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COMPARISON THEOREMS
FOR FUNCTIONAL DIFFERENTIAL EQUATIONS

JozEF DZURINA, Kosice

(Received September 24, 1992)

Summary. In this paper the oscillatory and asymptotic properties of the solutions of the
functional differential equation

Lnu(t) +p(t)f (ulg(t)]) = 0
are compared with those of the functional differential equation

anu(t) + g(t)h (ulw(t)]) = 0.

Keywords: Property (A), canonical form
AMS classification: Primary 34C10

We consider the n-th order (n > 2) functional differential equa.tlon

) (% (- G ) - ) +p()f (ulg(®)]) =0,

where r;,9,p € C([to,)), f € C(R), p(t) > 0, r5(t) > 0, ¢ = 1,2,...,n -1,
zf(z) > 0 for z # 0 and g(t) = co as t =+ oo.
We introduce the notation

@) Lou®) =u(®), La(®) = o (Leoru®)) Lou) = Cooru(d),
i=1,2,..,n-1

The author would like to thank the referee for some useful comments.
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Then equation (1) can be rewritten as

Lau(t) + p(t) f (u[g(®)]) = 0.

The domain D(L,) of L,, is defined to be the set of all functions u: [Ty, 00) = R
such that L;u(t), 0 € ¢ < n exist and are continuous on [T},00). By a proper
solution of equation (1) we mean a function u(t) € D(L,) which satisfies (1) for
all sufficiently large t and sup{|u(t)|: ¢ > T} > O for every T > T,. We make
the standing hypothesis that equation (1) does possess proper solutions. A proper
solution of (1) is called oscillatory if it has arbitrarily large zeros; otherwise it is
called nonoscillatory. Equation (1) is said to be oscillatory if all its proper solutions
are oscillatory.

We say that the operator L, is in canonical form if

3) / ri(s)ds=00 for 1<ig<n—-1.

It is well known that any differential operator of the form (2) can always be rep-
resented in a canonical form in an essentially unique way (see Trench [10]). In the
sequel we will suppose L,, is in canonical form.

Lemma 1. Let (3) hold. If u(t) is a nonoscillatory solution of (1), then there
exists a t; and an integer £, 0 < £ < n — 1 such that £ Z n (mod 2) and
u(t)Liu(t) >0 on [t1,00), 1<i<{,

(4) it
(-1)**u(t)L;u(t) >0 on [t;,), £+1<LKign.

Lemma 1 generalizes a well known lemma of Kiguradze [6] and can be proved
similarly.

A function u(t) satisfying (4) is said to be of degree £. The set of all nonoscillatory
solutions of degree £ of (1) is denoted by N,. If we denote by N the set of all
nonoscillatory solutions of (1), then

N=NUMNU---UN,_;, forn odd,
N=MUNMN3U:---UMN,_;, forn even.

Following Kusano and Naito [7] we are interested in the situation when N = A,
especially when every nonoscillatory solution u(t) of (1) satisfies

(5) tl_i_)rf,x‘J u(t) = 0.

Definition 1. Let L, be in canonical form. Equation (1) is said to have property
(A) if for n even (1) is oscillatory (i.e. N' = @) and for n odd every nonoscillatory
solution u(t) of (1) satisfies (5).
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Remark 1. Let us denote My =1 and

t 8i 52
M,'(t) =/ r,-(s,-)/ / rl(sl)dsl...ds;, 1= 1,...,n—1.
to to to

Then a stronger asymptotic result can be established, namely, according to Theo-
rem 1 in [1] if u(t) satisfies (5) then also

tl_l_)r{.xo M;(t)Liu(t) =0, i=0,1,...,n—1.
The following lemma. is elementary but quite useful in the sequel.

Lemma 2. Let p(t) > 0, q(t) > 0. Suppose that a function a(t) is positive,
continuous and nondecreasing on [tg,00). If

o0 o0
/ p(s)ds > / a(s)ds, t3to,
t t

then

/ °op(S)a(S) ds > / ” g(s)a(s)ds, t>to.

In the literature many comparison results have been established to the effect that
if a differential equation with a deviating argument has property (A) then so does
another related equation with larger deviating argument. Attempts in this direction
have been undertaken e.g. by Kusano and Naito [7], Mahfoud [9] and Erbe (3] and
(4]

The aim of this paper is to present comparison results in the opposite direction,
that is we wish to derive property (A) of an equation with a deviating argument
from the corresponding property of another equation with larger deviating argument.
Therefore, let functions g(¢) and w(t) be subject to the conditions

(6) gweCl, >0, v'(t)>0, w(t)>g()

To be able to build our comparison technique we use the following differential
operator which was introduced by Kusano and Naito [7].

