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Summary. The aim of the paper is to extend the notion of stratifiability from the category
Top of topological spaces to the category CFT of [Chang] fuzzy topological spaces and to
develop the corresponding theory.

Keywords: fuzzy topology, stratifiability, stratifiable fuzzy space
AMS classification: 54A40, 54E20

0. INTRODUCTION

The notion of a stratifiable topological space first appeared (implicitly) in Ceder’s
paper [4] and later was defined explicitly and studied carefully by Borges [1]. The
class of stratifiable topological spaces has many valuable properties. In particular,
it is countably multiplicative and hereditary; it is preserved by closed mappings;
the adjunction space of two stratifiable spaces is. stratifiable itself. The class of
stratifiable spaces “does not differ too much” from the class of metrizable spaces
and is one of the most important classes of the so called generalized metric spaces
(see e.g. [4], [2], [19], [13], [15]). In addition, stratifiable spaces are convenient for
the use of tools and methods of homotopy topology (see e.g. (3], [20]). Finally, we
should like to emphasize that the definition of a stratifiable topological space does
not essentially rely on the notion of a point (unlike the definition of a metric space),
which is an important advantage as regards the prospects of extending this concept
to the fuzzy case and to study it in fuzzy setting.

The aim of the paper is to extend the notion of stratifiability from the category
Top of topological spaces to the category CFT of [Chang] fuzzy topological spaces
[5] and to develop the corresponding theory. As is shown in Section 2 this extension
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is good in Lowen’s sense. The obtained theory of stratifiable fuzzy topological spaces
is more or less similar to its classical prototype. However, the technique developed
here in the proofs of the results differs rather essentially from the one which was
applied in the crisp case.

We use here the standard terminology and notation accepted in fuzzy topology
(see e.g. [5], [14], [18], [‘24]) In particular, the term “a fuzzy (topological) space” is’
always used in Chang’s sense (see e.g. [5]).

If A is a fuzzy subset of a set X (i.e. A € IX, where I := [0, 1]), then A€ :=1-A
is its complement; if A is a family of fuzzy subsets of X' (i.e. A C 1), then A€ :=
{A€: A € A}. We identify a crisp subset A of X with its characteristic function
A: X — Z (:= {0,1}). The intersection AA U where A C X and U € IX will be
often denoted by U4.

* The closure-of a fuzzy set M € I " in a fuzzy topological space (X, T) is denoted by
M. We 'usually' use letters U, V and W to denote open fuzzy sets in the corresponding
fuzzy space (X, 7). (When speaking about fuzvy topologlcal spacea we often omit
the word “topological”). ’

1. DEFINITION AND BASIC PROPERTIES

(1.1) Definition. A fuzzy topological space (X, T) is called stratifiable if to every
U € T one can assign a sequence of fuzzy sets U, € T (i.e. U — (Up)nen) in such a
way that :

1 o U, <UforallneN;
(2) P VU,. =U;
@B . | UKV (VET)impliesUp Vi forallne N.

(1.2) Remark: Since AV B = AV B for arbitrary A, B € IX, without loss of
generality one can assume that in a stratifiable fuzzy space (X, 7) the stratification
U — (Un)neN is increasing, i.e. the following additional condition is fulfilled:

- (4) - : Unp €Upyy forallneN.

(1.3) Examples.
(a) Let X be a set and T= ,X Then the fuzzy space (X T)is stratifiable.

(b) Let X be a set and T = (0,1]X U {0,1}. Noticing that all fuzzy sets from
(0,1)X are clopen, it is easy to conclude that the fuzzy space (X, T) is stratifiable.
-(c) If (X, T) is a stratifiable topological space, then the fuzzy space {X,wT). where
w.is Lowen’s functor [12], is stratifiable, too (see Section 2 for the details).
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It is easy to establish the following.

(1.4) Proposition. Let (X,T) be a stratifiable fuzzy space and (A, T4) its sub-
space (where A C X). Then (A, T#) is stratifiable, too.

When studiyng the properties of fuzzy stratifiable spaces it is sometimes convenient
to use their alternative characterization contained in Proposition 1.6 below (cf. [4]).
However, to formulate it we need

(1.5) Definition. A collection A of ordered pairs V = (V!,V?) € T x IX is
called a fuzzy pair-base of a fuzzy space (X,7) if for each U € T there exists a
subcollection N’ C A such that U = V{V!: V € N’} = V{V*:V € A'}. A
collection N C 7 x IX is called cushioned if \/{V1: V € N’} < \V{V2: V € N} for
every N/ C N. A pair-base N which is a union of a countable number of cushioned
collections is called o-cushioned.

