, convex isomor-
phic lattices were characterized in [9] and convex isomorphic g-lattices were charac-
terized in [5].

(12) Let & = (A, F), 8 = (B, F) be two algebras of the same type and %% = Sub,
ie. T-closed subsets are subalgebras. Then &, & are L-isomorphic if Sub&/ =
Sub A.

(13) For rings or lattices, if 45 = Id, then %, %, are T-isomorphic if Id %,
1d %Z,.

R

Definition 3. An algebraic structure & = (4, F,R) is called S-separable i
{a} € €x(&) for each a € A.

=

Definition 4. Let & = (4,F,R), # = (B,F,R) be X-separable structures
of the same type 7 which are Z-isomorphic and let h: (&) — %%(%) be the
isomorphism. The mapping ¢, : A — B defined by the rule {¢x(a)} = h{(a)} is said
to be associated with the isomorphism h.

For M C A we put ¢p(M) = {pn(a),a € M}.

Remark 2. If & is S-separable then €5 (&) is an atomic lattice whose atoms
are exactly the sets {a} for each a € A. Moreover, every isomorphism of atomic
lattices maps atoms onto atoms. Hence, Definition 4 is correct.

Lemma 2. Let & = (A, F,R), # = (B, F,R) be L-separable and L-isomorphic
structures of the same type. Let h: 65 (&) = €x(%) be the isomorphism. Then we
have @4 (Cor (M)) = Ca(pn(M)) for any M C A.

Proof. First, suppose D € €x(&). If a € D, then {a} € D and so {yn(a)} =
h({a}) C h(D), thus »(D) C h(D). Conversely, if b € (D), then {b} C h(D) and
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{07} (b)} = h~1({b}) C D because h is a bijection. Thus {7} (b)} is a singleton and
¢ 1b) € D, i.e. b€ pu(D), giving h(D) C ¢4 (D). So we have

(1) wn(D) = k(D).

Now, let M C A. Since M C Cu(M), we obtain ¢n(M) C ¢n(Caw(M)). Fur-
thermore, @1, (Car(M)) = h(Cw(M)) € c(B) by (1) and s0 Ca(pa(M)) C
@n(Car(M)). On the other hand, let X € ¥5(%) be such that wn(M) C X. Since
h is surjective, there exists Y € %x(&) with h(Y) = @a(Y) = X. It follows that
M C Y and, therefore, Co (M) C Y. Consequently, ¢¥n(Car(M)) € X and we can
see that @n (Car(M)) C Ca(pn(M)). m]

Theorem 1. Let & = (A, F,R), # = (B, F, R) be X-separable structures of the
same type for some limited & = {G.,,v € T} U {Gx,A € A}. Then the following
conditions are equivalent:

(i) @, B are S-isomorphic.

(ii) There exists a bijection g: A — B such that g(Cor(M)) = Cg(g(M)) for any
MCA.

(iii) There exists a bijection g: A — B such that

9(Car(as,...,an)) = Ca(glar),- . 9(an))

for each ay,...,an € A, where n = max({k,,y € T} U {ky, A € A}).

Proof. The condition (ii) follows from (i) by Lemma 2. The implication (i) =
(iii) is trivial. Prove (iii) = (i): Let g be a bijection satisfying (iii). Let h: Exp A —
Exp B be a mapping defined as follows: h(M) = {g(a); a € M} for any M C A.
Since g is a bijection, h is also a bijection. We are going to prove that for any X-closed
subset D of & its image h(D) is a E-closed subset of 9. Suppose D € 65 (/). Let
v€T, Gya1,... Ty, Y15+ Ysyr 5 i) € Z. Let ay,...,a), € h(D), b],...,by,,¢ €
B and let the formula G4 (a,, ..., a,b;,... b, c, f:;) be satisfied in & for eachy € T
(and, analogously, for each A € A, Gy € ). Then ¢’ € Cg(ai,...,a,). Since g is
a bijection there exist @1, ...,@n,b1,...,bm,c € A such that g(a;) = a, g(b;) = b},
g(c) = ¢'. We have ¢ € Cy(ai,...,an) C D according to (iii). Then ¢ € h(D),
hence k(D) € ¥ (%). Analogously we can prove that if k(D) is E-closed in % then
also D is 5-closed in . Thus the restriction of i onto % (/) is the isomorphism
of € (&) onto €x(B). ]

Let & = (A, F, R) be a binary algebraic structure with R = {¢;; j € J} and let
a, b€ A. The set (a,b) = {x € A; apj z and 7 g; b for each j € J} is called an
interval of & determined by the elements a, b.
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Corollary 2 (see Theorem 2.1 in [4]). Two ordered sets o = (A, <), # = (B, <)
are convex isomorphic if and only if there exists a bijection g: A — B such that for
each a, b € A: g({a, b)) = {g(a), g(b)) if a < b and g({a,b}) = {g(a),g(b)} if a || b.

