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‘Abstract. 'We study the mappings of monotone type in Orlicz-Sobolev spaces. We intro-
duce a new class (Sm) as a generalization of (S..) and extend the definition of quasimonotone
map. We also proye existence results for equations involving monotone-like mappings.
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1. INTRODUCTION

Since the pioneering work of Minty in 1962 the theory of monotone mappings
from a real reflexive Banach space X into its dual space: X* has been extensively
generalized by Brezis, Browder, Hess, Leray and Lions, Visik and many: others. In
its original form the:theory considers mappings 7" which satisty the condition

{u—v,T(u) =T(v)) >0 forall yand v in X,

where {u,w) denotes the duality pairing between the clement v in X-and w in X*. In
order to treat efficiently the solvability problems for nonlinear elliptic and parabolic
equations and corresponding variational inequalities within the same framework, var-
ious generalizations of the concept of monotone maps have been introduced.. Most
important of these extensions turned out to be the mappings of class (54); pseu-
domonotone mappings (PM), mappings of the type (M) and ‘quasimonotone map-
pings {QM). The fact that the classical topological degree can be constructed for the
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class (S4.) and for the class of pseudomonotone mappings in the weak form indicates
that the classes are well-defined (see [2,3,19]).

A’ motivation for the definition of various classes of mappings of monotone type
comes from the study of the existence of solutions for the problems associated . to
clliptic differential operators in divergence form

(1:1) Aufe) =57 (=) D%, (2, u(x), Vule), ..., VVulz)), @€ Q

fafgm

where Qis an open set in RY: and m > 1. If the coefficients an(z,£) satisfy a
polynomial growth condition with respect to J¢| and suitable analytical conditions,
the differential operator (1.1) generates a nonlinear mapping T from the Soboley
space W™P(§) to its dual space W=7 (Q) belonging to the class (S4), (PM).or
(QM), respectively.

Differential operator (1.1) is called strongly nonlinear if the coeflicients ‘A, do not
satisfy any polynomial growth condition. ‘The study of strongly nonlinear elliptic
problems was initiated by Browder in-1973. Since then many contributions have
been published into this direction. Browder’s original idea was to consider operators
of the form

Au(z) + Bu(z),

where ‘A is a polynomial operator as above and B is a lower order operator having no
growth restrictions. This approach led to the concept of generalized pseudomonotone
mapping, which is, in general, neither everywhere defined nor bounded in the Sobolev
space associated ‘with the operator 'A. Further contributions in this direction are
due to Hess [10]-and Landes [15] and many others. ‘Browder was able to show
that a degree theory can be extended also for a particular class of mappings where
Bu(z) = g(z,u(z)). A further extension for'a more general lower order part was
obtained by Kittila [12].

Another line of development for treating strongly nonlinear elliptic boundary value
problems is to employ Orlicz spaces in place of reflexive Lebesgue spaces LP(():
By this change the polynomial growth condition can be replaced by a more liberal
condition associated with an Orlicz function. The theory of mappings of monotone
type can be extended also for complementary systems of Orlicz-Sobolev.spaces which
are not reflexive in general, and existence theorems can be produced accordingly. The
study ‘along these lines was initiated by Donaldson [4] and continued by Gossez [6-
8]. Further contributions in this direction include [9], {17] and [20], where a degree
theory is constructed.

In this paper we continue the study of mappings of monotone type in: Orlicz-
Sobolev spaces, ‘Our main task is to give a more complete characterization of relevant
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classes and produce corresponding refined ‘solvability- theorems for equations. ~'We
introduce a new class (S,,) which can be'seen as a generalization of the class (S4)
to the Orlicz-Soboley space setting. We also extend the definition of quasimonotone
mapping and prove that:the class {Sn,) stands quasimonotone perturbations.

Our paper is organized -as follows. In Section 2 ‘we present the basic proper-
ties of Orlicz ‘and Orlicz-Sobolev.spaces. In the next section we study the classes
of monotone-like operators in the complementary system formed. by Orlicz-Sobolev
spaces. - In Section 4 we deal with the conditions for differential ‘operators in diver-
gence form in order to generate mappings of the type described in Section 3. In
the last section we generalize the basic existence theorem for equations involving
quasimonotone mappings.

