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Summary. Existence, uniqueness and regularity of mild solutions to semilinear non-
autonomous stochastic parabolic equations with locally lipschitzian nonlinear terms is in-
vestigated. The adopted approach is based on the factorization method due to Da Prato,
Kwapieni and Zabczyk.
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0. INTRODUCTION AND PRELIMINARIES

In their seminal paper [7] G. Da Prato and J. Zabczyk proved that any mild
solution of a stochastic semilinear evolution equation

dé = AEdt + f(t,€)dt + g(t, &) dw, £(0) =&

in a Hilbert space H has almost surely continuous sample paths in H under minimal
restrictions: A is an infinitesimal generator of a strongly continuous semigroup, §o
measurable and independent with an infinite-dimensional Brownian motion w, f and
g Lipschitz continuous on H. The result is not only important by itself, providing
an answer to a problem opened for a long time, but maybe even more significant is
its proof, based on the factorization method, introduced in the paper [5] to solve the
same problem for linear equations. In [5] the method was also modified for sectorial
operators A and the continuity of paths in some interpolation spaces between H and
Dom(A) was established.

This text stemmed out from my effort to understand the strength of the factor-
ization technique. It turned out that we can extend Da Prato and Zabczyk’s results
in three ways:
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(i) Non-autonomous problems of the form
d§ = A()€dt + f(¢,€) dt + (¢, ) dw

will be considered; in particular, we replace semigroups in the definition of a mild
solution by two-parameter evolution systems.

(ii) In the parabolic case, we will establish existence and regularity of solutions
to equations whose nonlinear terms are defined and lipschitzian only on a Banach
space E embedded continuously into H. Such a problem has been thouroughly
investigated if the noise is additive, i.e. for the diffusion coefficient g constant, but"
we aim at treating the case of a state-dependent noise.

(iii) We will prove existence of (possibly exploding) solutions to equations the
coefficients of which are Lipschitz only on bounded sets in E.

The theorems presented here are anything but suprising and some of them may
be even known (at least in the autonomous case). I find it interesting, nonetheless,
that all the results can be infered in a unified manner, based on the factorization
method and various local uniqueness statements.

In order to be able to state our results let us introduce some notation and assump-
tions which will be used in the sequel.

(A) Let (2;F,(Ft),P) be a stochastic basis, H,Y real separable Hilbert spaces, w(t) a
Y -valued (possibly cylindrical) Wiener process with a covarince operator Q € L(Y),
Q@20

Hereafter £(V, Z) denotes the space of all continuous linear operators from a Ba-
nach space V into a Banach space Z; if there is a danger of confusion, we will denote
its norm by ||.|lv=z. If G € L(Y, H), then we set ||G[[2Q = tr{GQG"}, that is, ||G||q
is the Hilbert-Schmidt norm of the operator GQ'/2. If (V,||.||.) is a Banach space,
r > 1, then ||.||-,« stands for the norm in the space L"(Q; V) of V-valued Bochner r-
integrable functions. In the particular case V' = R, however, we will use the notation
|-|r- The space of A\-Holder continuous V-valued functions on a metric space U will
be denoted by C*(U; V), C(U; V) will stand for the space of continuous V-valued
functions.

Now let us make precise the meaning of the notion of an evolution system. Setting
A(T) = {(s,t) € [0,T],s < t}, we say that an operator-valued function U on A(T)
is an evolution system (or an abstract fundamental solution) provided the following
hypothesis is fulfilled:

(E) Let U: A(T) — L(H) be a mapping such that
(i) Vs €[0,7] U(s,8)=1;
(ii) Vs, t,u e [O,T], s<u<gt, UuwU(u,s)=U(t,s);
(iii) Ve € H U(.,.)z: A(T) — H is continuous.
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Occasionally we will use the notation ||U|l = sup{||U(t, s)|,(s,t) € A(T)}. Let
A(t): Dom(A(t)) — H be closed linear operators in H. If

D\U(t,s)v = A(t)U(t,s)v, D2U(t,s)v = =U(t,s)A(s)v

for 0 < s <t < T and any v € Z, where Z is a linear subspace conta.med in
each Dom(A(t)), then we say that U is an evolution system for {A(t),0 < ¢t < T}
(with a regularity subspace Z). We denote by D U, D2U the derivatives of U(. y)
with respect to the first and second variable, respectively. Let us note that any
Co-semigroup is a particular case of an evolution system satisfying (E).

If one supposes that some “parabolicity” assumptions are fulfilled for the operators
{A(t)}+e[o,7), then much more regular evolution systems can be constructed. We
summarize the assumptions we will use in the following hypothesis.

(P) 1) A(t): Dom(A(t)) — H, 0 <t < T, are closed densely defined operators

and Dom(A(t)) = Dom(A(0)),0 <t <
2) 3M 2 1VXeC,ReX >0, Vt €0, T] /\I A(t) is invertible and

107 = A0) I < T
3) 3L* >0 3p0€]0,1] Vs, t,7€[0,T)
IEA() - AEAT) ™ < L = sl
4) Va €]0,1] 3La>0 Vte [0,T] Yz € Dom((—A(0))%)
Dom((=A(1))*) = Dom((~A(0))°),
and
L3 (= A©0)72l] < l(~A@)* ] < Lall(~A(0) "]

As is well known (see e.g. [27], Th. 5.6.1), under the assumptions (P1)-(P3) there
exists a unique evolution system U: A(T) — L(H) such that

(0.1) : W@ s<C, 0<s<tLT,
U(.,s) € C'(Js,T;£(H)), 0<s<T, DiU(t,s)= A(t)U(t,s), and

C
(0.2) IAOUEIN < 7=, 0<s<t<T;
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U(t,.)z € C*([0,t[;H), 0<t<T, z€ Dom(A(0)), and

(0.3) DyU(t,s)z = =U(t,8)A(s)z, 0<s<t<T;

(0.4) lIA@QU(t, )A(s)7'I S C, 0<s<t<T,

for some constant C' (which may differ in various estimates). The assumption (P2)
also implies that the fractional powers (—A(t))*, a € R, are well defined, hence (P4)
makes sense. Set Hqy(t) = Dom((—A(t))*) and endow H,(t) with the graph norm.
The assumption (P4) is weaker than the supposition

(0.5) [Ha(t), Hp(t)], = Ha(l—e)+ﬂg(t)a 0<a<fB<g, ¢€]0,1], t€[0,T]

where [., ], denotes the usual complex interpolation functor. (Indeed, H;(t) = H,(0)
by (P1), Ho(t) = H,0 < t < T, and (P3) implies the existence of a constant L; > 0
such that

LTHIAO)=]l < A®t)2]l < Lil|A0)<]]

for any z € H1(0) and t € [0,T).) Theorem 3.3 in [1] states that (0.5) is valid (for
any o, 3 € R,a < B) provided

(0.6) Vt€[0,7] >0 sup ]||(—A(t))”||H_.H < o0.

TE|—¢€,¢

The estimate (0.6) holds, in particular, for self-adjoint operators A(t); in that case,
however, (P4) can be proved directly (cf. [13], Th. 1.3). Other conditions for the
validity of (0.6) will be mentioned in Example 6.1.

It should be remarked that if an operator A: Dom(A) — H gives rise to an
analytic semigroup on H, then the operator A — BI satisfies (P) for some § € R.

For simplicity we set Hy = Ho(0), (|z||« = ||(—A(0))*z||. (Sometimes we will use
the symbols Hy, ||.||o for the original space H and its norm, respectively.)

In [31], Th. 2, it is established that under (P1)-(P3) one has

WU, )| etp(s)~ oty SClE—slP~%, 0K B ag L,

NU(t+v,8) = Ut 8)llp(s)~Ha(0) S C¥P7%, 0< @ < A L.

Since we assume in (P4) that the spaces H, are independent of ¢ we get three useful
estimates (which are well-known for analytic semigroups, cf. e.g. [27], Th. 2.6.13 or

[14], Th. 1.4.3):

Cy

(0.7) MU ) o= a, < —sp—=
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for0<s<t<T,0<a<y<1;
(0.8) U, 8) = I||Hopemrts < C(t — )°

for 6 € [0,1], « €]0,1 — §[; and

(0.9) ' sup{||U(t, 8)||sr,— 143 (5, t) € A(T)} < C§ < 00,

0 < 6 < 1. If (0.5) holds, then these estimates can be easily derived by interpolation.
Indeed, let us realize that (0.2) means ||U (¢, s)||Ho—a, < C(t—s)~!, which together
with (0.1) implies

“U(t>s)“[”m”o]u*’[ﬂo,lll]y = “U(t?s)”flo—’”u < C(t - S)_“,
p €]0,1[. By (0.4), ||U(t, s)||#r,—~n, < C, hence
“U(tY s)“[HD)Hl]a"'[Hﬂ 1Hl]o = “U(t’ s)“”a"’”(l—u)u-{-u s C(t - s)—#(l_a)

for a €]0,1[. If ¥ €]e, 1] then one can set p = (y — a)/(1 — a) to obtain (0.7).
Further, one obviously has ||U(t,s) — I||p—u < C. Fix 8 € [0,1{ and = € Hy, then

U, $)z — 2|l = || /: DoU(t, 1)z dr”e = [ UL, r)A(r)z dr”a |

- | / t(—A(O))“U(t, ) A(r)z drn < / t Co(t — )~ || A(r)z|| dr

< const. (t — 5)1?||z||;

by (0.3) and (0.7), that is
WU(t,s) = |t —m, SCt—3)'"% 0<s<tgT.
Using again the complex interpolation, we obtain (0 < 3 < 1)
WU, 5) = ittt il 1o Hol = Ut 8) = Il frmHon < C(t = 5)1 797,

Now let 6§ € [0,1[, @ €]0,1 — [ be arbitrary, set 3 = a+ 6, § = §/(a + 8), and (0.8)
follows. The formulae (0.1) and (0.4) show that U(.,.) is bounded on A(T') as an
L(H)- and L(H)-valued function, respectively, so (0.5) implies the validity of (0.9)
as well. '

Finally, let us note that by [2] (Th. 7.2 and Remark 9.1), U(t, s) restricted to Hs
is an evolution system in Hs if 0 < 6 < g, where g is the constant which appears in
(P3). Hence, in particular,
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(0.10) }in:”U(t,s)x —z|ls=0, z€Hs;, 6<o.