Corollary 3 (see Theorem 1 in [9]). Two lattices £ = (L1,V,A), £(L3, V,A)
are convex isomorphic if and only if there exists a bijection g: L1 — L, such that
g({anbd,avb)) = (g(a) Ag(b),g(a) v g(b)) for each a, b€ A.

The following assertion is evident:

Lemma 3. Let & = (A, F) be an algebra and ¥x(«) = Sub/. Then & is
X-separable if and only if & is idempotent.

Let & = (A,F) be an algebra, a1, ..., a, € A. Denote by [a;,...,a,] the
subalgebra of & generated by the elements a, ..., an.

Corollary 4. Let o, & be idempotent algebras of the same type T = {n;,i € I'}
such that there exists n = max{n;,i € I}. Then Sub & ~ Sub & if and only if there
exists a bijection g: A = B such that g([a1,...,ax]) = [g(a1),. .., g(as)] € Sub B
for any ay, ..., a, € A.

The concept of genomorphism was introduced in [2]: Let & = (4, F), & = (B,G)
be algebras, not necessarily of the same type. A mapping g: A — B is called a
genomorphism, if

a) g is generative, i.e. for each n-ary operation f € F and for each a;, ..., an € A
we have g(f(a1,...,an)) € [9(ar),. .., g(an)],
b) g is congruential, i.e. for each n-ary operation f € F and for each a, ..., an,

day, ..., aj, € A such that g(a}) = g(a:) (i = 1, ..., n) we have g(f(a1,...,aa)) =
9(f(as,....al)).-

A bijective genomorphism is called an isogenomorphism. Evidently, every homo-
morphism is a genomorphism and every injective generative mapping is a genomor-
phism.

Corollary 5. Let &, % be idempotent algebras of the same type T = {n;; i € I}
such that there exists n = max{n;; i € I}. Then Sub &/ = Sub % if and only if
there exists an isogenomorphism of & onto %, such that the inverse mapping is an
isogenomorphism also.

Clearly, any isomorphism and any antiisomorphism of lattices are isogenomor-
phism. Isogenomorphisms of lattices and semilattices were characterized in [11].
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Definition 5. An algebraic structure & = (A, F, R) is called Z-semiseparable
if Co(a) # Cur(b) for each a, b € A with a # b. An element a € A is called a
S-idempotent if Co(a) = {a}. An algebraic structure & is called -semiidempotent
if for each @ # X € 6x{«) there exists a E-idempotent a with a € X.

Remark 3. If & = (A4,F,R) is an algebraic structure and a € A is a ©-
idempotent then a is an idempotent element of the algebra & = (A, F'). The converse
assertion is not valid in general, e.g. if & = (A4, V, A, Q) is a g-lattice where Q is the
induced quasiorder (i.e. aQb if and only if a Vb = bV b). Let & be not a lattice and
%5 (&) = C Sub «/. Then there exist idempotent elements of (A4, V, A) which are not
T-idempotents.

If o is Z-separable then it is also L-semiseparable, but not vice versa. For in-
stance, if & = (A,V,A) is a lattice and €x (o) = Id &, then C(a) is the principal
ideal of &/ generated by an element a and & is E-semiseparable but not X-separable.

Clearly, & is T-separable if and only if each element a € A is a £-idempotent.
Denote by Ts(&/) the set of all E-idempotents of &. If & = (4, F) is an algebra,
and %s(&) = Sub &/, then Tx(&/) is the set of all idempotent elements of &. If
o = (A, <) is an ordered set and ¥x (&) = Conv &, then Tg(&) is the set of all
one-element intervals of A.

Theorem 2. Let o = (A, F,R) be a £-semiseparable algebraic structure.

(1) If Te(&) # @ then 7 = {{z}; z € Tx(o)} is the set of all atoms of the
lattice €x (o).

(2) The lattice €s (&) is atomic if and only if & is S-semiidempotent.

Proof. (1) Denote by At(a”) the set of all atoms of €% (). Clearly, 7 C
At(«/). Suppose P € At(«/) and P ¢ J. Then there exist 21, T2 € P, 21 # 2
such that Cw(z1) € P, Cy(za) C P and Ciy(z1) # Cu(z2), because & is Z-
semiseparable. This contradicts the assumption that P is an atom.