2. NOTATIONS AND DEFINITIONS

‘We begin with some preliminaries on Orlicz-Sobolev spaces.. Let Q2 be a’bounded
open ‘subset in RY ‘and let M: R — R be an N-function, i.e.; even, convex and
continuous with M(t) > 0 for ¢t > 0, M(t)/t'— 0.as.t.— 0 and M(t)/t — +oo as
t = +00. "M is an N-function if and only if it ‘can be represented in the form

el
21 M@= /0 m(s)ds

where m: [0, co[—=-[0, 0ol is increasing, right continuous, m(t) = 0 if and onlyif t =0
and m(t) — +00 as. i — +oo. Weextend m to R by m(t) = —~m(—t) for+ < 0
(odd continuation). The Orlicz class Ly () is defined as the set of all real-valued
measurable functions u defined in Q@ such that

/ M(u)da < oo.
2

The Orlicz space Ly () is the linear hull of £/(Q). Then L (£2) is a Banach space
with respect to the Luxemburg norm

. u
llellcany —mf{k >0: /QM(;> dz < 1}.

One has Ly (Q) = La(Q) if and only if M satisfies the Az-condition: there exist
o >0 .and to > 0 such that

M2t) S a M)




for all 't > 1. The closure in L (§2) of all bounded measurable functions is denoted
by Ep (). Then En(Q) C-Ly(Q) and Ep () = L) if and only if M satisties
the Ay-condition. The conjugate N-function M is defined by.

(1) = sup{ts - M(s): s € R}.

M is also an N-function and '3 = M. The space Lz (92) is the dual space of En ().
It is well-known that Ly () L57($2).C LY(€). We recall also Young’s inequality:

(2.2) M(z)+My) >y foralla,yeR

with equality-if-and only if @ = m(y) or y'= m(x). A sequence {un} in La(Q)
converges modularly to u if there exists A > 0 such that

[)w(“"/\-i—'f) dz =0,

when 1 —- co. " Modular convergence coincides with ‘norm convergence if and
only if "M satisfies the ‘Ag-condition.  If'M; and M, are N-functions satisfying
;&m M (ct)/Ma(t) = 0 for all ¢ > 0, then M, grows essentially more slowly than M,

o
and we denote My << Mo:

Remark 2.1 Typical examples of N-functions satisfying the As-condition are
(14t log(1+t}) — |t] and |t/ for p > 1. On the other hand, functions el - |t| — 1
and e/ =1 for p > 1 are N-functions not, satisfying the Ag-condition,

The Orlicz-Sobolev space of functions in L () with all distributional derivatives
up. to the order m in Lp(Q) is denoted by WLy (). The space W™Ep(£1)
is ‘defined -analogously. - These spaces are identified, as usual, to subspaces of the
product T L (). ‘The spaces: WLy () and W Ep(Q) are defined ‘as the
a(TT L, TT:Ex) closure of D(Q) in W™ L () and as the norm closure.of D(Q2) in
W™ Ep(§2), Tespectively, “We recall that there exists 'an N-function @ >> M. such
that the embedding Wa Lar(§2) — Eq(§2) is compact (see [5, 6]).

The following spaces of distributions will also be used:

W= L) = {f eD(Q): f= DT (-1)l*Df, with fo € L,,—,(ﬂ)}
laj<m
W™ Ey(Q) = {/ eD(): = 37 (=1lDef, with fo€ EM(Q)}A
la|gm
They are endowed with their usual quotient norms. It is shown in [6] that if 2 has

the segment property, then

(Y z>_(W5nLM(Q) W-mmm)
Yo Zo)  \WSEu(Q): W "Eg(Q)
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constitutes a complementary system, i..,'Y and.Z are real Banach spaces in duality
with respect 'to a continuous pairing (-,+) ‘and Y, and Zy are closed subspaces of V°
and Z respectively such that, by means of {-,); the dual of ¥y can be identified to
Z and that of Zyto Y. The pairing between u € ¥ and f = 3 (=1)ldDef e 2

|oi<m
is.given by

(u, f) = Z /Q(D“u)fﬂdL

laigm
A sequence {un} C Y- converges modularly to w in Y if D%u, — D%u modularly in
Ly (2) for each Jo| < m. Standard references on Orlicz and Orlicz-Sobolev spaces
include [1,13,14].
We end. this section by presenting some useful convergence results.

Lemma 2.2.
() Ifu, = wae in Q, uy = win Ly (Q) for (L, Eg) and v, = v.in Eg ()
strongly, then u,v, — uvin L}(Q)
(i) if wn — win Ep () strongly and P << M, then P7H(M (un)). = P71 (M (u,,))
in E5($) strongly.
(iii) u, = win Lp(Q) modularly if and only if v, — u in measure and there exist
a convergent sequence {f,} in L} (Q) and ¢ > 0 such that M(cu,) < fn ae’in
Q.