The paper is organized as follows. In the next section, we state the main theorems.
In Section 2 we quote four auxiliary propositions which will be needed frequently in
the sequel. Section 3 is devoted to proofs of maximal inequalities for stochastic con-
volutions. Section 4 contains the proofs of theorems on mild solutions to semilinear
stochastic evolution equations with globally Lipschitz continuous nonlinearities; in
Section 5 the case of locally lipschitzian nonlinearities is treated. In the sixth section
two illustrative examples are discussed.

Acknowledgement. B. Maslowski and 1. Vrkot read various drafts of this paper
and offered valuable comments.

1. MAIN RESULTS
First, we can state the maximal inequality

Theorem 1.1. Let the assumptions (A) and (P) be fulfilled. Let p > 2, 6 €
[0,1- %[ Let ¢: [0,T] x @ — £(Y, H) be an (F;)-adapted measurable stochastic
process such that

E/OT l[¥(s)l12, ds < oo.
Then . r
e sup | [ vt o) auto)]) < ce [ Iwiol as

0<tgT
where C depends only on p,6,T and U. Moreover, the process

/0 U(., 5)9(s) duw(s)

has a modification with almost all sample paths A\-Holder continuous in Hs with any

Aef0,5 -5 -4l

Note that the assumptions of the theorem imply fOT E{l%(s)lI3 ds < oo, hence the
stochastic integral investigated is well defined. The proof of Theorem 1.1 (which is
presented in the third section) yields also the estimate

ILJo U(t, s)¥(s) dw(s) — Jy U(r, s)i(s) du(s)s )

E(
0gr,t<T |t =r]?

' T
<CO)E / ()|, ds
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forany p> 2,6 € [0,% - },[, A €]0, -;— - :-, — 6[, with a constant C()) dependent only
on p,T,8, A and U.

Further, tracing the proof of Theorem 1.1 one can check easily that it is not
necessary to use the consequences of (P) if 6 = 0, hence we have also

Theorem 1.2. Let the assumptions (A) and (E) be fulfilled. Let p > 2. Let 1:
[0,T] x @ — L(Y, H) be an (F;)-adapted measurablem stochastic process such that

T
E/o lv(s)lG ds < oo.

Then
e sup || [ Uit swis aute)|” < cE /OT ()l ds,

0T

where C' depends only on p,T and ||U||e. Moreover, the process

/0 U(., 8)¥(s) dw(s)

has a modification with almost all sample paths continuous in H.

Now, let us turn to the problem of solvability of the semilinear stochastic evolution
equation

(1.2) dz(t) = [A(t)z(t) + f(t, z(t))] dt + o(t, z(t)) dw(?),
(1.3) 2(0) = ¢, |
in H, where the operators A(t) give rise to an evolution system U in H satisfying

(E), and the nonlinear terms f, o are defined on appropriate subspaces of H and are
in a sense regular compared with A(t). About the initial condition ¢ let us assume

(1) Let p: Q — H be an Fo-measurable random variable.

Definition 1.1. An H-valued (F;)-adapted measurable stochastic process {z(t),
0 < t < T} is called a mild solution to the problem (1.2), (1.3) on [0, 7], if

(i) almost surely, f(¢,z(t)) and o(¢,z(t)) are well defined for almost all ¢t € [0, T]
and

T T
(1.4) | /0 [1£(s,2(s))|lo ds < oo, /0 ||¢r(s,x(s))|]2q ds < oo;
(ii) for any ¢ € [0,7] the equality
(1.5) z(t) = U(t,0)p+ /{; U(t,s)f(s,z(s))ds + /0. U(t, s)o(s,z(s)) dw(s)
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holds almost surely.
Note that the assumption (1.4) implies the existence of the integrals in (1.5).
First, let us adopt the following hypothesis.

(Ls) Let 6 € [0,3[, let f: [0, TIxHs — H, 0: [0,T]x Hs — L(Y, H) be measurable
mappings such that

3K, K* <o Vz,y€ Hs Vte[0,T)
”.f(t7 z) - f(t’ y)“ﬂ + HO'(t, :L') - U(t, y)”Q < K“z - y”51

172, 2o + llo(t, z)llg < K™ (1 + [l2lls).

Then the theorem on the existence of mild solutions reads as follows. (Recall that
@ > 0 is the parameter introduced in the assumption (P3).)

Theorem 1.3. Let the assumptions (A), (P), (I), (Ls) be fulfilled. Then there
exists a mild solution of the problem (1.2), (1.3). Moreover:

(i) The mild solution is unique — up to a modification — within the class of stochas-
tic processes with sample paths in L2([0,T), H;).

(ii) Let ¢ be Hq-valued almost surely for some a € [0, 3[. Then the mild solution
has a modification = such that z(.,w) € ([0, T] Hg) N C**([a,T); H,) for almost
every w € Q for any a > 0 »€[0,3[, A €[0,1 - [, and B € [0, 0. If, moreover,
a < g, then z(.,w) € C([0,T); H,) almost surely

(iii) If p € LP(Q; Ha), p 2 2, a € [0, 6], then z € C(J0,T); LP(R2; Hs)) and

sup 7=z (t)]lp,s < C(1+ [|#llp,a)-

<tg
Furthermore, x € C([0,T]; LP(Q; Hp)) N C%#([a, T); LP(S2; Hy)) for any a > 0, p €
[0, —6[, and B€ [0, Ifa < g, then z € C([0, T]; LP(; H,)) as well.
(iv) If, moreover, p > 2 and ¢ € LP(S; Hy), then for arbitrary v € [0, 1 — —[ 7 <
one has

| suplle(0)l] < C* 1+ llell).
ogtLT

For any vy € [0,(3 - —) A §[, = belongs to the space LP(Q;C([0,T); Hy)); the same
assertion holds for y = 6 provided § < (3 — —) Ao.
The constants C* and Ct depend only on K*, T, p, 6, and U.

Remark. If the assumption (Ls) is fulfilled, then (Ly) holds for any 9 > §, thus
we may replace § by an arbitrary ¥ € [6, 2[ in all statements of Theorem 1.3.
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As in the case of Theorem 1.1, one can easily observe that no regularity of the
evolution system is needed if § = 0. So we will virtually prove also the following
theorem.

Theorem 1.4. Let the assumptions (A), (E), (I), (Lo) be fulfilled. Then there
exists a mild solution of the equation (1.2), (1.3), which is unique —up to a modifi-
cation — within the class of stochastic processes with sample paths in L2([0,T], H).
This mild solution has a modification  such that z(.,w) € C([0,T]; H) almost surely.
If o€ LP(Q; H), p> 2, then z € C([0,T); LP(Q; H)) and

sup_[1z(D)lp.0 < C*(1+ [llly,0)

\t\

with a constant C* which depends only on K*, T, p, and ||U]|| -
If, moreover, p > 2 then z € LP(Q;C([0,T); H)) and

sup_[lz(t)llo| < CH(1+(|#llp,0)
0gtgT P

for a constant Ct which depends only on the same set of parameters as C*.

The next step consists in weakening the quite restrictive global Lipschitz continuity
assumption (Ls). We will assume that the nonlinear terms in (1.2) are lipschitzian
only on bounded sets, that is, we adopt the following hypothesis:

(LLs) Let 6 € [0,%[, let f: [0, T)x Hs — H, o: [0,T] x Hs — L(Y, H) be measur-
able functions and

VN eN. 3Ky <oo Vt€e([0,T] Vz,y€ Hs, ||||s,||lylls < N

I7(t, =) = £t »)llo + llo(t, @) — o(t, v)llq < Knllz — ylls.

Hitherto, we could work with solutions which were defined on the whole (a priori
fixed) interval [0,7]. It is well-known that even for ordinary differential equations
the local lipschitzianity of the right-hand side of the equation is not sufficient for the
existence of global solutions, so we have to generalize our concept of solution (cf. e.g.
[26], Def. 34.4).