(1.6). Proposition. A fuzzy space (X, 'T) is stratifiable iff it has a o-cushioned
fuzzy pair-base. :

Proof. Let N = UN be a a—cushloned palr—base of a fuzzy space (X, 7).

For every U € T let U,, =V{vi:V e /V,.,V2 U}. It is easy to notice that
U — (Un)neN is really a stratification in (X, 7). B

Conversely, assume that (X, T) is stratifiable and let U — (U,,),,GN be a stratifi-
cation. For every N € Nlet N, = {U = (Un,U): U € T}. It is easy to verify that
for each n € N the family A, is cushioned, and hence | JN, = A is a o-cushioned
pair-base of (X, 7). o ( - 0

(1.7) Theorem. The product X of a countable number of stratlﬁable fuzzy spaces.
Xi, 1 € N, is stratifiable, too. ‘

Proof. For every i € N fix a o-cushioned pair-base N; = JN¥ in X;
3

where each N is cushioned. Since the union of two cushioned families is obvi-
ously cushionded itself,-without loss of generality we may assume that N} ¢ N}*!
for all i, k € N. Consider the family of pau‘s of fuzzy subsets of X deﬁued as
follows: N* = {V = (V! = p.'(U’ YALARRIUER,VE = a7 (UTH A

Pl (UEY)): (U”‘ U“’)E k j=1,...,m; meN}, and let N = JN*. Arou—-‘
tine venﬁcatlon shows that N is a fuzzy palr-base in the product space X. Besides,
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if M* C N'*, then
VvV e My = \/{pr'UM) A A pR!(UsF): V € M*)
= (VT ' (Uh): Ve MED A A (\Apm' Un*): V € MF))
<V 0 %) : Ve MY AL A\ {pn' (Un*): V € MF})
<(Vi'(Uih): Ve MipA... A (VPR UZ): 7 € MHY)
= \/{V?: V e M*},

i.e. every N* is cushioned. Thus N = |JN?* is a o-cushioned pair-base and hence

E
the fuzzy space X is stratifiable. (]

In the rest of this section we establish some properties of stratifiable fuzzy spaces;
these properties will be repeatedly used in the sequel.

(1.8) Proposition. Let (X,T) be a stratifiable fuzzy space, UeT and AeT".
Then there exists Uy € T such that U4 < U and AAU < <Ua <UVA.
Moreover, the sets Us can be chosen in such a way that if U < V and A < B, then
Ua < Vg (hereV€T,BeT°)

Proof. LetUA—V(U,./\(l-—(AC),.) It is obvious that Uy U, U4 € T and

ifUSLV,ALBEeT", then Ua < VB.

To show the inequality A A U < U, assume that (A V U)(z) > Ua(z) for some
z € X. Then one can choose € < 0 satisfying U(z) — € > Ua(z) and n € N such
that Un(z) > U(z) — €. Since the inequality (A°€), < A¢ implies 1 — (A°),, > A, we
obtain U, A (1 = (A)n)(z) > Ua(z) and this contradicts the definition of U.

To show the inequality U4 < U V A assume that U 4(z) > (U V A)(z) for some
z € X. Then one can choose ¢ > 0 satisfying

(1) | Ua(z)> A(z) +¢
and ng € N such that A°(z) < (A%)a,(z) + € and hence
(2 * A(z) + £ > 1 - (A%, (2).

Since without loss of generality we may assume that the stratification is increasing,
the inequality 1 — (A%)s < 1 — (A°)n, holds for every n > no and hence V (Un A

o ) ngno
(1= (A%),) < 1= (A%n,. Therefore, applying (2) we conclude that

® V U,.A(l—(l'*')») < 1= (4%, < A(z) +e.

n3ng

172



On the other hand,

(4) V Us A(1=(@)n) = \ (Ua A1 = (A)a).

ngno ngno

Combining the inequalities (1), (3) and (4) we get.

Ta(z) =/ Un A (1= (@0))

=\ U,.A(l-(z—),,)(x)v( V UA( = (&)=

n<no n2ng

<(UV(A+e)(e) < U(2)
The contradiction completes the proof. O

(1.9) Corollary. Let (X,T) be a stratifiable fuzzy space, U € T, A € T° and
A < U. Then there exists Uy € T such that A < Uy < Ua < U. Moreover, the
sets U4 can be chosen in such a way that if U <V and A < B, then U A < Vg (here
VeT,BeT¢, BLV).

(1.10) Proposition. In a stratifiable space (X, T) there exists a stratlﬁcatlon
U — (Un)neN such that U, < Up4i forallU € T andn € N.

Proof. Let U — (Un)nen be a stratification in (X, 7). By induction we shall
define a new stratification U — (U}, JneN with the required properties.