Proof. “The proofs of (i) and (i) can be found in [6] and [20], for example. To
prove (iii), ‘assume first that 4, — u in measure and M(cu,) < f, a.e.in Q, where
¢>0and f, = f in LYQ). Then

M (£(un— 1) < 3M(cun) + SM(cu) < §fu +5f - ae inQ.
By-the dominated convergence theorem
M ($(up—u)) = 0in LY(9).

Hence u,, —u.in Ly (Q) modularly.
Assume next that u, — v in Ly (Q) modularly. Hence ]\/1’(251 (Un — u)) — 0in
LY(Q) for some £;-> 0 implying u, ~ u in measure.- Moreover, choosing 0.<'g5 <

min(e;, 519—“\1!(7;) we get
M(eatun) < 3M(2e0(un = u)) + sM(2e0u). . ae in Q)

where the right hand side converges in L' (). a
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3. CLASSES OF MONOTONE-LIKE MAPPINGS

The original ‘definitions for various classes of mappings of monotone type were
given for mappings acting from a real reflexive Banach space X ‘into its dual space X7,
The norm convergence in X andin X*'is denoted by — and the weak convergence
by —.-We recall the following classical notions." A mapping 7' from X to.X* is said
to be

~ monotone, denote T € (MON), if (u = v, T(u) —T(v)) > 0 forall u,v € X

—of class (54) if for any sequence {u,} in X with u, — u and limsup(u, —
u, T(u,)) <0 wehave u, —uin X

— pseudomonotone, denote T-€ (PM), if for any sequence {u,}in X with u, = u
and lim sup{un — 4, T(uy)) < 0 we have T(u,) — T(u) and (un, T(un)) —
(u, T(w))

— quasimonotone, T'€ (QM), if for any sequence {u,} in X with un, — u we have
lim sup(u, —u, T(u,)) 2 0

— of class (M), if for any sequence {u,} in X with u, = u, T(u,) = X and
Lim sup(u,, T'(un)) € (x,u) we have x = T(u)

- "bounded if it takes bounded sets of X into bounded sets of X*

—. demicontinuous. if u, = u in X implies T(un) —T'(u) in X*

For bounded demicontinuous mappings we have (S4+) C (PM)-C (QM) and
(QM)-0 (M) = (PM). Also the perturbation result (S;) +(QM) = (S4)is
useful ‘in applications. . Note that the above ‘condition of quasimonotony can
be written also in the form: for any sequence {u,} in X with u, — wu and
lim sup{up, — 4, T(tn)) < 0 we have (un —u, T(u,)) = 0.

Our task now is to study the corresponding classification of monotone-like map-
pings in the complementary system of Orlicz-Sobolev spaces

(0 %)= (weuior wonspio)

where £ C RY is an open and bounded subset with the segment property. Essential
modifications are needed in the definitions above since Orlicz-Sobolev spaces are not
reflexive, in general, and the differential operators in divergence form with natural
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growth conditions are neither bounded nor everywhere defined. Moreover, the duality
map in Orlicz-Sobolev spaces is not. a single-valued (S.)-mapping, in general.

Definition 3.1, A mapping T: ¥y ¢ D(T) CY — Z
- is quasimonotone (denote T'-€ (QM)), if
{un} CD(T)
Uy U €Y for o(Y, Zo)
T{un) =+ x€Z for 0(Z,Yy)
lim sup(uy, T'(un)) < (1, %)

imply (un, T(un)) = (, X)

— is pseudomnonotone (T € (PM)), if
{un} C D(T)
Uy S UEY for o(Y, Zy)
T(un) X €Z for-o(Z,Yo)
lim sup(un, T(un)): < (u,x)

we D(T)
imply: x=T(u)
(un, T(un)) = (u, x)

~ is of class (Sm), if

{un} ¢ D(T) we D(T)
Uy HUEY for a(Y,Zy) x=T(u)

imply
T(u) =X €2 for 0(2,Ys) (un; T(un)) = (u, x)
lim sup{un, T'(un)) - < (4,X) Uy~ u modularly in Y,

—is quasibounded with respect to @ € Yp, if 7'(u) remains bounded in Z whenever
w€:D(T) remains bounded in Y and (u—@,T(u)) remains bounded from above.