_d 1 d d 1 d
T dt ra g [r(®)]r'(2) dt T At r[r(8)]r(2) dt’

Qn

where 7(t) = g(w™1(t)) and w~1(t) is the inverse function to w(t).
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We compare oscillatory and asymptotic properties of solutions of equation (1) with
those of the equation

(7) anu(t) + g(t)h (u[w(t))) =0,

where g € C([tp,)), h € C(R), g(t) > 0, zh(z) > 0 for z # 0 and w(t) satisfies (6).
Note that the function 7(t) expressed in terms of arguments g(t) and w(t) of
equations (1) and (7) is the main tool for comparing (1) and (2).

Theorem 1. Suppose that (3) and (6) hold. Let h(z) be nondecreasing. Further
assume that

(8) f(z)sgnz > h(z)sgnz  for z # 0,
9) /t p(s)ds 2> /t q(s)ds for t > t.

Then equation (1) has property (A) if so does equation (7).

Proof. Let u(t) be a nonoscillatory solution of (1). We may assume that u(t) is
positive (for u(t) < 0 we can use a similar argument). Then there exists an integer
¢ € {0,1,...,n — 1} such that n + £ is odd, and a t; > to associated with u(t) by
Lemma 1. Assume £ > 1. Integrating (1) and using 7(t) < ¢ we obtain

(10) Ln-su(r®) > [ " (o) f (ulg(s)]) ds

for t > t3 (> t,) provided t, is sufficiently large. First, note that u(t) is nondecreasing
as £ > 1. Combining (10) with (8) one gets

La-1u(r(t)) > /t " p(s)h(ulg(s)]) ds, t>ta.

Since the composite function k([g(t)]) is nondecreasing, according to Lemma 2 we
obtain

(11) Ln—1u(r(t)) 2 /;o a(s)h(ulg(s)]) ds, t>ta.

We multiply (11) by r,_; (7(¢))7’(t) and integrate the resulting inequality over [t, co).
Repeating this procedure, we arrive at
Leu(r(t)) > / rer1[T(Se41)]7 (8241)
t
(12) o o
X / e / q(sn)h (u[g(sn)]) dsn ...dset1 .
se41 Sn.y
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We multiply (12) by r¢(7())7'(t) and integrate over [t2,t]. Continuing in this manner
we obtain

u[r(t)] > c+/t ri[r(s1)]7'(s1) /:1 ---/:l—l re[T(se)]7' (se)

(13) o i
x/ “ﬂ/ a(sn)h(ulg(sn)]) dsn...ds1, £ t,

where ¢ = u[r(t2)] > 0. Denote the right hand side of (13) by z(t). By repeated
differentiation of z(t) one can verify that z(t) is a function of degree ¢ and, on the
other hand,

(14) anz(t) +q(t)h(ulg(®)]) =

As u[r(t)] > 2(t) and 7(w(t)) = g(t) we see that

u(g(t)) = u(r[w(®)]) > z(w(t))

for all large ¢, say t > t3. Combining this fact with (14) we see that 2(t) is a solution
of the differential inequality

{anz(t) + q()h(2[w(t)]) } sgn 2[w(t)] <0, t>ts.

Then by Kusano and Naito (see [7]) equation (7) has also an eventually positive
solution z(t) satisfying
lim z(t) > ¢> 0,

t—00

which contradicts the hypotheses.
Now, let £ = 0 (note that this is possible only when n is odd). To obtain a
contradiction assume that ¢y = tl_x’r{.lo u(t) > 0. Integrating (1), in view of (8) we have

Lou(r®) > o+ [ nilr(su)lr'(s0)

(15) 0o oo

X / .. / p(sn)h (ug(sn)]) ds, ...dsy
81 8n-1

for all large t. Since u(t) is decreasing (¢ = 0) one gets

3
Soult) >, t>h,
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where t; is large enough. This fact together with (15) and (9) implies

éo - +/°°7‘1[T(81 ]T (81

/ / q(sn)h (co)dsy ..

for all large ¢, say t > t3. Again, let us denote the right hand side of (16) by z(t).
Then

(16)

a7 .- anz(t) + q(t)h(co) =0, t>ts.
Noting that z(w(t)) < co, (17) yields
{anz(t) + q(t)h(z[w(t)])‘} sgnzw(t)] <0

Again according to Kusano and Naito [7] equation (7) has also an eventually positive
solution z(t) with the property

