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Summary. The existence of bounded solutions for equations =’ = A(t)z + f(t,z) in
Banach spaces is proved. We assume that the linear part is trichotomic and the perturbation
f satisfies some conditions expressed in terms of measures of noncompactness.
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1. INTRODUCTION

The purpose of this paper is to prove a theorem concerned with the existence of
bounded solutions of the nonlinear differential equation

z' = A(t)z + f(t,z)

on the whole real line R.

This problem was intensively studied by many authors ([2], [4], [5], [6], [8], [9),
[11], [13], for instance) and this paper is a continuation of the results mentioned.

In comparision to previous results of this type we assume a more general growth
condition (see [3], [5], [11], for example), a more general continuity assumption ([5],
(6], [11], [13]) and in our compactness condition a measure of noncompactness is
chosen arbitrarily from a class of measures which contains the well-known classical
measures (cf. [5], [11], [13]). Let us remark that our compactness-type assumption
is more general than the condition (12)-(13) in [11].

We begin by introducing the indispensable notions. Throughout the paper (E, ||-[|)
will denote a real Banach space and B(a,r) = {y € E: |ly — a|| < r}. By L(E) we
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will denote the algebra of continuous linear operators from E into itself with induced
standard norm | - |. '
Moreover, by C(R, E) we will denote the Fréchet space of all continuous functions
from R into E, endowed with the topology of almost uniform convergence on R.
Let A: R = L(E) be strongly measurable and Bochner integrable on every finite
subinterval of R.
Consider the equation

) 2'(t) = A(t)z(t).

By -U(t) we denote the fundamental solution of U'(t) = A(¢)U(t) with U(0) = Id.
Following Elaydi and Hajek we introduce

Definition 1. [6] A linear equation (1) is said to have a trichotomy on R if there
exist linear projections P, Q such that

) PQ=QP, P+Q-PQ=1d

and constants a > 1,0 > 0 such that

|[U@)PU(s)] € ae "% for 0<s<t,

(3) |U@#)Ad —P)U(s)| < ae™ Y for t < s,5>0,
[U®QU(s)| < ae ¢~ for t<s<0,

[U@)(Id -Q)U~(s)| < ae™°?~%) for s<t,s<0.

It is necessary to remark that if (1) has a trichotomy on R, then it has an exponential
dichotomy on R} and an exponential dichotomy on R_ (see [4], [5], [6], Lemma 1.2).
The converse is not true.

Define the integral kernel G(t,s) = U(t)L(t,s)U~1(s), where

Id-Q for 0 < s < max(t,0),
Lit,s) -Q for max(t,0) < s,
,8) =
for s < min(t,0),

P-1d for min(t,0) < s <0.

Then |G(t,s)| < ae~?!t=*l for t,s € R ([7], Lemma 7). More information about this
can be found in [6] or [7].

276



2. MEASURES OF NONCOMPACTNESS

The notion of measure of noncompactness was introduced by K. Kuratowski in
1930. It is a very important notion, for example in the theory of fixed points or in the
theory of differential equations. An axiomatic theory of such measures can be found
in [1], for instance. For such problems as the theory of linear differential equations
it is worth while to introduce a special class of measures of noncompactness g with
the property '

KK A) < |K|u(A4),

where K € L(FE) and A is a bounded subset of E.

The Kuratowski measure of noncompactness and the Hausdorff measure of non-
compactness have this property ([5]), but unfortunately we must assume additionally
this property in the case of axiomatic approach to the above mentioned problems,
see [11]. However, each of the so-called (£, %, p)-measures of noncompactness have
this property ([3]), so they are useful in this case and especially in this paper. For
the convenience of the reader we repeat without proofs the relevant material from
[3], thus making our exposition self-contained.

Let 2 be a family of relatively compact subsets of E such that

(P) XePZ=>Xe 2,

(P) Xe 2 Y#£DYCX=>Y € P,

(Ps) X € 2 =convX €2,

(Ps) the subfamily of all closed sets in & is closed in the family of all nonempty,
bounded and closed subsets of E with respect to the Hausdorff topology.

As in [1], a function u: # — [0,00) is said to be a measure of noncompactness
with the kernel £ if it is subject to the following conditions:
M) p(X)=0e X e 2,
(Mz) p(convX) = u(X),
(M3) XCY=uX)su), X, Yed,
where .# denotes the family of all nonempty, bounded subsets of E. Denote by % a
basis of neighbourhoods of zero composed of closed, convex and balanced sets. Let
# = {rB: B € #,r > 0}. Assume that a function p: B' — [0,00) satisfies the
following conditions:
(C1) p(V) > 0 whenever V g 2,
(C3) for each € > 0 there exists V € %' such that p(V) <,
(C3) UcV=pU)<pV),
(C4) p(conv V) = p(V),
where U,V € &'.
Such a function is said to be a p-function.
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And now, we can introduce our notion of a (£, %8, p)-measure of noncompactness
(13)): & function p: M - [0,00) is said to be a (&, B, p)-measure of noncompactness
(2, B,p) — mnd] iff '

u(W) = inf{e > 0: there exist H € # and V € &'
such that W Cc H+V, p(V) < ¢}

for each W € .#.