~.is. finitely continuous, if T is continuous from each finite dimensional subspace
of Y into Z for o(Z,Yy)

— satisfies the condition (M,n), if

{un} C D(T)

U, — 2 €Y modularly u € D(T)
imply

T(up) = x € Z foro(Z,Yo) x.=T(u):

lim sup(un, T(uy)) <{u, x)

Clearly any pseudomonotone mapping and mapping of class (Sn ) satisfies the con-
dition (M,,,). ‘Quasimonotone mappings satisfying the condition (M) are denoted
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by (QMn). Tt is straightforward to. check that the sum of two quasibounded map-
pings with respect to the same 7 € Yy is also quasibounded with respect to 4.  Zero
map belongs to each of the classes defined above except (S,,). In the sequel we shall
denote: the restriction of any: class (:) defined above to the class of quasibounded
mappings with respect to & by a subscript (\)a.

For the classes in Definition 3.1, we have the following inclusions and perturbation
result.

Theorem 3.2,
(i)..(Sm). C(PM) C(QMy)
(i) (Smla+ (QMm)s = (Sm)a

Proof. -The first assertion follows immediately from the definitions. To prove
(i), -assume 7= T} +T», where Ty and T are quasibounded with respect to @ € 15,
Ty € (Sm) and Ty € (QM,,). Clearly Yy is‘a subset of D(T') = D(T1) N D(T,) and T’
is quasibounded with respect to @..Suppose

{un} C:D(T)

Uy o u€Y for o(Y, Zo)
T(un) > xE€Z for 0(Z,Yo)
lim sup(tn, T(un)) = < (1,X).

Since T and T are quasibounded with respect to %, we may deduce that
Ti(un) =+ x1 € Zand To(un) = X2 € Z for 0(Z,Ys)
for-a subsequence with x = x; + Y2. Since Ty € (@M), we have
Tim sup{un, T1 (un)) € (8 x1).

In view of Ty € (Sm), we get u € D(T1), X1 = T1(w), (un, Ti(un)) = (u,x1) and
Uy, — % modularly in Y. Hence

i sup(un, Ta(un)) < (% x2)
implying, on account of Ty € (QM,,), that u.€ D(T3), Th(u) = xz and

(s Ta(un)) = (4 X2)-
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4. DIFFERENTIAL ‘OPERATORS IN. DIVERGENCE FORM

Let © be an’open and bounded subset in R with the segment property and

denote
(Y Z ) = (Wg"LM(ﬂ) W’"‘LM(Q))
Yo Zo)  \WEEM®) W TmEg(Q) /)’

We shall consider differential operators in divergence form

(4.1) AWuy(2) = 5" (=1)D%, (2, u, Vy, .., V), zEQ
lalmm
(4.2) AOy () = Z (1) D%ag (2,0, Vi, .., V™), €N

la)<m

and the corresponding mappings 73 : " D(Ty) = Z aud Tp: D(Tp) ~. Z defined by the
formulas

(U,T;(u))::/g 5 aafe, &) Dovdz,  we D(T)veY

lal=m

and
Do) = [ Y oofe.6@)Dvds,  ueDT)vey
2 aj<m

where

D(T1) ={u € Y: aa(,£(u)) € Ly () for |a] =m}
D(To) = {u€ Y aa(z,&(w) € Ly(Q) for |a] <m}.

We_use the following notations: If £ = {£,:]a] < m} € R is an m-jet, then

¢ ={t: ]l = m} € R denotes its top order part and n = {&a:]a| <m} € R

its lower order part. For'a differentiable function u, £(u) denotes {D%u: |a| < m}.

Now we introduce the. conditions on the differential operators A and 4D which

give mappings Tp and T the properties described in Definition 3.1.

(A1) ‘Each a,(z,€): @ x RN — R is measurable for any fixed £ € R™° and continuous
in € for a.e. fixed 2

(Az) ‘There exist constants c1,c; > 0 and functions ks in Eg () for all |o] = m,
ko € Liz(Q) for |a} < m and an N-function P-<< M such that for'ae, zin
and all € in RNe

|0a(2,6)| < halz) +a > M7HM(cabp)) +e1- > P M(cpép))
18]=m 18l<m
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if o] =m,

l0a(2,6)| S ka(@) + o 3= MU (Plegge)) + e Y, MTHM(exkp))
18)=m 18lsm
if |a| <'m.
(A3) Forae 2 inQ, allyin RY2, ¢ and (" in R with ¢ # (',

57 (ealz,m0) = aalz,1,¢)) (G = Ca) >0

Jol=m

(Ag)e Forae. zin Q,all'nin BRY2, ¢ and " in RM,

57 (aalzm,0) = tal@,n,¢)) (Ca =) 2 0
lal=m
(A4) There exist functions be(z) in Eg () for |e| = m, b(z) in LY(Q), constants
dy,dy > 0 and some fixed element o € W Ep(€) such that

57 al5,6) (G = Do) 2 i 3" M{drE) = D bal2)ba —b(a)
lal=m Jaj=m laj=m
for a.e.’z in Q and all £ in RMo.
These conditions are. generalizations of the classical Leray-Lions conditions to
Orlicz-Sobolev space setting (cf. [9,17,18]).
We shall study first the properties of Tp.