Forevery U € T let U = Ubl, and let Uy "= Ua, where A, = U:.;V—UT Notice
first that U} ,; < (Uns1 VUR)AU = A, A U < U. Moreover, taking into account
that 7, 1 = U, < U and assuming that U,, < U for some n € N-we conclude that

A, € U, and hence Un+1 = U, < U by (1.9). Now it is easy to see that \/ U, = U.

Futhermore, according to (1.9) the inequality A, < Ua, = U}, holds and hence
U, <U, +1- To complete the proof one has to notice only that from (1.9) it follows
also that U < V implies U, < V;] for every n € N. O

(1.11) Proposition. Let (X,T) be a stratifiable fuzzy space, let (A, T4) be its
closed fuzzy subspace and UA — (pn(U4))nen a stratification in (A, T4) (where
U €T and UA = U AA). Then there exists an extension of this stratification to
(X, T), i.e. a stratification U — (<p,.(U)),.e~ in (X ’T) sucb tbat )

(8) pu(U) A A = pa(UA) aind =

(b) pn(U) A A = on(U4).

Moreover, such extensions can be done consistently in the sense that
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(c) ifU <V and ¢, (UA) < ¥,(VA) for all n € N, then ¢n(U) € ¥,(V) for all
n € N, too.

(Here V€ T, VA = VAA, VA = (¥,(VA))neN is a stratification in (A, T4) and
V — (¥n(V))neN is its extension to (X,T).)

Proof. TakeU €7 and let U — (U,)nen be its stratification in (X, 7). One
can easily check that U4® Vv ¢, (U4) € T and therefore we may define a fuzzy set
@on(U) € T as follows: ¢, (U) = (UA%), v (UA" Vv en(U4))zay- We shall show
that U — (¢n (U ))neN is a stratification with the required properties.

The inequality go,,(U ) < U follows easily from (1.9). Applying (1.8) one gets
the inequality ¢n(U) > (U“c \ go,.(UA))%(UA) > pa(UA). 1t is easy to notice
also that U = \/ ¢u(U). In addition, Proposition (1.8) allows also to conclude that
UgV implie; en(U) € ¢n(V), n € N, and hence U — (¢n(U))nen is indeed
a stratification. To check the property (a) notice first that by Proposition (1.8),
(PaU)* = (U‘c Von(UN)omgm AN S (UAVea(UM) AA = pn(UA) < (UAV
en(UA )gmmay S < (pa(U))4, and hence (¢n(U))? = @, (UA). Since A is closed,
en(U4) < on(U) A A. Applying (1.8) once again, we have

a0 = (U v (UXV 0a(U4))ulUP) < UA V007

and therefore p,(U) A A = p,(UA), i.e. (b) holds. The third condition follows
immediately from the definition of ¢, (U) and the last statement of Proposition (1.8)
a

(1.12) Corollary. Let (X, T) be a stratifiable fuzzy space and (A, T*) its closed
subspace. If UA — ((U4)n)neN is a stratification in (A, T4) (where U € T, UA =
U A A), then there exists a stratification U — (Upn)neN in (X, T) such that for all
UeT,neN

(@ Wa)* = (U4,
(%) '(Un)" = (UA)n.

Concluding this section let us notice that Corollary 1.9 implies also the following
assertion: |

(1.13) Corollary. Every stratifiable fuzzy space is normal.
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STRATIFIABILITY IN ToP anp CFT

It is obvious that a topological space (X, T') is stratifiable (in Borges’ sense [1]) iff
(X, T) considered as a fuzzy topological space is stratifiable (in the sense of Defini-
tion 1.1). Less evident is Theorem 2.3 stating the invariance of stratifiability under
Lowen’s functor w: Top — CFT [12]. However, before formulating this fact exactly
we need to specify the use of the term “a stratifiable topological space”.

By a stratifiable topological space we understand a topological space (X,T) in
which to every U € T a sequence (Un)neN C T can be assigned in such a way that
(1) Un C U for every n € N; (2) UUn = U, and (3) if U C V then U, C V, for

every n € N. This differs from the grigina] Borges’ definition [1] (see also [4]) in one
respect. Namely, the original definition of a stratifiable topological space contains
an additional requirement that (X,T) is a T)-space. Here we omit this requirement
to make the definition consistent with our concept of stratifiability in fuzzy setting.
Notice, however, that the condition T}, being omitted in the definition of a stratifiable
topological space, does not essentially influence the corresponding theory developed
in [1}, [2], [4] e.a.

In this section the closure operator in a topological space (X,T) is denoted by
“~” and the closure operator in the corresponding fuzzy topological space (X,wT')
by “” ”. (wT is the set of all lower semicontinuous functions from (X, T) into 1.)
The following statement can be easily verified (and probably is well-known).