The Kuratowski measure of noncompactness and the Hausdorff measure of non-
compactness are, in fact, (£, %,p)-measures of noncompactness (see [3]). More
information about these measures can be found in [3] and [1].

In the sequel, we will assume that

(i) £ is a family of all relatively compact subsets of E,
(i) p(k-V)=k-p(V), k>0,VeR,
(i) Ve B =>U+VeR.
Under the above assumptions we have the following lemmas:

Lemma 1. ([3]) Every (£, 8, p)-mnc u has the following properties:
(L1) u(A+ B) < u(A) + u(B),
(L2) AC B = p(A) < u(B),
(Lo) ulk- A) = k- u(4),
(Le) W(STVA) = p(A),
(Ls) n(AU {z0}) = pu(A),
(Le) pn(A) = 0 iff A is relatively compact in E,
for each A,B € #,zo € E and k > 0.

Lemma 2. ([3]) If K is a continuous mapping from a compact interval I of R to
L(E) and W is a bounded subset of E then

w(UK@W) <suplK(o)] - uo?).

terl

The assertion of the above lemma is very important. As claimed, in the case

of purely axiomatic theory of such measures of noncompactness, it is necessary to
assume this fact (see [11])! See also [5] .

Lemma 3. ([5]) Let W be a bounded, almost equicontinuous subset of C(R, E).
For any subset X of W put

§(X) = sup u(X (¢)).
teR
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Then the index & has the properties (L1)—(Ls) listed in Lemma 1 and if £é(z) = 0
then z is relatively compact in C(R, E).

3. MAIN RESULT

We introduce the following assumptions:
(1°) A: R — L(E) is strongly measurable and Bochner integrable on every finite

subinterval of R. Moreover suppose that the linear equation
1) a'(t) = A(t)z(t)

has a trichotomy with constants a > 1 and o > 0.
(2°) Let f: R x E — E be a function with the following properties:
(i) for each t € R f(¢,-) is continuous,
(ii) for each z € E f(-,z) is measurable,
(iii) there exist real nonnegative functions a and b locally integrable on R such
that A
£ 2l < alt) + b(t) - |zl

for each t € R and z € E. Assume in addition that

t+1
(A) sup/ a(s)ds < My,
teR Ji
' t+1
(B) sup / b(s)ds < M,
teR Ji

where 0 < M; < 00 and 0 < M, < 155~
(3°) Let g: Ry — R, be continuous and let A: Ry — R, be a nondecreasing func-

tion. Assume
© p(f(I x X)) < eitexgg(t) - h(u(X))

for each compact subinterval I of R and each bounded subset X of E.
(4°) Put
L =sup {/ |G(t,8)|g(s)ds : t € R}.
R

Assume that 0 < L < oo and L-h(t) <t for t > 0.
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Theorem. Under the above hypotheses there exists at least one bounded solu-
tion of

(4) ' (t) = At)x(t) + f(t,z(t))

on R.

Proof. Let a>1 and o > 0 be constants from Definition 1 (assumption (1°)),
80 |G(t,s)| < a-eltel ¢, seR.
By H we denote the followmg set:

H= {x € C(R,E): ||z()|| < K

t t t
lz(t) — z(7)|| < K/ |A(s)] ds +/ a(s)ds +K/ b(s)ds, 7, t€ R},
where K = 2aM, /(1 —e™7 — 2aM,).

Note that K > 0.

It is clear that H is nonempty, closed, bounded, almost equicontinuous and convex
in C(R, E).

For each z € H we define

F(z)(t) = /R G(t,5)f(s,2(s)) ds

Thus

l+m+1
" Z G(t,)f(5,2(s)) ds

m=-—00

IF @)@ = || [ 695656 as

aad t+m+1
<Y [T et sis,ns)lds

m=—oo0 Vt+m

< i /t+m+1ae"’|""|(a(s)+Kb(s))ds

m=—oco0 Vt+m
Similarly as in ([6], Lemma 5.1) we have the estimate

2(1(M1 + M;K)

— e~

IF@) @) < =K.

Furthermore, since F(z) is a solution of

y'(t) = A()y(t) + £(¢, 2(t)
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(see [6], Th. 5.2), for 7 < t (t,T € R) we have

[1F(z)(t) — F(z)(7)ll < / [A($)F(z)(s) + f(s,z(s))ll ds
! t t
<K- / |A(s)|ds + / (a(s) + K - b(s)) ds

Finally, F(z) € H and F: H — H.

Now we are in a position to show that F' is continuous.

Let (z,) be a sequence which converges to z in C(R, E) (zn,z € H,n=1,2,...)
and let I be an arbitrary compact subset of R.