Proposition 4,1.. If(A;) and(A,) hold, then T; is finitely continuous, D(Tp) =
Y, Ty is-bounded and belongs to (QM,).

Proof. Tt isproved ([9]) that if {u,} remains bounded in Y, then {aq (2, £(un))}
remains bounded ‘in Lz () for |a| < m, which proves that D(Tp) =Y and Ty is
bounded. Finite continuity follows as in [6].

Suppose u, —> win'Y for a(Y, Zo) and To(u,) - x'in Z for o(Z,Ys). By compact
embedding, D¥u,, — D%u'in Eyn(Q) for || < m. Since {aq(z,£(un))} is bounded
in Lz(9) for |a| <'m, we may assume :

aa(2,E(un)) = b € L(Q) - for oLy, Bar)

for a subsequence. Clearly

(o) x)= Z /K;h,, D%pda forallp ey

laf<m
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and
s Towal) = ¥ [ oalew)Doundz o 3 [ 1o Doude = (u)
faf<m 7 Jaj<m 2

proving that Ty is quasimonotone. If u, -+ win ¥: modularly in the above, then
o (T, €(Un)) = aa(z, £(u)) a.e. for a subsequence implying hq = aq(z,€(u)). Hence
Ty satisfies the condition (M) and the proof is complete. n]

For the operator T we adopt the following continuity and boundedness property
from {9].

Proposition 4.2.. -If (A;),/(A2) and (A3). hold, then Ty is finitely continuous
and quasibounded with respect to any @ € Yp.

Next we have the following extensions of the previous results of {6,9] for the

mapping T7.

Theorem 4.3.
a) If (A1), (A2) and {A3). hold, then Ty is pseudomonotone.
b) I (A1), (As), (As) and (A4) hold, then T} is of class (Sp).

Proof. First we prove part a). Suppose (A1), (Az) and (As). hold and
{un} C D(TY)
Up = U €Y for.o(Y, Zo)
Ti(ty) X EZ for o(Z,Ys)
lim sup(un, Ty (un)) < (u,X):
By the argument used in the proof of [9, Proposition 5.1], we may assume that,
{aa{z, E(un))} remains bounded in L3z(f). Consequently,
N o (7,6(un)) = ho € Lyg{(Q) - for o(Lyz: En)
for a subsequence and
(43 (0= Y [haDd  fralpel
lal=m "8

By o(Y;Z) density of Yo in Y, (4.3) holds for all-p € Y. Next we prove that
a,{z,€(u)) = hq ae. in Q for all ja| = m. By the compact embedding, DAy, — DFy
in Ep(Q) for |8] < m.. The condition'(A3). implies

> /9 (a0 (2, n(1n), B) = @a(®, E(n))) (va — Dup) dz 2.0

laj=m
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for all = (va) € (L°°(Q))N‘, Therefore

T > Y ol o

(4.9) fet=n
+ E /aa(r,n(un),ﬁ) (D%up — vq ) dz.
Jaf=m 78

The condition (Az) and the compact embedding imply.
o (z,1(un), D) —-aa(z,7(w),7)

in Bz () (see [6]). Hence

(u,x) 2 Z /huv da + Z /aaxr)(u)v (D% —vq) dz

Jaf=m laj=m
and consequently
(4.5) Z/ (aal2,1(u),0) — ha){va = D% >0
laf=m

for o = (va) € (L2()) M Let 0 < j < ibe arbitrary integers and ¢ > 0. Denote
Qi ={z € Q:|D%(z)| <i ae inQforal ol =m}
and
= (Vu)xe, +1xa;;
where @ € (L®())": is arbitrary. By (4.5),

- E /Q\Xl o (2,n(w),0)D%u dx

Jal=m

+1 Z / (aalz, n(w), ((u) + W) — ha)wa dz 2 0.