(2.1) Assertion. Let (X,T) be a topological space, AC X, a« € I and U = aA.
Then U = aA.

(2.2) Theorem. A topological space (X, T) is stratifiable iff the associated fuzzy
topological space (X,wT) is stratifiable.

Proof. Let atopological space (X, T) be stratifiable; without loss of generality
we may assume that its stratification U — (U,.),.EJN is increasing, i.e. Up C Upsr
for each U € T and each n € N [1). Take U € wT, and for every k =0, 1, ...,
2™ — 1, m € N consider an open in (X,T) set U5™ = U~'(k -2-™, 1], and let
U¥™ — (U¥™)n € N be its stratification in (X,T) Denote U¥ = k-27" - U™ and
let Up = Ulv...VUZ". 1t is obvious that \/ U, = U. Applying(2.1) and noticing that

n

Ukn = Ut we get UF = k-27".T," < k-27"-URR, < (2k)-2-(n+D).y2hnt =
U2, < U and therefore U, = UL V...V UZ" < U. Besides, from the construction
it is obvious that U < V implies U, < V, for every n € N. Thus U — (Up)nen is
indeed a stratification in (X,wT). : ‘
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Conversely, let a fuzzy space (X,wT) be stratifiable. Take U € T'; then U € wT
and therefore we can consider its stratification U — (Un)neN in (X,wT). We shall
show that U — (U} )neN, where U}, = U;1(3, 1], is a stratification in (X, T). Notice
first that YU, = U(U;'(3,1) = (VU,.)-'l 1) =U"'(3,1] = U. In order to

n n n

prove the inclusion ‘(7' C U consider the fuzzy set V, = ( 3)U} and notice that by
Assertion 2.1, V,, = (1)-U}. Since the set V,71(0, 1] is ohviously closed in (X, T) and
Vo < Un we can conclude now that T, = V,71(0,1] < (0.)~1(0,1] C U~1(0,1] =

To complete the proof notice that if Uc V(U V € T), then U, < V, and hence
U, C V,, too. a

(2.3) Corollary. The definition of stratifiability of a fuzzy space is a good exten-
sion (in Lowen’s sense [12]) of stratifiability of a topological space.

3. CLOSED IMAGES OF STARATIFIABLE FUZZY SPACES

The aim of this section is to prove that the class of stratifiable fuzzy spaces is pre-
served by closed continuous mappings (Theorem 3.6). However, at the beginning we
state some elementary (and probably well-known) facts about images and preimages:

(3.1) Assertion. If f: X — Y is a surjection, then f(f~'(B)) = B for each
Bel¥.

(3.2) Assertion. If f: X — Y is a surjection and A = f~!(B) for some B € 1Y
(i.e. if A is a full preimage), then A = f~1(f(A)).

(3.3) Assertion. Let f X — Y be a surjection and A = f~1(f(A)). Then
f(A%) = (F(4))°.

(3.4) Assertion. If f: X — Y is a mapping and A € IX, then f(A°) > (f(A))°.

In accordance with the terminology of general topology a continuous mapping
f X — Y of fuzzy spaces will be called closed if for every closed fuzzy set A of X
the image f(A) is a closed fuzzy set in Y. It is easy to notice that a continuous
mapping f: X — Y is closed iff f(B) = f(B) for each B € IX.

(3 5) Lemma. Let X, Y be fuzzy spaces, let f: X — Y be a closed surjection
and A= f~( !A)) € IX. Then for every open neighborhood U of A in X the fuzzy
set 1 — 1 — f(U) is an open neighborhood of f(A) in Y.
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Proof. By (3.3) we have f(U°) < f(A°) = ( f(A))°. On the other hand, (3.4)
implies f(U°) > (f(U))¢ and since f is closed we get (f(U))° < f(U*). Combining
the two inequalities we conclude that f(A) <1 - (F(O))-. a

(3.6) Theorem. If f: X — Y is a closed surjection, where X, Y are {uzzy spaces
and X is stratifiable, then Y is stratifiable, too.

Proof. For each open fuzzy set V of Y define a stratification V — (V)nen as
follows.

Let U = f~'(V) and let U — (Un)nen be a stratification in X. Then
F Y (f(U,)) = Aqn is a closed fuzzy set in X. We shall show that V. = (Va)neN
where V, =1 - (f(Ua,)) isa stratiﬁcation in X.