Definition 1.2. A pair (z,¢), where € is a ]0,T]-valued stopping time and
{z(t),0 < t < €} an (F;)-adapted Hs-valued measurable stochastic process, is called
a local mild solution to (1.2), (1.3) in H; with an ezplosion time ¢ provided

(a) limsup ||z(¢,w)|| = 400 on the set {w;e(w) < T};
t—e(w)
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(b) there exists a sequence {e(™)}5%; of stopping times growing to ¢ such that

e (w ' ™ (w)
/0 7 (t, 2(t, w))llo dt < oo, /0 llo(t, z(t, w))|I% dt < oo

for any n € N almost surely,
(c) for any t € [0,T] and every n € N the equality

tAet™)
2(t Ae®) = Ut A e™, 0)p + / Ut Ae™, 5)f(s, o(s)) ds
0

tAe(™
+ / Ut Ae™, 5)a(s, z(s)) dw(s)
0

holds almost surely.

The uniqueness of a local mild solution will be understood in the following sense:
we say that there exists at most one local mild solution to the problem (1.2), (1.3)
with paths _cont'inuous in Hs, provided for any two local solutions (z, €), (y, ) satis-
fying z(.,w) € C([0,e(w)[; Hs), y(.,w) € C([0, np(w)[; Hs) for almost every w € 2 one
has € = 7 almost surely and z(¢) = y(¢) holds almost surely on the set {w;t < e(w)}
for each t € [0,T7.

If it is necessary to distinguish the two notions, we will call the solutions in the
sense of Definition 1.1 global solutions. The analogy with a finite-dimensional case
leads to the conjecture that global mild solutions exist if the assumption (LLs) is
combined with the linear growth hypothesis

(LGs) 3K* <00 Vt€[0,T] Vz € H;
£t 2)llo + llo(t, 2)llq < K™(1 + [|zlls)-

We are not able to prove, however, that Theorem 1.3 remains valid with the
assumptions (LLs) and (LG;) replacing (Ls); we have in addition to require the
initial data to be such that any solution is continuous in Hs as ¢t — 0.

Theorem 1.5. Let the assumptions (A), (P), (I), and (LLjs) be fulfilled. Assume
either that o is Hs-valued and 6 < g, or that ¢ is H¢-valued for some ( > 6. Suppose

(1.6) sup. 11,00+ sup_lo(t,0)q < .
Then there exists a local mild solution of the problem (1.2), (1.3). Moreover,

(i) This mild solution has a modification (z,€) such that z(. ,w) € C([0,e(w)[; Hs)
N CYA(F; H,) for almost all w € Q, any compact set F in ]0,e(w)[, and for any
x € [0’%[’ ’\6[0,';'_”[-
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(ii) A local mild solution is unique within the class of stochastic processes having
a modification with trajectories continuous in Hs.

Furthermore, let the hypothesis (LGs) hold. Then

(iii) The solution z is global, z(.,w) € C([O T); Hs) ﬂCO'\([a T); H,) for almost
allw € Q and any a > 0, x€[0,2[/\€[0 x|

(iv) If o € LP(Q; Hs), p 2 2, then

(1.7) sup_[lz(Dllp.s < C*(1+lellp.s),

and if, moreover, p > 2 and 6 € [0, } — —[ then

(1.8) : sup [lz(t)lls| < CH(1+[lellp,s),
0<tgT P

where C*, C* are the constants introduced in Theorem 1.3.

Remark. a) An example of the ordinary differential equation ¢ = £(t), £ a
measurable nonintegrable function, shows that it is inevitable to adopt some condi-
tion like (1.6). (Recall that Definition 1.2 requires the explosion time to be strictly
positive almost surely.)

b) Like Theorems 1.1 and 1.3 the above result has its “non-parabolic” version
which one gets by replacing the assumption (P) with (E) and setting§ = 3c = A = 0.

Remark. Only for the sake of a more lucid arrangement we have investigated
the equation (1.2) assuming that the coefficients f and o are nonrandom. Theorems
1.3, 1.4 and 1.5, however, remain valid (and their proofs unchanged), if f: [0,7] x
Hs xQ — H,0:[0,T] x Hs x 2 — L(Y, H) are measurable mappings such that

(1) f(.,z,.) and o(.,z,.) are (F;)-adapted measurable stochastic processes for
any ¢ € Hg, and ‘

(i) f(.,.,w), o(.,.,w) fulfil the estimates in (Ls) (or (LLs), (LGs)) for every
w € 2 with constants K, K* (or Kxy) independent of w.

Remark on previous research. We would like to mention here a few papers
related to some of the topics treated in this paper.

a) The factorization method was introduced in the paper [5] and applied to semi-
linear problems in [7]. Theorems 1 and 2 from the paper [7] correspond to The-
orems 1.2 and 1.4 of the present paper, respectively, with the only difference that
Co-semigroups are used in [7] instead of evolution systems.

b) A weak-type maximal inequality for stochastic convolution integrals with expo-
nentially bounded evolution systems was proved in [18]. Maximal inequalities related
to the one stated in Theorem 1.2 appeared in [19] for p = 2 and in [34] for p > 2, in
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both cases for contraction semigroups (or contraction type evolution systems). We
must emphasize that the estimates obtained in [34] are more precise than ours. The
results from [34] were further extended in [16], again for contraction type semigroups.

Maximal inequality in the spaces H, was proved in [20] in the case p = 2. All the
above mentioned results have immediate consequences for the continuity (or Holder
continuity) of paths of stochastic integrals.

c) The regularity of paths of solutions to linear stochastic parabolic problems was
established by the factorization method in [5], for alternative proofs see [20] or [11]
(cf. also [12]). The existence of solutions continuous in space and time to equations
with fairly general drift terms, but with additive noise was discussed e.g. in [23], [24],
[25] using random fields and in [6], [8] in the infinite dimensional setting.

Results closely related to our Theorem 1.3 for equations with scalar Wiener process
and with A generating a contractive holomorphic semigroup can be found in [4].
(Cf. also the paper [35] where the non-autonomous case is mentioned.) Theorems
on regularity of a different type were recently established in [10].

d) Local solutions for stochastic equations in Hilbert spaces with bounded coeffi-
cients were treated in [26] and [22], for stochastic evolution equations e.g. in [15] and
[19] in the “non-parabolic case”, and in [4] in the situation described above.

2. FOUR AUXILIARY PROPOSITIONS
In the course of proofs we will need repeatedly the following results.

Lemma 2.1. (i) Let U be an evolution system satisfying the assumption (E), let
a€l0,1],p€ll, 0], @ > %. Let 0 a<b<T. For any f € L?([a,b]; H) define

R

B (Raf)(®) = /:(t»-s)“-IU(t,s)f(s)ds, a<t<h.

Then R, is a bounded linear mapping from L?([a, b]; H) into C([a, b]; H).
(ii) If, moreover, the hypothesis (P) holds, § € [0,1[ and A\* = a — ’l, —6>0, then
Ro € L(LP([a,b]; H),C%*([a, b]; Hs)) for arbitrary A € [0, A*[.

The first assertion of this lemma and the Holder continuity of R, f were proved by
Da Prato, Kwapien and Zabczyk ([5], Lemma 1 and 3, respectively) under the addi-
tional hypothesis U(t,s) = T'(t — s), T(t) being a strongly continuous (holomorphic,
resp.) semigroup in H, but one can repeat their proof literally if one considers the
fact that the assumption (P) implies the estimates (0.7), (0.8). The fact that under
the assumptions of the assertion (ii), Ro € L(L?([a,b]; H),C([a,b]; Hs)) holds, can
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be established by the following simple argument: By (0.7) and the Holder inequality
we have

1Raf s < Cs [ (€= 1)lods
< Ca(/t I£(s)IE ds)””(/0"“v<a_.s_l)p/(p-1)d,,)"’“””
b
<cump—@—lvw—nr”*w—af”“”(/nﬂw%dﬂ”p

for any ¢t €.[a, b].
Further, we will need an estimate for stochastic integrals that is a very particular

case of the Burkholder-Davis-Gundy inequality, the Hilbert space version of which
follows from [17], Th. 3.1.

Lemma 2.2. Let the assumption (A) be fulfilled. Then for any p € [1, 00[ there
exists a constant Cp, > 0 such that for any (ft) adapted measurable stochastic pro-
cess G: [0,T] x Q — L(Y, H) satisfying fo IG()I3 dt < oo almost surely one
has t T

P p/2
E sup | /0 G(s)du(s)|” < GE( /0 IG(s)I ds)

0gtKT

The next result is a useful generalization of Gronwall’s inequality; its proof is given
in 3], Corollary 8.11 (cf. also Lemma 7.1.1 in [14]).

Lemma 2.3. Let g € L([0,T]), h € LY([0,T]) be nonnegative functions, q¢ €
[1,00]. Let f € L'([0,T]) be such that

SO <H)+ [ o0=976)as, 0<I<T
0

Then -
Z G"h)(t), 0<t<T,
where G is the Volterra operator given by Gh(t) = fo g(t—s)h(s)ds, G° = I, and the

series on the right-hand side converges in LI([0,T]). There exists a constant L > 0,
dependent only on the function g, such that

|2 e
n=0

In particular, if h =0, then f = 0.

Leo)) S < LAl Lo, rp)-
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Finally, let us quote Theorem 3 from [7], which is a stochastic version of the Fubini
theorem and enables us to interchange stochastic and Bochner integrals.

Theorem 2.4. Let (A) be fulfilled, let (G, G, p) be a measure space, let h: [0, T] x

Q x G — L(Y,H) be a B([0,T]) ® F ® G-measurable mapping such that h(.,.,z)
is an (F)-adapted stochastic process for each ¢ € G and

L e i) ue) <o

Then

/G (/OT h(t, ) dw(t)) du(z) = /OT (/Gh(t,x) dy(x)) dw(t)

P-almost surely.