EEae

Put o, =inf{t: t € I} and g, = sup{t: t € I}. Fxx an arbitrary t € I We have

IFG@a)® - F@OI < [ 166 1(am(s) - F(s,2(6)l ds
+ [ 1G] - 1£(5,a(s)) = F(s,2(s))]] ds
< / ae=(t=9)||£(s,2,(s)) = f(s,(s))]| ds

—00

+ / ~ 4= f(s,2n(s)) - £(s,2(s))]|ds
t
— gec / e || £(5,n(s)) — f(5,2(s))l| ds
+ oot / " e\ (s, 2(s)) — (s, 2(s))l| ds
< Lagn /_ m 1£(5,2a(s)) = f(s,2(s)ld(e”?)
Logee / °° 17(5,2a(s)) = F(s, 2(5))lde="").

By the Lebesgue dominated convergence theorem we deduce that F is continuous
from H into itself.

Set £(Y) = sup{u(Y'(t)): t € R} for each subset Y of H. By Lemma 3 this index
£ satisfies our conditions (L;)—(Ls) listed in Lemma 1.

Choose arbitrary t € R,e >0and Y C H.

Note that Y is almost equicontinuous as a subset of H. By the definition of x for
each € > 0 there exists V € &' such that p(V) < €. Let us denote by § a positive
constant such that B(0,8) C V. Let ¢ > 0 be such that K - e~% < 24.
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t—q
Thus, if we denote by A; the set { J G(t,s)f(s,y(s))ds:y € Y}, then u(A;) <
p(V) < €, because B

t—q —dq
lA1]] € / ae~%(t=2) (a(s) + Kb(s))ds < Kez

< é,

so A; C {0} + B(0,6) C {0} + V.

Analogously u({ T G(t,s)f(s,y(s))ds:y € Y}) < € (cf. [11], assumption (e)).
t+q

In the sequel, with no loss of generality, we will assume that 0 € (¢t — ¢, + q).

For an arbitrary €; > 0 there exists a §; > 0 such that |s; — s2| < d; with s;,82 €
[t —q,t] or 51,82 € [t,t +q] implies |G(t,s1) — G(t, s2)| < €1 and |g(s1) — g(s2)| < €1.
Let to=t—q<t1 <...<tp=t<...<ty =t+q be a partition of [t — ¢,t + q]
with t; —¢;_1 < 0, foreachi=1,2,...,2k.

The interval [t;—,¢;] will be denoted by I;.

By continuity of g and G(t,-) (except G(t,t)) there exist points 7;,s; € I; such
that

5) IG(¢,s:)| = sup{|G(t,9)|: s € I;},
9(r:) = sup{g(s): s € L}.
Let
a =sup{|G(t,s)|: t—g<s<t+g},
c2 =sup{g(s):t—g<s<t+g}
For simplicity, we will denote the set {Y(s): t — ¢ < s < t+ ¢} by Z. Obviously
#(Z) =sup{u(Y(s)): t — g < s <t +q} <EY).

By the mean value theorem we get

t4+q
{ G(t,5)f(s,y(s))ds : y € Y}

t—q

2k
c Y (- ti_l)m( U Gt 9)f (L x z)).

i=1 s€l;
So, by Lemma 2 (see also [3])
w(U 66,91 x 2)) < sup |66, i (h x 2)
s€l; s€L
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and consequently, by our assumptions

u({ tma(t,s)f(s,y(s)) as:yev})

-q

2k
< Y (ti—ti)- sup |G(t,)| - w(f (L X Y))

i=1
2k

< Y (i~ tie1) - |G(E, 80)] - 339(8) - h(u(Y))

i=1

2k
= h(u(Y)) - Y _(t: = tic1) - |G(t, 8:)] - 9(7:)

1';—-,:
<huY) S /, (IG(t,5:) - G(t,3)] - 9(r3)
i=1 Y1
+1G(t:3)] - la(r) — g(s)| +[G(t, )] - 9(s)) ds
t+q
< h(p(2)) - 2q(c1 + c2)er + / IG(t,5)] - 9(s) ds].

Jt-q

Since ¢; is arbitrarily small, we get

«({] + Glt, (s, u(s)ds: y €Y })

< h(u(2)) / IG(t,5)| - 9(s) ds .
R
Thus
W(EY)(®) < e+ h(u(2)) - /R IG(t,5)|- g(s) ds +e1
<2+ L h(u(2)) < 2+ L - h(EY)),
so u(F(Y)(t)) < L-h(£(Y)) and consequently
E(F(Y)) < L- h(E(Y)).

By (4°) and Sadovskii’s fixed point theorem ([12]) F has a fixed point in H, which
is a bounded solution of (4) (cf. [7], Lemma 7). The proof is complete. O

As claimed in Introduction, this theorem is an extension of previous results: in
the case of trichotomy of (1) it generalizes a famous result of Elaydi and Hajek ([6],
Th. 5.4) and in the case of exponential dichotomy of (1) other mentioned results ([2],
(5], [8], [11], [13], for example).
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