Notice first that by (3.2), V, = 1 - (f(Ua.))* € 1=(f(Ua.))° = f(UA ) =
f(Ua.) < f(U) =V, i.e. the condition (1) of Definition 1.1. is fulfilled. Since (3.5)
implies that f(A,) < Vj, to verify the second condition of Definition 1.1 it suffices
to check that V < V f(A,). However, this is true, because applying (-3.2) we get

V f(An) = f(V An) = f(V f71(f(Un))) 2 f(VUs) = f(U) = V. Finally, if V, V'
are open fuzzy sets in Y and V < V’, then obviously U = f~}(V) S U’ = f~1(V)
and hence U, < U, and A, < A, for all n € N. Applying (1.9) we conclude that

Ua, €U}, and hence f(Ua,) < f(U}, ). This means that V, < V. O

4. ADJUNCTION SPACES

(4.1) Definition. Let (X, Tx) and (Y, Ty ) be fuzzy topological spaces, A4 a closed
(crisp) subspace of X and f: A — Y a continuous mapping. Let g be the equivalence
relation on the discrete sum X @Y the only nontrivial classes of equivalence of which
are f~1(y)U {y} where y € Y. The quotient set X ®Y/¢ endowed with the quotient
fuzzy topology (see e.g. [6] or [14]) will be denoted by XuysY and called a (fuzzy)
adjunction space (cf. [7]).

Leti: X - X@Y,e: Y — X@Y be the natural embeddings, ¢: X®Y — XU,;Y
the natural quotient mapping, and let h := goi: X — XU, Y, k:=goe: Y — XU,Y.
It is routine to prove the following lemma, the topological version of which is well-
known:

(4.2) Lemma. A fuzzy set V € IXY/Y .is open in X U Y iff h~}(V) € Tx and
k=Y(V) € Ty. A fuzzy set B € I’“‘!" is closed in XU;Y iff h= I(B) € T% and
k=(B) € Ty.
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(4.3) Lemma. IfV € IY and U € I, then
(a) A=Y (k(V)) = f~1(V);

(b) k=1 (h(V)) = f(U4);

(0) h=1(W(U)) = U v (£71(F(UA)).

Proof. (a)Ifz € A, then h-}(k(V))(z) = k(V)(h(z)) = Vf(z) = F1(V)(z);
if z € X\A, then A~ (k(V))(z) = f~Y(V)(2) =

(b) If y € f(A), then k=1 (h(V))(y) = h(V)(k(y)) sup{U(z): z € h~'(k(v))}
sup{U(z): = E 1)} = fUA)y); if y € Y\f(A) then k~'(h(V))(v)
f(U*) () =

(c) b~ 1(h(:r:)) # 0 for every z € X and therefore h=1(h(U))(z) = h(U(k(z))) =
sup{U(z'): 2’ € h™'(h(z))} = U(z) V (sup{UA(z"): 2’ € f~'(f(=)}) = (UV
FHAUAN(=). o

I

(4.4) Theorem. Let (X,7x) and (Y,Ty) be stratifiable fuzzy spaces, (A,74) a
closed subspace of X and f: A — Y a continuous mapping. Then the adjunction
fuzzy space (X U Y, o) is stratifiable, too.

Proof. For a fuzzy set W € g let U = k™Y (W), V = k~}(W) and U2 =
U A A. Then according to (4.2) U € Tx, V € Ty and UA € TA. Consider the
stratification V — (Vp)nen in Y and let the fuzzy set U2 € IX be defined by
UM (x) = fF~1(Va)(z) if z € A and (U2)(z) = 0 otherwise. It is easy to see
that U4 — (U2)neN is a stratification in (A4, 74). Applying (1.12) we can extend
this stratification to a stratification U — (Un)neN in (X, 7x) with the following
properties:

(a) UnANA=UY;

(b) TUn AA =UZ;

(c) if W < W', then U, < Uj,.
(Obviously we must distingnish here in notation between U, A A and UA.)

Let W, = h(U,) V k(V,). We shall show that W — (W, ),en is indeed a stratifi-
cation in (X U;Y,0). '

- Notice first that according to Lemma 4.3 h~}(W,,) = A= (h(U,)) vV A=} (k(V,)) =
UnV Y (fUn AAYV F7H(Va) = Un VY F(UR)) VUL = Up € Ty and k~Y(W,) =
k™Y (h(Un)) V k=1 (k(Va)) = fF(UA)YV V, =V, € Ty, and hence W, € 0.