3. PrRooOF oF THEOREM 1.1

Let us choose A € [0,% — ;1,-——6[, fix o e];;+6+,\,%[ and set

(3.1) : Y(s)= /:(s —7r)"U(s,r)¥(r) dw(r),

0< s<T. Since

[l = et el ar < IO [ (6 = o EluIR ar

and the right-hand side is finite for almost all s € [0,T] as a convolution of two L!-

functions, the stochastic integral (3.1) is defined for almost every s, which is sufficient
in what follows. First we will check that

R T
EIY I oy = € | 1Y OIP dt < oo

Indeed, by Lemma 2.2

EY@IP < G E( [ 16 =0 nular)”

: r/2
<GV E( / (s = m) 2wl dr)
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so in virtue of the Young inequality for convolutions we obtain
E / e ase< G [ ([ - T)_2a||‘/’(r)||q ar)™
T
<Gl ( [ 575 as)’ ) ([ e dr)

= GV 2071902072 [ ey ).

Hence, in particular, Y € LP([0,T]; H) almost surely.
We will complete the proof using the identity

(3.2) /0 U(t, r)e(r) dw(r) = S“”‘"[R YI(t) as.

valid for any t € [0,T], where

(RaY)(t) = /0 (t - )™= 1U(t, )Y (s) ds,

i.e. Ry is the generalized Riemann-Liouville operator introduced in Lemma 2.1. The
use of the representation (3.2) is the very core of the factorization method as treated

in [5] and [7]. Note that the formula (3.2) follows easily from Therem 2.4 in whlch
we set (for ¢ € [0, T arbitrary fixed)

h(r, s) = (t - S)a_l(s - r)—aX[O,s](r)U(t’ 1‘)1/)(1‘)

By Lemma 2.1 we know that R,Y(.,w) € C%*([0,T); H;) for almost all w € Q.
Finally,

aup | / U t,5)0(s) dus)|]

0<t<T
sin na
= E su RY ()|
(2222) e Ry
14
Slnﬂa
( E“R Y“c([o T);Hs)

| 4
Slnﬂa
( ) Rall” ENYIE o 70

(sm ra \?

where, obviously, [|Rall denotes the norm of R, in the space L(LP([0,T]; H),

T
Coll el U1, (1 = 20)#/270=202( [ Elpucry or),
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4. PrROOF OF THEOREM 1.3

We aim at proving Theorem 1.3; as the first step we will treat the case of integrable
initial conditions. Then the proof can be based on the Banach fixed point principle
and is quite standard.

Proposition 4.1. Let the assumptions (A), (P), (Ls) and (1) be fulfilled.
(i) Let p > 2, « € [0,6], ¢ € LP(; Ha). Then there exists a unique mild solution
z of the equation (1.2), (1.3) in C(]0, T); L?(2; Hs)) such that

(4.1) Suth"“Ilz(t)Ilp,«s < C' (1 + lpllp,a),

for a constant C* dependent only on p,6,T, K* and U. Furthermore, z € C([0,T];
LP(Q; Hp)) N C%#([a, T); LP(Q; Hs)) for any a > 0, p € (0,1 —6[, B€[0,a. Ifa < g,
then z € C([0,T); LP(Q; Hy)) as well.

(ii) Assume, in addition, that p > 2 and ¢ € LP(Q2; Hs); let v € [0, % - ’l,[, vy <6,
be arbitrary. - Then there exists a constant C*, dependent only on p,6,T, K*, and
U, such that

(4.2) sup_ ||$(t)|lv <CHA+llgllp,s)-
0t

For v € |0, (-— - —)/\6[ the mild solution z has continuous sample paths in H., and lies
in LP(Q;C([O, T] H.,)); the same assertion is true for ¥ = § provided § < (— - -—) Ao.

Proof. As mentioned above, we will prove Proposition 4.1 using a standard
fixed-point argument. In what follows, constants depending only on p, 8, T, K, K*
and U will be denoted by D;. We set for brevity 6 — a = v. Denote

& ={h€C(0,T); LP(Q; Hs)), h(t) Fi-measurable,0 <t < T,
e = sup 1Ol < oo).

\\

Obviously, the space £ equipped with the norm ||.||¢ is a Banach space. Let us define

Rh(t) = U(t,0)p +/0 U(t,s)f(s, h(s))ds +/0 U(t,s)o(s, h(s)) dw(s),

0<t<T, he & We want to prove that Rh € £. As a first step, we check that
Rh(t) € LP(Q; Hs) for each t > 0; in so doing we establish estimates ensuring the
existence of integrals in the definition of &. We have

t
1850l s < W00l + | [ V(o M) 4],
+| [ U, s)ots, his) dw(a)|  =h+h+ls
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Now
I <UL, 0)||Ha— a6 ll€llp.a < Cst™"|lpllp,a

by (0.7), and further
I < /o t lU(t, 5)f (s, h(s))llp,s ds < Cs /0 t(t - 8)7°(1£(s, h(5))llp,o0 ds

<Ok [ =50+ I lpa) ds

SO+ T) [ (=755 (1 L) ds

< Di(1+ ||h||g)/0‘(t —8)"%5%%ds = Dy (1 + ||h|le)t"**" 2 B(1 - 6,1 — v)

< Da(1 + [|Alle),
where B is the Euler Beta function. Using Lemma 2.2 we obtain

<G [ a5 lots oI g ds)
<G ([ =+ el ds) "

< Da(1+ ) ([ =57 a6)”

= Dy(1+ [|hlle) (2~ B(1 - 26,1 — 2v))
< Ds(1 + ||hlle)T"2=5(B(1 - 28,1 — 2v))"/? 129,

1/2

Consequently,
sup_ t1RA(D)llp.s < 0.
<T

N\

To proceed further we have to prove
lin(l) Rh(t + z) = RAh(t) in LP(Q; Hs)
2Z—

for any 0 < t < T in fact, we can prove much more. Towards this end, let us fix
a > 0 and choose u, v € [a, T] arbitrary, for definiteness let us assume u < v. Then

Rh(v) — &h(u) = [U(v,0) = U(u,0)]p + /:[U(v, 5) — U(u,s)]f(s,h(s))ds
+/0- [U(v,As) - U(u, 3)]o(s, h(s)) dw(s) + /u U(v,s)f(s, h(s))ds
+/ U(v,8)o(s,h(s))dw(s) =21 +...+ Zs.
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Relying on the estimate (0.8), we obtain

1Z1llp,s < U (v, w) = 1U (u,0)¢llp,s < Clv — ul#||U(u, 0)llp, 544
< Cs4uCu® 5 H|lglp,alv — ul* < Daa™""H||¢llp,alv — ul*

for 6 + 1 < 1; further

1Zall.s < /uv U (v, 8)f(s, h(s)llp,s ds < CsK* /u(v =) (L + [|h(s)llp,s) ds

v—-u

< CsK* (14 sup [1h(3)llp,s) (/ r=8dr) < CsK"a™ (1 + |hfle)lv — uf! ™,
agt<T 0

and

' ol [ -25 2 12
1Z6llps < CoCak* ([ (v =9)72(1+ (s}l ds)
u
< Dsa™ (1+ (K)o = ul /2%,

Invoking again (0.8) we can estimate

1 Z2llp,s < /0 ’ U (v, w) = 1U(u, 5) f(5, h(5))llp,s ds

<Clv =l [ 10, 705, h(Dlor ds

< Dglv — ul* /0 u(“ — &) (14 [|A(s)llp,) ds

< Do(1+ )1+ ) ([ (= o005 di) o -

< De(14T*)(1 + ||h|le)B(1 = 6 — p, 1 — v)Ta~Gt#+0) |y — y|#
provided é + ¢ < 1. Analogously

Zallp,s < Drlv— ul#(1+ uhng)( /0 *(u = o) 20 g2 dS)W
| < Dr(1+ ||hlle) (B(1 - 25 - 9, 1 — 20)) 2T/ 2q=CHpt0) |y _ g0
provided 6§ + p < % So we have established the inequality
18R (v) — &h(u)llp,s < F(1+ ||Alle)lv — ul*

valid for any 0 < p < % — &8, a > 0, with a constant F dependent on pu and a, but
independent of u, v and h.
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Hence we see that & maps £ into itself, since it is obvious that &h is (F;)-adapted.
In order to prove contractivity of & we endow £ with an equivalent norm

lall = sup e~*t*||h(t)llp,5
0gtgT

where ¢ > 0 will be specified later. Let us choose h, g € £ and estimate (¢ > 0)

185 = 8a(0lls < | [ Ut )6, h(s) = S sl ds]
+] [ vt olots,he) - o, s dulo)] = 1+ 2

The assumption (Ls) yields

t
< CsK / (t — 5)*[1h(5) — g(5)llps ds
0

and
‘ 2 -26 2 12
2 < G [ €= lo(6,h(5) = ols, (6Dl 05

< Do [ (6= sy 2o hie) - g2 5) ",
that is .
1Rh(8) = Rg(O|2 5 < Do /0 (t — 5)"2(1h(s) — g(5)|2 5 ds.