(2) If 5(o) is atomic and @ # X € ¥c(«) then there exists P € At(#) such
that P C X. According to (1) we have P = {«} for some z € Tx(«), thus z € X.
Conversely, let & be X-semiidempotent. If X ¢ At(</), then § # P = {z} C X.
Hence, % (&) is an atomic lattice. [m]

Remark 4. If & is not E-semiseparable then part (1) of Theorem 2 does not
hold. E.g. if & is a g-lattice in Fig. 1, then C Sub & (see Fig. 2) has two atoms but
Te(#) = {1},ie. F = {{1}} is a one-element set.

Similarly, if @ is not Z-semiseparable then part (2) or Theorem 2 does not
hold. E.g. if & is a g-lattice in Fig. 3 then C'Sub & in Fig. 4 is atomic but not
Z-semiidempotent.
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1
{1} {0,a}
0 a
0
Fig. 1 Fig. 2
1 b A
{0,a} {1,6}
0 a
0
Fig. 3 Fig. 4

Remark 5. If &, % are L-semiseparable and E-semiidempotent algebraic
structures which are S-isomorphic, then %5 (&), (%) are atomic lattices accord-
ing to Theorem 2 and At(&) = {{z}; z € Te(#)}, A(B) = {{v}; v € T=(B)}
are the sets of all atoms in %x (&), €= (%B), respectively. Since every isomorphism of
atomic lattices maps atoms onto atoms, there exists a bijection ¢ : Tx (&) — Tx(8)
defined by the rule {ts(z)} = h({z}) for each z € Tx(%), where h is the isomor-
phism of 65 (&) onto €x(8).

Clearly, if & is a E-separable algebraic structure then it is also £-semiidempotent,
but not vice versa. Furthermore, if & is I-semiidempotent then & need not be
E-semiseparable. For instance, let & = (Z,+,.) be the ring of all integers and
$5(&) = Id /. Then & is S-semiidempotent (any ideal of & contains zero, the
only E-idempotent), but & is not L-semiseparable (e.g. Cor(2) = Cy(—2)), thus it
is not X-separable.

Let & = (A,V,A) be a lattice without the least element and %x(&/) = Id &/
Then & is E-semiseparable but it is not Z-semiidempotent.

Let & = (A,V, A, Q) be a g-lattice which is not a lattice and %z (/) = C Sub &.
Then & is neither X-semiseparable nor ¥-semiidempotent.

Theorem 3. Let & = (A, R) be a binary relational structure, R = {0;; j € J},
A = J and for each j € J let the formula G; be of the form (z1 ¢; z and 2 g; z2)-
The following conditions are equivalent:

(i) & is E-separable,

(ii) & is E-semiseparable,

(iil) & is antisymmetrical.
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Proof. The implication (i) = (ii) is evident. Let & be T-semiseparable, a ¢; b
and b g; a for some a, b € A, ¢j € R. Then b € C(a), ie. Co(b) C Cor(a) and
a € Cy(b), ie. Cor(a) C Cor(b), thus Cr(a) = Cr (b) and so @ = b. Hence we have
(i1) = (ii).

Prove (iii) = (i): Let a be an arbitrary element of A and suppose b € C(a).
Then a ¢; b and b ¢; a for each ¢; € R and so a = b because g; is antisymmetrical.
Hence Cor(a) = {a} and & is L-separable. [m]

Corollary 6. Let & = (A, R), % = (B, P) be antisymmetrical binary relational
systems of the same type. Then </, % are convex isomorphic if and only if there
exists a bijection g: A — B such that

(*) 9(Cw(a, b)) = Ca(g(a),g(b)) for eacha,b€ 4,

A binary algebraic structure @ = (A, F, R) is called antisymmetrical if (A, R) is
antisymmetrical, and it is called idempotent if (A, F) is an idempotent algebra.

Corollary 7. Let & = (A, F,R), 8 = (B, G, P) be antisymmetrical idempotent
algebraic structures of the same type. Then &, B are convex isomorphic if and only
if there exists a bijection g: A — B which satisfies the condition (%).

Definition 6. Let o = (A, F, R) be an algebraic structure of type 7, let £ be
a set of open formulas of the language L(7). By a graph Grg(#) of & we mean a
pair (65(), H), where the elements of %5 (&) form the vertez set and (X,Y) € H
for X,Y € ¢x(«) if and only if X NY # 0.