To show that W, < Wilet P = h(ff-,,) v k(Vn); since, obviously, W, < P <
W, it is sufficient to show that P is closed in X U Y, i.e. (according to (4.2))
that h~%P) € T§ and k~1(P) € 7. Applying Lemma 4.3 we get h-}(P) =
h“(h(U,.))vh“‘(k(V )= TV IOV (Va) =T VIt\(Va) € 7% and
EN(P) = k- (W(Ta) VB K(Ta)) = SUR VT = Vi €T,
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To complete the proof it is sufficient to notice that \/ W,, = W and that if W ¢ W',

then U € U’ and V < V' and therefore also W,, = ;;(U,,) VE(Va) KW, =h(U)V
k(V,). a

5. Fuzzy SPACES DOMINATED BY STRATIFIABLE ONES

Extending the notion of topological domination to the category of fuzzy spaces we
come to

(5.1) Definition. Let (X,7T) be a fuzzy space and S = {(X,,7;): 7 € T} a

family of its closed fuzzy subspaces such that |J X, = X. The space (X,7T) is
. ver
dominated by S if for every I' C T satisfying {J X, = X and every U € IX we
yer/
have Ue T iff UNX, €T, forally € I".

(5.2) Remark. Itis obvious that a fuzzy space (X, T) is dominated by a family

of closed fuzzy subspaces & = {(Xy,7Ty): v € '} such that |J X, = X if and only
Y€l

if for every IV C T satisfying |J Xy = X and every A € IX we have A € T¢ iff
yer’
AANX, €T for every y € T.

The main result of this section is Theorem 5.7 stating that a fuzzy space dominated

by a family of closed stratifiable fuzzy subspaces is stratifiable itself. We start with
some auxiliary lemmas.

(5.3) Lemma. Let a fuzzy space (X,T) be dominated by a pair of its closed
fuzzy subspaces {(X1,Th),(X2,72)}. Then for all Uy € Ty and U, € T; we have
Uy ANU; < 1-—(1—U1VU2)

Proof. Take U;, Uy € T such that Uy = U; A X, and Uz = 172 A X3. To prove
the lemma it is sufficient to show that 1 —U; VU, < 1-U, AU, or, equivalently, that
U1/\U2 Uy VU, If z € X; N X3, then (U1 /\Uz)(z) (U1/\U2(z) (U‘VUQ)(E)
if z € Xi\Xj, i,j € {1,2}, i # j, then (U; AU;)(z) < Ui(z) = Ui(z) = (Us V Uj)(2).

a

(5.4) Lemma. Let (X;,7;) and (X2,T2) be closed fuzzy subspaces of a fuzzy
space (X,T), Uy € T, and U, € T. Then U; A (X\X3) < 1= (1 -U; VUD,) and
Ua A(X\X1 <1 -(1=-UyVU,y).

Proof follows easily from the obvious fact that U; A (X \Xz) €T and Ua A
(X\X1) € Ta. . ..o
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(5~5) Lemma. Let a fuzzy space (X, T) be dominated by a pair of its closed fuzzy
subspaces {(X1, 1), (X2, 2)}. If (X1,71) and X,,T;) are stratifiable, then (X,T)
is stratifiable, too.

Proof. Take a fuzzy set U € T and let U/ — (Uj)neN be a stratification of
Ui =UAX;jin (X;,T;),j =1,2. Let U, = 1 — (1= U} V UZ); we shall show that
U — (Un)neN thus obtained is a stratification in (X, 7).

Notice first that 1 — (T— U3 vV UZ) < UL V U2 and therefore Un < Us VU <
U'vU? = U. (Since Xj (j = 1,2) is closed, the closures of U] in X; and in X
coincide.) '

The inequality \/ U, < U is obvious and hence to check the second :condition

n

of Definition 1.1 we have only to show that \/U, > U. If z € X; N X,, then by

Lemma 5. 3'(v Un)(z) > V(U‘ AU2)(z) = (U AU?)(2) = U(z). If z € X;\X;,

i#tiiJe {1 2}, then app]ymg Lemma 5.4 we get Ui(z) = Ui A (X\X;)(z) <

(l — (1= U} VU2))(z) = Un(z) and hence (V Un)(z) > (V U3)(z) = Ui(z) = U(=).
n n

Furthermore, it is obvious that U < V implies U, < V, and hence U — (Un)nenN

is indeed a stratification in (X, 7). O

We shall need also the following statement the validity of which follows easily from

(5.2):

(5.6) Lemma. If a fuzzy space (X,T) is diminated by a family of its closed
subspaces {(Xy,T,): ¥ €T} and A" € IX for all y €T, then \/ A7 =\ A7,
v v

(5.7) Theorem. A fuzzy space (X, T) is stratifiable iff it is dominated by a family
of its closed stratifiable fuzzy subspaces.