This implies
e 22| Rh(E) ~ Rg(1)||2 4
t
<D™ [ e e sy e () - g )

1
< Dollh = 9|||2tl'2"/ e~ 20t (1=v)(1 — 4) =28y~ gy,
0

S0
<D 1-26 ! —2qt -2v, —26 1/2
ik — £glll € Pro( sup ¢ e=201(] — y)~2y dv) A - glll.
0T 0
Since

1 1/2
: su 1-26 -2 - -
qh_f?a ogé)r(t : ./o Gl A dv) =0,
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we can ensure the contractivity of & by choosing ¢ > 0 sufficiently large.

Since mild solutions to (1.2), (1.3) in £ are precisely the fixed points of &, we see
that there exists a unique z € £ being the mild solution to (1.2), (1.3). Above we
have actually derived an estimate

t
lz(®)ll3,s < D1st=* [}, + Dun /0 (t=8)"2(L+ |Iz(s)lI3 ) ds.
Straightforward calculations based on Lemma 2.3 now yield

lz®llp.s < Daat**(1+ |lellpa), 0<t<T,

and (4.1) follows. Moreover, take 8 € [0, a] arbitrary, then

12(2) = ¢llps < IU(2,0)p = pllps + I / Uz, )f(r,2(r)) drllps
+ " /0 : U(z,r)o(r, z(r)) dw(r) ||M =Js+JatJs.

We can easily estimate

# 2 -28 2 1/2
15 <Gy [ Cta =yl a(r))E g )
z 1/2
< Daa( [ (= ry = a(r) ) dr)
0
< Dia(1 + ||zlle)(B(1 — 28,1 = )21 1/2=6 0, 7 — 0t
analogously J4 — 0, 2 — 0%. Further, if a < g, then
Jim ([U(z,0)¢(w) = ¢(@)lla =0

for almost all w € Q by (0.10), as ¢ is almost surely H,-valued. On the other hand,
if ¢ < a, then for any # < a we have

1U(2,0)p(w) = pw)lls < Cz*llp(w)lla

by (0.8). In both cases the dominated convergence theorem applies and we conclude
that z € C([0, T); LP(Q; Hp)) for 0 < B < a (or for 0 < B < a, respectively).

Let us turn to the proof of the statement (ii). In order to prove it let us assume
that ¢ € LP(Q; Hs), p > 2. Note that the estimate (4.1) now implies

sup {|z(t)lp,s < C*(1 +[l#llp,s),
0<t<T

=
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thus

T T
[ Ellotr, 2ty ar < 27k [+l ) dr
0 0
<PTK P+ CP A+ el T <

so
/ U(.,s)a(s,z(s)) dw(s) € C>*([0, T]; Hy)
0
almost surely for any v € [0,3 — l[ A€ (0,1 — 1 -] according to Theorem 1.1.
Analogously,

JRCDICEOLE RS

almost surely (with the same 7, A). Furthermore, fix v € [0, % - ;—,[, v < 6 arbitrarily,
then

sup (O, < | sup 10t 0)elh], +] sup | [ UG,z s |

0<t<T 0<I<T
oi?ET || / U(t, s)o(s, z(s))dw(s)“ |
= M + My + M.

Obviously we have
<C, “‘P“Pn Dalellp,s

by (0.9), and further

t
M2 < Gk | sup [(t= )71+ [(0)le) ds

ogtgT Jo

14

t (»-1)/p t 1/p
sup (/ (t— s)""’/(’"l) ds) (/ (L4 ||=(s)lls)? ds)
0gtKT 0 0

< Dis (/OT(I + ”""(S)“z,o)ds) l/p-

In view of Theorem 1.1 we have

c(] " lote,2(6))lE g d5) < D / "+l ds)

< C,K*

4

Hence

T
(4.3) E sup |lz(®)llf < Durllelly s + Dw/o (1 + Elz(s)|5) ds.

\t\
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Using (4.1) to estimate the right-hand side of (4.3) we obtain the desired inequality
(4.2) at once.

We have already noted that U(.,0)p(w) € C([0,7]; H,) almost surely for any
v € [0, 8] provided é§ < g, and for any v € [0,6] in the opposite case. Hence under
the restrictions on v adopted in Proposition the sample paths of the mild solution z
are continuous in . almost surely, z(.,w) € C([0,T); Hy). Thus, by the finiteness
of the right-hand side of (4.3), z € L?(2;C([0, T); H,)). The proof of Proposition 4.1
is completed. O

To extend the existence proof to more general initial conditions we will use the
same procedure as applied in [7], which is based on the following local uniqueness
lemma. Its proof is contained in the proof of Theorem 2 in [7]; we repeat the simple
proof here for completeness. (Recall that xp stands for an indicator of the set B.)

Lemma 4.2. Let the assumptions (A), (P) and (Ls) be fulfilled. Let ¢, €
L%(Q; H) be Fo-measurable. Let x,y € £ be mild solutions of the equation (1.2) with
initial conditions z(0) = ¢, y(0) = ¥, respectively. Set £ = {w € Q; p(w) = ¥(w)}.
Then x5 z(t) = x £ y(t) almost surely for any t € [0, T fixed.

Proof. By the definition of a mild solution,
2(t) - y(t) = U(t,0)[p— 9] + / Ut )f(r,2(r)) = £(r,y(r))] dr
+ [ U@nlo () - o,y dur)
0
Let us realize that xz[p — %] = 0 and
1
- / Ut lo(r, 2(r) — o(r, y(r))] du(r)
0
- / Ut P)xzlo(r, 2(r)) — o(r, y(r))] du(r)
as xy is an Fo-measurable random variable. Consequently

lxz(2(t) — ¥(®)llzs < CsK / (t = )" lxs(2() — y(r)ll2,s dr

1/2

+ 0o ([ =y lxs(atr) - el dr)

and Lemma 2.3 implies

sup [lxz(z(t) —y(t)ll2zs = 0.

AR
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Proposition 4.3. Let the assumptions (A), (P), (I) and (Ls) be fulfilled. Let ¢
be H,-valued almost surely for some « € [0, %[ Then there exists a mild solution z
of the problem (1.2), (1.3) whose sample paths lie in C([0, T]; Hg) N C**([a, T]; H,)
almost surely for any a > 0, x € [0,3[, A € [0, — [ and B € [0, af. If, moreover,
a < g, then z(.,w) € C([0,T); Ha) for almost all w € Q as well.

Remark. In Proposition 4.1 we have established the existence of a unique mild
solution to (1.2), (1.3) if ¢ € LP(Q2; H). Proposition 4.3 states, in particular, that
this solution has a modification with continuous sample paths.

Proof. Forany N € Nset Qn = {w € Q;||l¢(w)|la €< N} and define

pw), weN

0, otherwise,

thus N € L®(Q; Hy). Let zn be the mild solution of the problem
dzn(t) = [A()zn () + f(E, 2N (1)) dE + o(t, zn(t)) du(?),
zn(0) = pN.

First, choose a > 0, x € [0,1[, A € [0, 3 — »[ arbitrarily. We can find r €]2, oo

such that » < -;— - %, A< % - } — 3. By the definition of a mild solution we have

en(t) = U(t, a)on(a) + / Ut 5)f(s, 2n(s)) ds
(4.4) a

+ ./; U(t,s)a(s,zn(s))dw(s)

fort € [a,T]. We will proceed as in the proof of Theorem 1.1 using the representation

/a U(t, s)o(s, zn(s)) dw(s) = Sin:”(R“Y)(t), ag<tgT,

Y(s) = Aa(s - v)"HU(s,v)o(v,zn(v))dw(v), a<s<T,

with x €]t + »x,3[. As on € L"(QH), we have zy € C([a,T); L"(Q; Hs)) by
Proposition 4.1(i), and this implies

T

E-/aT Y ()" ds < Cr”U":”/a E(/a(s —v)"2#||o(v, zN(v))”% dv)r/'z ds
< Dls(/oT o2 dv)rlz (/GT(1+ ||xN(v)||:'5)dv)

< Dig(1+ su r<
19( asngll:BN(v)Ilr,o) 00
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by Lemma 2.2 and the Young inequality. Thus almost every path of Y lies in
L"([a,T); H) and Lemma 2.1 can be used. The Bochner integral in (4.4) can be
treated in a similar way, hence

[ uC.056,2xe) ds + [ UG ojota,zn(e)) dus) € ™ (a, T H)

almost surely. Now, let us take h € H, 2a < s < t < T arbitrary. Using (0.8) we
obtain

U(t,a)h — U(s, a)hll = I[U(t, 5) — DU (s, a)hll < C(t — 8)*|U (s, )l <
< Dao(t = 8)*(s = a)"+¥)|jhlo < Daoa™**)|jhlolt - s|*.

So zn € C%*([2a, T); H,) almost surely for any N € N and a > 0.