2(t) > ?22

This contradicts the assumptions and the proof is complete. a

Example 1. Consider an even order delay equation

: 1 (m)
19) [C +HOII0) =0 m 31

where functions r, p, f and g are the same as in Theorem 1 and g(t) < t. Then by
Theorem 1 equation (18) is oscillatory if the ordinary equation without delay

m
(%(Tnl)“g"(ﬁy""’) +p®)f(y(®) =0, m>1

is oscillatory

Corollary 1. Let (3) hold. Let ri(t); 1<i<n— 1 be nonincreasing. Assume
that f is nondecreasing. Suppose that g € C1 and ¢'(t) > 0. Then for any constant
M equation (1) has property (A) if and only if so does the equation

19 Lou(t) +p(0)f (ulo(®) + M]) =0.
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Proof. Assume that M > 0. The “only if” part follows from Theorem 1 of
Kusano and Naito [7]. Now suppose that equation (19) has property (A). We put
w(t) = g(t) + M. Then

) =g (@) =t-M<t
By Theorem 1 of Kusano and Naito [7] the equation
(20) anu(t) +p(t)f (ulg(t) + M]) = 0

has property (A) as r;(7(t))7'(t) > ri(t). The “if” part now follows from Theorem 1
applied to equations (20) and (1).

Now let M < 0. We put §(t) = g(t) + M. Since —M > 0, by the first part of the
proof of this theorem we see that the equation

Lnu(t) + p(t) f (ulg(2)]) =0
has property (A) if and only if so does the equation
Lau(t) +p(t) f (u[g(t) + (-M)]) =0,

which we wanted to verify. a

Example 2. Consider an n-order linear delay differential equation

(21) (T—(lt—)---(ﬁu'm) ) +p(t)ule(®) =0,

where r, p and g are subject to the same conditions as in (1). Let us denote b(t) =
r(g(t))g'(t) and put w(t) = t. By Theorem 1 equation (21) has property (A) if the
differential equation without delay

(555 (s5v®) ) +pltu(t) =0

has property (A), which by Theorem 5 in [2] occurs if

t n—1 00 M
. 1
(22) hg’,f,Ef (./tlo b(s) dS) (/; p(s) ds) > ﬁ_——I’
where M; is the maximum of all local maxima of the polynomial

Pu(k) = —k(k—1)...(k—n+1).
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If we set g(s) = z then (22) reduces to

9(t) " peo M,
htxgg’xf </t. r(z) dx) (/t p(s) ds) > 1

]
which is a weaker sufficient condition for equation (21) to have property (A) than

Kusano and Naito have required in [7].

For n even, as we see from Definition 1, property (A) of equation (1) reduces to
oscillation of (1). In [8] Kusano and Naito discussed the oscillatory character of a
special case of (1), namely the even order linear differential equation

(23) Lnu(t) + p(t)u(t) =0,

by comparing (23) with a set of second order differential equations (see Theorem B
in [8]). We adapt their method together with Theorem 1 and make use of the results
obtained to extend the results of Kusano and Naito [8] and Trench [11].

Let 1<i<n—1andt,s € [ty,o0). We define

Iozl

t
Ii(taS;T:‘,~-1r1)=/ ri(z) ;-1 (z,8;7i-1,...,71)dz.

Let us denote b;(t) = ri(g(t))g'(¢t) for i = 1,2,...,n — 1. For simplicity of notation
we put ’
Ji(ti 3) = Ii(ti S, bl) sy bi)7

Ki(ta S) = Ii(t7 $; bn—h ceey bn—i)'

Theorem 2. Suppose that n > 4 is even. Assume that all the conditions of
Theorem 1 are satisfied with h(z) = z and w(t) = t. Define fori =1,3,...,n—3

(24) ault) = berr(®) | Jica(s,)Knmica(s,a(s) ds,
t
(25) nt(8) = boa(®) [ Jnca(s,00a(6)ds.
¢ t
Then equation (1) is oscillatory if the second order equations
1,00 P
(26) (my (t)) +a;i(t)y(t) =0, i=1,3,...,n—-1

are oscillatory.

Proof. Applying Theorem B in [8] we conclude that equation (7) is oscillatory,
and hence (1) is oscillatory by Theorem 1. D
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Corollary 2. Let all the conditions of Theorem 1 hold with h(z) = z and w(t) = t.
If ' :

. g(t) . oo 1 .
i 27 liminf i s i -y P = 3y Fyeeay -'1,
(27) B3 </to T (s)ds)(/t a(s)ds) > i 1,3 n

where a;(t), i = 1,3,...,n — 1 are defined as in (24) and (25), then equation (1) is
oscillatory. )

Proof. We make a change of variables in the first integral in (27) by using the
substitution s = g(z) and obtain

t oo
o |
(28) llgglf(/t;) b,-(:c)dz)(/t ai(s)ds) > T = 1,3,...,n—1.

It is known (see [5] ) that (28) is sufficient for all solutions of (26) to be oscﬂlatory.
Hence, Corollary 2 follows from Theorem 2. -0
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