Proof. The part “only if” is obvious. Conversely, assume that a fuzzy space
(X,T) is dominated by a family S = {(X,,7,): v € T} of its closed stratifiable
subspaces. Consider a subfamily C, C S and let Co = U{X,: (X,,T;) € Ca}. Let
0o be the fuzzy topology on C, induced by 7. Consider the set £ of all pairs (Cq, Sa)
such that (Ca,0,) is stratifiable and S, is one of its stratifications. We introduce
the order on £ by letting (Ca, Sa) < (Cs, Sp) iff Co C Cp and for all U? € g5, n €N,
the fqloo?ving two conditions hold: p

W UEAC.=(UPACE (<UD,
() 5 UpACa—(UﬁACa),, (=T 7y

(when wrmng V“ — (V“),, we mean a stratnﬁcatlon of V®in (Ca, Ua))
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The assumptions of the Zorn Lemma hold for (£, <). Indeed, let {(Ca, Sa): @ € A}
be a linearly ordered subset of £ and let Cs = |J Co. For U? € o5 let Uf =

a€A
V (UPAC,)Z. According to Lemma5.6, T = V (UP ACa)g = V (UPACL)E =
a€A a€A
V U, < V U®=UP. Furthermore, vuﬂ =V(V (UPACL)2) = v (VW) =
a€A a€A n a€A aECA

V U® = UP. Finally, UP < VP obVlously implies US < V2. Therefore U? —
atA o
(U8)neN is a stratification in (Cp, 0p); we denote this stratification by Ss. Since

every Cy is a closed fuzzy subset of (X, T') (see (5.6)), it is easy to see that Sy satisfies
(*) and () and hence (Cg, Sg) is the least upper bound of {(Cqa,Sa): @ € A}.

According to the Zorn Lemma there exists a maximal element (Co, So) in €. To
complete the proof we have only to show that Co = X, where Co = J{X,: (X,,T;) €
Co}. .

Suppose that Cy # X. Then there exists (X5, 75) € S such that X; ¢ Co. Let
C1 = CoUX; and let o and oy be the induced fuzzy topologies on the sets Cp and Cj,
respectively. Obviously, Co and Xj are closed subsets of C) and moreover, (Cy,01)
is dominated by the family {(Co,00),(Xs,7s)}. Therefore by Lemma 5.5 the fuzzy
space (C1,01) is stratifiable and hence by (1.12) there exists a stratlﬁcatlon S (U -
(UNnen) in (Cy,01) such that UL A Co = (U! A Co)? and Un ACo = (UTACo).
This means that (Co, So) < (C1, S1),(Co, So) # (C1,S1), i.e. (Co, Sp) is not maximal.
~ This contradiction proves that Co = X and hence (X, T) is stratifiable. (]

6. A FUNCTIONAL CHARACTERIZATION OF STRATIFIABLE FUZZY SPACES

The fuzzy unit interval F(I) was defined by B. Hutton in [9]; in the same paper
a characterization of normal fuzzy spaces by means of mappings into F(I) was ob-
tained. This result can be considered as the fuzzy version of the famous Urysohn
Lemma. (In fact, Hutton [9] defines a more general concept of the L-fuzzy unit inter-
val, where L is a bounded lattice with order reversing involution; and uses notation -
I(L) for it. The notation F(I) was first used. in [16] and corresponds to Hutton’s
I(I). For the terminology concerning the fuzzy unit interval the reader is refered
to [9] (see also [8] or [16])). Later the fuzzy unit interval was used for the study of
fuzzy uniform spaces [10], completely regular fuzzy spaces [10], [25], and some other
concepts of fuzzy topology. It is the aim of this section to study the mappings of a
stratifiable fuzzy space into F(I) and to get a characterization of stratifiable fuzzy
spaces by means of mappings into F (I )- ‘

(6.1) Theorem. Let (X,T) be a stratifiable fuzzy space. Then with eacb pau'
(A,U) € T¢ x T, where A < U, a continuous function (fay :=) f: X — F(I)
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can be associated such that A(z) < f(z)(17) < f(z)(0%) < U(z) for every z € X.
Moreover, this association can be done in such a coordinated way that if (B,V) €
TxT,BSV,A<BandU<V,then fgyv < fau-

Proof. Let a pair (A,U) € T¢ x T such that A < U be fixed. To construct
the function f(:= fa,u) let Up = U and U; = Uswhere U, is defined according
to (1. 9) Applying (1.9) again let us set U 1 = (Uo)y,. As the result we have
U1 U1 Uy < UL Up. Further, applymg (1.9) again, let us set Uy = (Uo)u1

and U 3= (U 1)g,- Continuing this process by induction (which is analogous to that
used in the proof of the Urysohn Lemma (see e.g. [11]; cf. also the proof ot the Fuzzy
Urysohn Lemma [9])), for each dyadic rational number r € I a fuzzy set U, will
be constructed in such a way that if r; < r3, where ry, 75 € I are dyadic rational
numbers, then U,, < U,,.

Let D denote the set of all dyadic rational numbers of I. For each t € I let
Ui = sup{U,: s > t,s € D). It is clear that if {,s € ] and ¢ < s, then U, < Us.
Finally, let Uy = 1for t < 0, and let U; = 0 for t > 1.