Further, taking into account that ¢ (and hence also ¢n) is H,-valued we establish
the desired continuity of paths of zx on the whole interval [0, T, modifying slightly
the argument used above. First, let us assume that a < § and take g €)2, oo[ such
that § < a +'% < % Again we will use the factorization

sin nty
T

(4.5) /0 U(r)o(r,zn(r) du(r) = RY,

where

Y(r)= /or(r —v)"*U(r,v)o(v, 2N (v)) dw(v),

p €Ela+ %, 3[. By Lemma 2.1, the stochastic integral on the left-hand side of (4.5)
has sample paths in ([0, T; H,) provided Y(.,w) € L9([0, T); H) almost surely. But
using (4.1) and the fact that ¢(6 — a) < 1 we obtain in a similar manner as above

T T
£ [ IvIrae< ou( [ 01+ lenoly ) dv)
0
T
9
< Dag(1+ ( sup t8-*|lzn(t /t"l("'“’dt < co.
a1+ ( g, = lewles)) ( [ )
So we have proved that

/0' U(.,r)o(r,zn(r)) dw(r) € C([0,T]; Ha) as.

in the case a < §; the same result for a > 6§ has been already established in the proof
of Proposition 4.1(ii). One can obtain easily that

/0 U, S, 2n(r,w)) dr € C((0, T]; He)



almost surely. Moreover, we know that U(.,0)¢en(w) € C([0,T]; Hg) almost surely
for B < a (or for B < a, if a < ).

So we see that the paths of the mild solution zy have the required regularity
properties. Now we will use the processes zn to construct a solution of the problem

(1.2), (1.3).
Let NyM € N, M 2 N. By Lemma 4.2, zn(t) = zp(t) almost everywhere on Qn
for any t; the continuity of trajectories implies

sup sup |lzm(t,w)—zn(t,w)[|=0 as. on Qn.
M2N 0T .

Hence the limit
z(.,w)= lim zm(.,w)
M—o00

is well defined in C([0,T]; H) for almost all w € Qu; in fact, zy = z almost surely
on Qn. As P(2x) — 1, N — 00, we obtain z as a stochastic process whose sample
paths share all the continuity properties of the paths of zy. It can be seen easily
that z is a mild solution to (1.2). (Recall that the equality o(r, z(r)) = o(r, zn(r))
a.s. on {2y implies

/U(t,r)a(r,z(r))dw(r):/ U(t,r)o(r,zn(r)) dw(r)
0 0 :

almost surely on Qy.) a

To complete the proof of Theorem 1.3 it remains to establish the uniqueness.

Lemma 4.4. Let the assumptions (A), (P), (I), (Ls) be fulfilled. Then there
exists —up to a modification — at most one mild solution of the problem (1.2), (1.3)
within the class of processes with L?([0, T]; Hs)-trajectories.

Proof. Let z, y be two mild solutions of (1.2), (1.3) such that

: T T
(4.6) / lz(®)|I2 dt < oo, f ly®)lZdt < o a.s..
0 0

(Note that (4.6) implies (1.4) from Definition 1.1.) For R € N arbitrary set

t t
rr = inf{t € [0, T]; / l2(s)]2 ds + / lly(s)l12 ds > R}
0

(with the convention inf® = T). Let us have R fixed for the meantime and define
§(t,w) = X[o,7r(w))(t). We have

£(0)(2(t) - y(t)) = £(t) /O U(t, 5)[f(s,2(s)) — £(s,%(s))] ds
+£(t) /0' U(t, s)[o(s, z(s)) — o(s,y(s))] dw(s).
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As £(t) < &(8) for t > s by definition, we obtain
Jew [ vee s eten - s
< [ €@ lste,2(6)) - 15,5 ds
0
<k [ (= 9)*E(sNlz(e) = (o)l d.
0
Further, set ¢(s) = U(t, s)[o(s, z(s)) — o(5, ¥(s))] for brevity. We want to prove that

4.7) Jece) / (o) dute), < | / E(s)(s) dus),

holds almost surely. Indeed, put B = {w € Q; {(t,w) = 1}. On Q) B, the left-hand
side of (4.7) is zero. On the other hand, £(s)¥(s) = ¥(s), 0 < s < t, on B, hence

0 /0 ¥(s) du(s) = /0 €(s)¥(s)du(s) as. on B.

It follows that v
E@)lIz(t) — y®lls < Cof\'/o (t — 8)"°€(s)l|z(s) — y(s)lls ds
+ "/; U(t,s)é(s)[o(s, z(s)) — o(s, y(s))] dw(s)"a,

therefore

llE@®)=() — ¥®lI3 s < Das /0 (t = )" lig(s)z(s) = (33,5 ds.

.

By the definition of &,

T
€ [ o) (e(6) ~ wloDIE ds < 2R < o,
0

so E|l¢(.)(z(.) — y(.))|I? is a function in L'([0,T]) and the generalized Gronwall
lemma implies .
[IE@)[=z(t) — y(t)lllz,s =0, O0<t<T.

This means that z(t) = y(t) almost surely on the set {w;t < Tr(w)} and it suffices
to.realize that, by (4.6), TR — T almost surely as R — oo. a

Combining the assertions of all propositions proved in this section we obtain The-
orem 1.3.
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5. PROOF OF THEOREM 1.5

Our procedure follows the finite-dimensional pattern of passing from lipschitzian
to locally lipschitzian coefficients (see [9], §5.2) and so it is based on the following
local uniqueness result.

Proposition 5.1. Let the assumptions (A) and (P) be satisfied, let p > 2,6 €
[0,3- —[ Let

fi:[0,T)x Hs — H, o;: [0,T]x Hs — L(Y,H), i=1,2,

be measurable functions such that both the pairs (fi,01) and (f2,02) fulfil (Ls). Let
D C H;s be a domain such that

fi=fa, or =02 0n[0,T] x D.

Let ¢; € LP(Q; Hs), i = 1,2, be fo-measurable Set = = {w € Q;¢p,(w) € D or
¢2(w) € D} and assume

(5.1) Xz¥P1 = X=p2 almost surely.

Let us denote by z; the mild solutions to the problems

dzi(t) = [A()2i(t) + fit, z:(0))]) dt + ou(t, z;(t)) dw(?),
zi(0) = ¢;,

i =12 Set r;(w) = inf{t € [0,T);2i(t,w) ¢ D} (with the conVehtion inf@ = T).
Then

Plw;ni(w) = (w)} =1,
and

Plo; sup lz1(t,w) - z5(t,w)lls = 0} = 1-
0Kt (w)
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Proof. Set &(t,w) = inf{xp(z1(s,w)),0 < s < t}. By the definition of a mild
solution

E(t)[z1(t) — z2(t)] = E()U(L,0)[p1 — 2]
e /0 U(t, 8)[fa(s, 21(5)) — fals, z1(s))] ds

+€() ] Ut 8)lfals, 21(5)) = fals, z2(s))] ds
+E(t) /o U(t, 9)o1(s, 21(s)) — o2(5, 21(s))] duo(s)

t
+60) [ U 9)loato,21(6) - 0205, 22(6)] du(s)
= E()U(L,0)[p1 — p2) + My + ...+ M.
We have £(t)[¢1 — @3] = 0 almost surely by (5.1). Further, if £(t,w) = 1, then

fi(s,z1(8,w)) = fa(s,z1(s,w)), 0 < 8 < t, hence M; = 0. If t < 7 (w), then
di(s,zl(s,w)) = 0’2(8,21(8,‘-})), 0 <s < t; hence

t t
/ U(t, s)a1(s, z1(s)) dw(s) =/ U(t, s)o2(s, z1(s)) dw(s)
0 0

almost surely on the set {w;t < mi(w)}. But £(t) = 0 on {w;t > m1(w)}, hence
M3 = 0 a.s.. The obvious fact £(t) < &(s), t > s, implies

IMsls < CsK / (t = 8)°E(t)l21(s) — z2(s)|ls ds
< CiK ] (t — 8)°€(8)l|z1(s) — z2(s)|s s

< Dua( [ €@ler(s) ~ ol as)

by the Holder inequality.
Further, proceeding as in the proof of formula (4.7) we obtain

60| [ vt 9losts, 216 - oao, ma(oN du),
<|/ U, 9E(EMoa(s,2105) = ot 22N bt
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By Theorem 1.1 we have

sup
0( tgr

<ot ( / E(s)loa(s, 21(5)) = oa(s, za(s)lly ds )
< CI/PK(/(: Ell§(s)[z1(s) — z2(s)]II} ds)w

/ U(t, 9)E(s)loals, 21(5)) = a(s, z2(s))] dus) |, |

This implies

€ sup €0)llea(t)— 720l < Dus [ Ee(oNler(s) ~ 22(0)l; .
Sigr

The terms on boths sides of the above inequality are finite by Theorem 1.3, hence
the Gronwall lemma yields

sup &(t)||z1(t) — z2(t)|l; =0 almost surely,
0gt<T

hence
sup ||z1(t) — z2(t)|ls =0 almost surely
0\t<1'|
and using the path continuity of z;,z, we complete the proof. a

Proposition 5.2. Let the assumptions (A), (P), (I), and (LLs) be fulfilled. Let
(1.6) hold and let ¢ € LP(Q;Hs), p > 2,8 € [0,% - ;7[, and let either § < g, or let
¢ be H¢-valued, { > 6. Then there exists a local mild solution (z,€) of the problem
(1.2), (1.3) such that z(.,w) € C([0,e(w)[; Hs) N C®*(F; H,) for almost all w € Q,
any compact set F in]0,e(w)[, and any 5 € [0, }[, A € [0, 1 — 5. If, moreover, (LGs)
is fulfilled, then the solution z is global and z(.,w) € C([0,T}; Hs) N C%*([a, T); Hx)
for almost allw € @ and any a >0, x € [0,3[, A € (0,3 — .