Theorem 4. Let @/, % be algebraic structures of type T and let £ be a set of
open formulas of the language L(7). Then (1) implies (2). If, moreover, &/, & are
Y-separable then the conditions (1), (2) are equivalent, where:

(1) 6x(o) =~ 65(B);

(2) Grg (&) ~ Grg(8).

Proof. Let hbe anisomorphism of € (&) onto €5 (%) and let X, Y € €x(o)
be such that X NY # 0. Since X NY € %x(&), we have h(X NY) € %x(#) and,
clearly, (X NY) # 0. As h is an isomorphism, we have (X NY) = A(X)NA(Y) # 0.
On the other hand, if A(X)NA(Y) # 0, then A(X NY) # B, hence X NY # §. Thus
XY # 0 if and only if h(X) N h(Y) # @ and so h is the isomorphism of graphs
Gl")j(ﬂ) and Gry (.93)

Now, let @, 2 be T-separable and let g be an isomorphism of the graphs Grs (&),
Grs(%). We will show that g is the isomorphism of the lattices %5 (%) and 6 (%)
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as well. Suppose X,Y € (&), X CY and a € g(X). Since & is I-separable,
we have {a} € ¥x(). Furthermore, {a} N g(X) # @, hence g~'({a}) N X # 0.
As X C Y, weget g7 ({a})NY # 0 and so {a} N g(Y) # 0. Thus a € g(¥) and,
consequently, 9(X) € g(Y). Similarly we can prove that the inclusion g(X) C g(Y)
implies X C Y. (m]

Let o = (A, F, R) be an algebraic structure and # an equivalence on A. We call
9 a congruence of o if it is a congruence of the algebra (4, F).

Definition 7. Let o = (A, F, R) be an algebraic structure of type 7, let ¥ be
a set of open formulas of the language L(r) and 8 € Con&. If X € ¥x(&), a € X,
b € [a)s imply b € X for each a, b € A and every X of €x(«), then & is called
T-coherent with respect to 6.

Theorem 5. Let & = (A, F,R) be an algebraic structure of type 7, let £ be
a limited set of open formulas of the language L(7) and 8 € Con/. Let & be
S-coherent with respect to 8. Then & and &/ /6 are T-isomorphic.

Proof. Let us define a mapping h: 5 (%) — Exp(#//6) as follows: h(B) =@
and h(X) = {[alo;a € X} for X # 0. Since & is Z-coherent, h is clearly
an injection. We will prove that h is an isomorphism of €% (<) onto 6x(<//6).
Let D € %x(&), let v € T, where G,(z1,...,%k,,¥1,--,Vs,,2, fi) is the for-
mula of £. Let [ai]g, ..., [ak,]o € h(D), [ba]s, ..., [bs,]o, [cle € @//6 and
let Gy([atls, .-, [ak,la,[b1lo,- .-+ [Bs,]o, [clo-fi) be satisfied in «//6. Then [c]y €
Corso([ar]e,- -, [an)e) € Ge(//0) and c € Cr(as, ..., as) € D wheren = max({ky;
v e T}uU {kx; A € A}), because & is T-coherent. Hence [clg € h{D). Analogously it
can be done for A € A and the formula Gy, i.e. (D) is E-closed in &/ /8. Analogously
we can prove that if k(D) is L-closed in & /6 then D is E-closed in &, i.e. h is the
isomorphism of ¥ (#) onto €x (< /6). [m]

Remark 6. Theorem 2 and 3 in [5] are consequences of Theorem 5 applied to
g-lattices.

Let & = (A, F,R) be an algebraic structure f type 7, let £ be a set of open
formulas of the language L(7). Let us define a binary relation 65 on A as follows:
z8zy if and only if C(z) = Cx(y). This equivalence need not be a congruence
of o/. For instance, if 2° = (Z,+,.,0) is the ring of integers and 6x(Z%) = [d &,
then e.g. 2052, 305 — 3 but not (2 + 3)0s(2 + (—3)). However, if & = (4,V,A)
is a g-lattice and %x (/) = CSub &, then 6z € Con &, if this g-lattice & is not
a lattice, then fg # w (the least congruence on ). Evidently, s = w for every
T-semiseparable structure &/. Generally, we have
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Theorem 6. If 0y, is a congruence on &, then & is L-coherent with respect to 8sx.

Proof. Let X € ¥x(#), a € X and b € [alp;. Since fx € Con#, b € [a]s,
implies [blex = [asg, i.e. Car(a) = Cor(b). However, a € X and X € €x(&) imply
Cu(a) C X, thus also b € X = [a]s,, i.e. & is E-coherent with respect to . O
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