Define a function f: X — F(I) by the equality f(z)(t) = Ui(z). To show that
this function has the required properties notice first that A(z) < Ua(z) = Ui(z) =
f(z)(1) = f(z)(17) < f(2)(0%) < f(2)(0) = Uo(z) = U(z) for each z € X. Further,
to show the continity of f let g,, Ay be the elements of the standard subbase of the
fuzzy topology on F(I) (i.e. a,b € R and g4(z) = 2(a*), Mo(2) = 1-2(b7), 2 € F(I)
(see [9])- 1f a € [0,1), then f~'(ea)(x) = eaf(z) = f(=)(a*) = sup f(2)(s) =
V Us(z) and hence f~'(ga) € 7. If a < 0, then f~!(ga) =1 € T, and if A 2 1

s$>a
then f~1(ga) = 0 € 7. On the other hand, if b € (0, 1), then f~ 1) (z) = M f(z) =

1-f(z)(b7) = l—mff(:c)(s) =1- /\ Us(z) =1- /\ U,(x) and hence f~1(X;) € 7.

Finally, if b < 0, then f~1(};) = O e ’T and if b > 1 then f~1(A)) =1 € 7. Thus
the preimages of all elements of the standard subbase of F(I) are open in X and
hence f is continuous. ’

The last statement of the theorem follows easily from the above construction and
from (1 9) which asserts that if (A,U), (B,V)€T°xT, A< Band U <V, then
Ua <€ : a

(6.2) Theore_m. A fuzzy topological space (X,T) is stratifiable iff to each U € T
a continuous mapping fu X — F(I) satisfying fy(z)(17) = U°(z) (z € X) can
be assigned in such a coordinated way that if U <V € T, then fu < fv.

Proof. Assuming that (X,7) is stratifiable, take U € T and let U — (Upn)nen

be the corresponding stratification. Let A = U° and W, = (U Un)S; then obviously
A= \Wa.

182



We define a family of open fuzzy sets {V;: t € [0, 1)} as folloows. Applying Propo-
sition 1.8 and starting from the fuzzy set V; = Wp we set Vy = (Vo)a A Wy,
Vi =Wy, V3 = (NaaWs, Vy = M)y, Vy = My, Wy = Wy,
Vi = (V%)A A W3, and so on. Continuing this process by induction (which is anal-
ogous to that used in the proof of the Urysohn Lemma [9]; see also the proof of the
previous theorem), for each dyadic rational number r € [0, 1) a fuzzy set V, € T will
be constructed in such a way that if r; < rz, then V,, < V;,. Patterned after the .
proof of (6.1) a fuzzy set V; € T can be now defined for each ¢ € [0, 1) in such a way
that s < t (s,t € [0, 1)) implies V; < V,. Define a function fy(=: f): X — F(I) by
the equality

LI

Vi(z), iftelo,1);
f(z)@) =4 1, ift <0
0, ift>1
To show that the function f thus obtained has the required properties notice first
that A(z) = |r<1fl' Vi(z) = nét; f(z)(s) = f(z)(17) for each =z € X.
3 ]

To verify the continuity of f, consider first @ € [0,1) and b € (0,1]. Then

f~H(ea)(®) = ea(f(2)) = flz)(a*) = sup f(z)(s) = 'V Us(z) and f~'(M)(z) =
1—-f(z)(b")=1- mff(z)(s) =1- /\ U (z)=1- /\ U,(z). Further, ifa < 0,
then f~(gs) = 1, if @ > 1, then f~ l(g.,) =0;if b < 0 then f~1(Xs) = 0 and if
b > 1, then f~'(A)) = 1. Thus f~!(g,) € 7 and f~!(X;) € T for all a, b € R
and hence f is continuous. Finally from (1.8) and our construction it is clear that if

< V(V €T), then fu < fv.

Conversely, assume that (X, T) is a fuzzy space and with each U € T a continuous
function (fu = : )f: X — F(I) satisfying f(z)(1~) = U°(z) is associated in such a
way that U < V implies fy < fv.

For a fuzzy set U € T let a sequence (Up)neN be defined where U, = f“l(A(l_%)).
To verify that U — (Un)neN is indeed a stratification in (X, 7') notice that

(1) V Ua(2) =V £ (Aq-1))(=)
=V -se@)((1-3)") =1 - 100 = vy

Unte) = £ 0 )@ = 1- ) ((1- 1)) '
(2) <=1 ((1-2)") = 1- a1
< l“f"l('\(x--l-))(lf) '

and hence U,,  Un41 < U and, finally,
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3 since U < V implies fy < fv, it is clear that U, < V, for each n € N. ]
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