Proof. For N € N arbitrary let us set

f(t,z), t20, |lzlls <
fn(t,z) = { f(t,z)2—|lzlls/N), t20, N< H=II6
0, elsewhere,
and
U(t’x)’ t2 0’ “"'”5 < N
on(t,z) = o(t,z)(2—||z||ls/N), t20, N <|lz|ls <2N
' 0, elsewhere.
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Then the functions fy,on fulfil the assumption (Ls) for each N € N, the linear
growth being implied by (1.6).
According to Theorem 1.3 there exists a unique mild solution zy of the problem

(5.2) dzn () = [A()zn (t) + v (6 zn (1)) dt + on(t, zx(2)) dw(t),
zn(0) =

this solutlon is such that zy € C([0,T); Hs) N C%*([a, T); H,) almost surely, a > 0,
A< - — . Define

~(w) = inf{t € [0,T]; |len(t,w)|ls > N} (inf®@=T).
By Proposition 5.1 we have

P{w € Q; sup sup |lzem(t,w) —zn(t,w)||s =0} = 1.
M2N ogtg<rn(w)

Note that {Tr}%., is an almost surely nondecreasing and eventually strictly positive
sequence by the continuity of sample paths of zg in Hs. Set e(w) = Ran;o TR(W).
Setting

z(t,w) = Nh_l};o zn(t,w), 0<t<e(w),

we obtain a well-defined stochastic process with sample paths of the required regu-
larity. Let w € Q be such that z(.,w) is continuous and e(w) < T'. As, by definition,
llz(tn (w),w)|ls = |len(7n (w),w)|ls = N and 7§ (w) — €(w), we have

limsup ||z(t)||s = 400 almost surely on {w;e(w) < T},
t—e

and ¢ is the explosion time for z. We have to prove that z is a local mild solution.
By the definition of a (global) mild solution and the continuity of sample paths we
can obtain a null-set I" € F such that

t t
zn(t) = U(t,0)¢+/ U(t,s)fN(s,;cN(s))ds+/ U(t,s)on(s,zn(s)) dw(s)
0 0
holds for any t € [0,7] and w ¢ I'; thus also
tATN
sNnEATN)=U(ATN,0)p +/ UtArn,s)fn(s,zn(s))ds
0

+ /t(\m U(tATn,s)on(s,zn(s)) dw(s)
)
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for all t and w ¢ I". Our construction yields that zn(s,w) = z(s,w), fn (s, 2Nn(s,w))
= f(s, z(s,w)), on(s,zNn(s,w)) = o(s, z(s,w)) for 0 £ s < Ta(w), hence

z(tATN)=U(tATN,0)p+ ./0 ™ U ATn,s)f(s,z(s))ds
+ /OtMN U(t ATn,s)o(s,z(s))dw(s)

for any N € N and t € [0, T] almost surely.
Finally, let us assume that (LGs) is fulfilled. Then

(5.3) sup sup [||fn(t,)llo + llon(t, z)ll] < K*(1+ ||zlls),
- NeN tg[0,T]

where K* is the constant introduced in (LGs). Set Qn = {w;7n(w) = T}. Using
the estimate stated in Theorem 1.3(iv) we obtain

P\ Qn) = P{w; sup [lan(t,w)lls > N} < N7PE sup |lzn(t,w)lls
. < 0T

K"

SNTP(CTP(+Eellf) — 0, N — oo,

as the constant C* is independent of N by (5.3). Hence it is easy to see that z solves
(1.2) in the sense of Definition 1.1 and its sample paths have the required regularity.
O

The following uniqueness result will play now the same role as Lemma 4.2 plays
in the proof of Theorem 1.3. :

Lemma 5.3. Let the assumptions (A), (P) and (LLs) be fulfilled. Let ¢, : Q —
Hs be Fo-measurable. Let (x,€z), (y,€y) be local mild solutions of the equation
(1.2) with initial data z(0) = ¢, y(0) = . Assume that z(.,w) € C([0,e-(w)[; Hs),
y(.,w) € C([0,ey(w)[; Hs) for almost every w € Q. Set T = {w € Q;p(w) = Y(w)}.
Then

XZ€z = Xz€y almost surely

and
XEX[t<e,)2(t) = XZX[t<e,¥(t) almost surely

for any t € [0,T). In particular, if z,y are global mild solutions to (1.2) with sample
paths in C([0,T}; Hs), then

xzz(t) = xzy(t) almost surely
for any t € [0,T).
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Remark. In particular, under (A), (P) and (LLs) there exists—up to a
modification—at most one mild solution to (1.2) with trajectories continuous in
Hj for any Fp-measurable initial condition p: Q@ — Hj.

Proof. For N € N let us define stopping times

i (w) = inf{t € [0, T}, [lz(t, w)lls > N} A elV(w),
h(w) = inf{t € (0,7, lly(t, w)lls > N} AefV (),
™ =T8A -rN,
where {Ex )} {e(")} are the sequences of stopping times the existence of which is
postulated in Definition 1.2. (As usual, inf@ = T.) Fix N for a while and set

(t,w) = X[o,rn(w))(t). Using Definition 1.2(c) and the Fo-measurability of x5 we
obtain the equality

XsEO(E0) = 90) = €0) [ U x5, 2(6) = Flo, (6] ds
+60) [ UG, )xslots, 2(6) = oto, s dus).
Using again the same procedure as in the derivation of (4.7) we get
IO~ Ol < [ 10,86 o, 26)) = T (oDl ds
+ [ U xselo)oo,2(6) = oto, (sl duts)],
almost surely, hence
IesE @) - 9Ol
<G [ = o o, 2(6) ~ Fs, (5ol s
+0o( [ €= peot@liots, o(6) - oo, sl ds) "
By the definition of Ty, if w € @ is such that £(t,w) = 1, then

1£(s, z(s,w)) = f(s,y(s,w))llo + llo (s, 2(s,w)) — o (s, y(5,w))llq
< IX'N”:L’(S,L«J) - y(s’w)”h

thus
Ix2€(®)[z(t) — y(®))II3 5 < DasKn / (t = 8)"*[Ix2€(s)[2(s) — y(s)]lI3 5 ds.
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As ||€(s)[z(s) — y(s)]||§’6 < 4N2,0 £ s < T, Lemma 2.3 may be applied and we have

lIx=€(®)[(t) - y(®)]ll2,6 = 0

for each t € [0,T]. Thus xzz(t) = xgy(t) almost surely on the set {w;t < 7n} for
arbitrary N, so by passing N — oo we obtain

(5.4) xzz(t) = xzy(t) on {w,t<e;Aegy}

for any t € [0,T] almost surely.

It remains to prove €; = €, a.s. on L. To this end, let us realize that there exists
anull set I' € F, P(I') = 0, such that the equality (5.4) holds for any w € Q\ I
and 0 € t < e(w) A gy(w). Let us assume that @ ¢ I' is such that z(.,&) and
y(.,@) are continuous and €:(&) < €y(@). We can find R € N such that £,(&) <
5(@). By (5.4), z(5,&) = y(s,@) for 0 < s < T§,1(®) = TR+1(@) < €2(©). Thus
R+ 1 = |lz(t§41(@),@)lls = ||y(741(@),@)|ls < R; this contradiction proves the
desired equality.

If z, y are global mild solutions, then (5.4) yields xzz(t) = xzy(t) for any t € [0, T[
and w ¢ I'. Now the continuity of sample paths implies xxz(T) = xgy(T') a-s. as
well. a

Further we can state a proposition on the existence of solutions to (1.2), (1.3) not
assuming the integrability of initial data.

Proposition 5.4. Let the assumptions (A), (P), (I), (LLs) and (1.6) be fulfilled.
Assume either that ¢ is Hs-valued and § < g, or that ¢ is H¢-valued and ¢ >
8. Then there exists a local mild solution (z,€) of the problem (1.2), (1.3) such
that z(.,w) € C([0,e(w)[; Hs) N CO*(F; H,) almost surely for any compact set F in
10,e(w)[, € [0,2[ and A € [0, 1 — x[.

If, moreover, the hypothesis (LGs) holds, then z is a global mild solution and
z(.,0) € C([0,T); Hs) N C**([a, T]; H,) almost surely for any a > 0, x € [0, [ and
A€o, % — .

Proof. Lemma 5.3 being available, we can proceed similarly as in the proof of
Proposition 4.3. Details are left to the reader. O

The proof of Theorem 1.5 is almost completed, it remains only to establish the
estimates (1.7), (1.8). The proof of (1.8) is straightforward. Let ) be the solution
of the problem (5.2), then

sup [lzn(t)lls| < CH(1+|l¢llp,s)
0T P
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by Theorem 1.3(iv); furthermore, we know that C* does not depend on N € N. In
the proof of Proposition 5.2 we established

sup [lzn(t)llf — sup [lz(®)]l;, N — oo,
0Kt<T <T

|

almost surely. So the application of the Fatou lemma yields
E sup ||z(¢)||5 =E lim sup |lzn()|5 < liminfE sup ||lzn(t)|)}
<tg N—o0 0gtgT N—oo  ogigT
<[CHA+(lellp, o))

The proof of (1.7) uses only a slightly more complicated approximation procedure.
Let us denote by .1:%") the mild solutions to the problems

dz0(t) = [AO=R (@) + fn(t, 280 O)] dt + on (2, 250(0)) duw(e),
. (M) 0y —
TN (0) = ¥PM,

N, M € N, where the coefficients fy, oy are the same as in the equation (5.2) and

W), llp)lls <M
0, otherwise.

pm(w) = {

As pp € L®(Q; Hs) we can use Proposition 5.1 in the same way as in the proof of
Proposition 5.2 to obtain z{f")(t) — z(M)(t), N — oo, in Hs for each ¢t € [0,T],
where (M) solves the equation (1.2) with the initial condition (™)(0) = ppr. The-
orem 1.3(iii) implies
M * *
280 Ollp.s < C*(1+ llemllp,s) < C*(1+ llgllp.s),
thus by passing N — oo we obtain

le™O)llp,s < C* (1 +llgllps), 0<ELT,

by the Fatou lemma. Finally, z(M)(t) — z(¢) almost surely in Hs by Lemma 5.3,
8o we can again apply the Fatou lemma to obtain (1.7). a
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6. EXAMPLES

Example 6.1. Let us discuss briefly a particular example in which our assump-
tions are fulfilled. Let G C RY be a bounded domain with a boundary of class C?™.

Set _ .
Alt,z,D)= ) aalt,2) ((%)

lal<2m
assuming

(i) A is strongly elliptic uniformly in ¢t € [0, T], that is
3c>0Vte[0,T]Ve € GVEERN

(=)™ Y aalt,2)E > cliél’™,

laj=2m

(i) aq(t,.) € C(G) for |a| = 2m and 0 < t < T, aq(t,.) are bounded measurable
functions for |a| < 2m, t € [0, 7],
(iii) there exist ¢ €]0,1] and L > 0 such that

max sup |aa(t, z) — aa(s,z)| < L|t — sf®
'a'\ mzeG

for all ¢, s € [0, T7.

Let {Bi,..., Bm} be a normal system of boundary operators on dG (see [32],
Def. 3.7.1)-independent of t. Assume for simplicity that {B;} is of Dirichlet type,
i.e. B; are of orders wj, w; < ... < wy < m. Set Dom(A(t)) = W;m’z, Ay =
—A(t,., D)u(.), where

Wi™? = {y e W™*G),Bjy=00n0G,j=1,...,m},

and W?2m:2(G) stands for the usual Sobolev space of L%-functions with distributive
derivatives up to order 2m belonging to L2(G). Then the operators {A(t) — k1,0 <

t < T} satisfy (P1)-(P3) for some k > 0 (see [32], §5.2, cf. also [27], §7.6). Without
a loss of generality we will assume k = 0, i.e. ap(t,z) > @, where a is a sufficiently
large constant. As we mentioned in Section 1, the assumption (P4) is fulfilled e.g. if
A(t) are self-adjoint on L?(G). More generally, by [29], Th. 1, (0.6) (and hence (P4))
holds if the above assumptions are fulfilled and 0G is of class C®, a,(t,.) € C°(G),
and B; have C®-coefficients (cf. also the example in [1], §7). Further, according to
[30], Th. 4.1, one has

[L3(G), W™« = WE™?, x€]0,1],
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Wg"""z being a subspace in W2mx,2(G) determined by some boundary conditions
(dependent on »); in particular,

W;mx,Z = {y € W2mx,2(0),BJ-y =00ndG,j=1,..., m},

if 2 €)(m— 3)/2m,1[. By W*2(G), s =r+ A, r €N, 0< A <1, we denote the
Sobolev-Slobodeckil space (see [21], §8.3):

. , Dy(z) — D*y(2)|?
W*2(G) = {y € W"3(G),Va,|a| =1, LL | :T:E‘lzl’v*‘?"( ) dzdz < oo}

By [33], Th. 4.6.1, the space W2m*:2(G) is continuously imbedded into the space
C*¥(G) of functions with a-Hélder continuous k-th derivative on G provided 2ms >
k+a+N/2.

So, let us investigate the stochastic parabolic problem, formally written as

(6.1) A%;i(t, z)+ A(t,z, D)u(t,z) = F(u(t,z)) + Z(u(t, z))w(t, z),
Bju(t,z)=0 ondG, j=1,...,m,
u(0,2) = ¢(2).

Here A is the parabolic operator introduced above, F: R — R and : R — R
are Lipschitz continuous functions, ' bounded, and w stands symbolically for a
correlated space-time noise. We transform the equation (6.1) into the form (1.2) in
the following straightforward way. Set H = Y = L%(G), let w(t) be an L?(G)- valued
Wiener process on a probability space 2, with a nuclear covariance operator. Let ¢:
Q — L?(G) be a random variable independent of the process w. The definition of
the operators A(t) is given above; suppose that the hypothesis (P4) holds. Finally, let
us assume that 2m > N so that we can take é € [0,1/2[ such that 2mé > N/2. The
space Hj is then continuously imbedded into C%*(G) (for some « €]0,2mé — N/2[)
and hence the mappings ‘

f:Hs — L*(G), f(y) = F(y(.)), y€ Hs,
o: Hy — L(L*(G)), o(y)h = Z(y())h(.), v € Hs, he L*(G),

satisfy the assumption (Ls). Indeed, for f this is obvious. Since X is a bounded
function, Z(y(.)) € L®(G) for any y € H and multiplication by an L*-function is
a continuous linear operator on L%(G). Furthermore,

lo()h — o(2)h|2, = /G LZW(E)) — S((€)IA(E)Pde

< esssup |E((6)) - S(:(E)? / Ih(€)[2de
EEG G

< Lip(2)2(ly = 2ll7(g)llhllE2(q) < comst. [|R[IZlly ~ =I5
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for any y,z € Hs, h € L*(G), as H; is imbedded in C%*(G), hence a fortiori in
L*®(G). Moreover, we can choose § > 1/2 — 1/4m, so that any function y € Hs may
fulfil all the boundary conditions Bjy =0, j =1, ..., m, on 8G.

Applying Theorem 1.3 we obtain a unique mild solution z to (6.1) whose sample
paths are continuous on ]0,T] as W™~¢2(() -valued functions for ¢ > 0 arbitrarily
small but positive and Bjz(t) = 0 on 8G, j = 1, ..., m, t > 0. In particular, let
us investigate the problem (6.1) in one space dimension (N = 1), taking for A a
differential operator of the second order with Dirichlet boundary data: The mild
solution z then satisfies z € C®*([r, T];C%%~¢(G)) almost surely for any 7 > 0 and
0<A<ex< % and can be viewed as a random field with Holder continuous sample
paths.

Example 6.2. To give some idea of the scope of applicability of Theorem 1.4
we will consider a stochastic symmetric hyperbolic system

du - Ou .
(6.2) o = ,; aj(t, ")a_sj + b(t, z)u + h(t, z,u) + g(t, z, u)iAt),
zeR", 0<t<T, u(0,z) = up(z).
Here u = (ug,...,un)7 is the unknown N-tuple of stochastic processes (the super-

script 7 denoting transposition), w(t) is a standard d-dimensional Brownian motion,
a;j(t,z), b(t,z) are N x N- matrices, a; Hermitian for any (¢,z) € [0,7] x R*. Let
the functions a;, b fulfil

a; € C([0, T]; C; (R™*;Mn«n)), b€ C([0,T);C)(R*;Mnxn)),

b
'ag"‘ EC,‘,’([O,T] XR";MNXN), j= 1,...,n,
Zj

where we denote by Mg the set of all k x I-matrices and by C}* the Banach space

of all functions whose derivatives up to the degree m are continuous and bounded.
Moreover, let

h:[0,T] x R® xR¥N — RV, 9:[0,T] x R* x RY — My x4

be measurable functions such that for a function k¥ € L*(R"™) and every t € [0, 7],
z €R™, r,v € RN one has

[IA(t, z,7) = h(t, 2, )| + lg(t, z,7) = g(t, 2, v)]| < K@)lIr = o],

lIk(t, 2, 0)l| + llg(t, z, 0)l| < k().
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We can easily transform (6.2) into the form (1.2). Set H = [L%(R™)]V, and for any
t € [0,T] define

(6.3) A(t)u = ia,-(t,z)-g—u- +b(t,z)u
ji=1 j

(by our assumptions, the right-hand side of (6.3) makes sense as a distribution for
each u € H), and

Dom(A(t)) = {u€ H, A(t)u € H}, A(t)u = A(t)u, u € Dom(A(t)).

Then there exists an evolution operator U for {A(t),0 < t < T'} satisfying (E) (see
(32], §4.6). Further, the mappings

.f:[01T]XH'_'H’ (t!‘P)"_’h(t":‘P(‘))§
o:[0,T)x H— LR, H),  (t,9) — g(t,-, ()

fulfil the assumption (Lo). Finally, suppose ug € H almost surely and let uo, w(t) be
independent. Then Theorem 1.4 gives us a unique mild solution to (6.2), the paths
of which are continuous as [L?(R")]V-valued functions.

It should be remarked, however, that in the present case of a finite-dimensional
noise much more regular solutions can be obtained by different methods, cf. e.g. [28],
Prop. 3.2.

Remark added in proof. This paper having been submitted I learned that a result
closely related to our Theorem 1.3 was obtained independently by D. Gatarek (A
note on nonlinear stochastic equations in Hilbert spaces, to appear).
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