Jal=m

Letting 7.+ 00 and dividing by 1, we get

Z/ (aalz, (), ((u) + tB).~ ha)wa dz > 0.

lal=m
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Since D% + tw, =+ D% in L2($Y;), when t - 0T, we have

aa(2,1(u), C(u) + 10) ~ aq (2, 1(u), C(v))

in Eg (). Consequently,

Z / (0a(®, £(0) — ha)wadz > 0
2,

|af=m
for all @ € (L ()N implying
(4.6) @o(x,E(u)) = he ae. in )

for all la| = m, Since j was arbitrary, (4.6) holds a.e. in Q. Therefore u € D(T})
and x = T1(u). Substituting 7 = ((u)xq, into (4.4) we get

fun T > T | 005,80 (D)0, do
Jal=m

+ 3 [ elen(e), Cxn) (D% ~ (D*wra) do
Jl=m.

implying

lim inf(un, T1(un)) > Z / o (3, 6(w)) D2uda + E / ao(z,u,0)D%udr
Jod=m ¥ S Jaj=m T\
= Z /ﬂa(w,ﬁ(u))D“‘udz,
[

Jaf=m

when 4~ 0o. Hence (n, T1(u,)) = (u, Ti(u)) and the proof of part a) is complete.
To prove part b), suppose (A1), (Az), {A3) and (A4) hold and
{un} C D(Ty)
Uy = u €Y for o(Y, Zp) -
Ti(u,) = x €2 foro(2,Y)
limsup(tn, Ty (un)) - < (u, x)-

By the previous part, w € D(Th),x = Ti(u) and (u,,Ti(un)) = (4;X). As above,
D%*u,, = D%u in Ep(82) for |a] < m. In view of strict inequality in (A3), we may
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deduce as in [15] that D%u, - D%y a.e. for |a| = m, for a subsequence, This
implies D%, — D%u in measure for the original sequence. By (Az) and (As),

fni= Z o (2, E(uy)) D% up > Z o (2,7(un),0) D%uy,

jal=m Jal=mn
2= 3 (ke@Dmun+a 3 P (M(e2DPua)) D).
la|=m 1Bl<m

By compact embedding and Lemma 2.2, the right hand side converges in L(Q).
Denoting f =3 “aq(z,£(u) D% we get for some h € L1() that f. = —h,
I

al=m :

So i frae in 2 and
/f.,dze/fdx)
[+ e}

for a subsequence. Using the result of [11, p. 208}, fn — fin L*() for a subsequence,
and hence, by standard contradiction argument, f, — f in L(£2) also for the original
sequence. By condition (Ay),

di Y M(dD%u,) € 37 aale,£un) (D%un ~ D(a)
Jl=m. fal=m
+ 37 ba(@)D%un + ba).
laj=m

Using Lemma 2.2. - we conclude that the right hand side of the inequality above
converges in L'(R). Therefore D%u,, — D%y in Ly (Q) modularly for |a] = m, by
Lemma 2.2 (iii). ju]

Remark 44. 1f tli)n;xQM(ct)/M(t) = oo for some ¢ >'1, then any bounded
sequence in Lps(§2) which converges a.e. converges also.modularly and hence we
may remove condition (A4) from Theorem 4.4 b) (see [20]). Note also that if M and
M satisfy the A-condition, then we may choose P = M in condition (As).

5. SOLVABILITY RESULTS FOR EQUATIONS

‘We shall close this paper by solvability and almost solvability results for monotone-
like mappings in the complementary systems of Orlicz-Sobolev spaces. - We adopt first
a_well-known "existence result for ‘pseudomonotone -mappings in a complementary
system from [9].

Theorem 5.1, Let (Y, Yy, Z, Zy) be a complementary system with Yy and Zo
separable. Let T': Yo C-D(T) C Y = Z be pseudomonotone.-Assume that the
following conditions hold with respect to some elements @ €'Yy and f € Zg:
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(i) T is finitely continuous

(ii). T is quasibounded with respeci to @
(iii) (u — 4, T(u) ~=f)->0 when u € D(T) has sufficiently large norm'in Y.
Then f.€ T(D(T)), ie., the equation T(v) = f is solvable.

Let €2 be an open and bounded subset in RY with the segment property and
denote the complementary system of Orlicz-Sobolev spaces by

<Y Z) i (Wé”LM(Q) W""LM(Q)>
Yo Zo) A\WFEMQ) WimEm(Q))

For this complementary system we have the following generalization.

Theorem 5.2, - Let T':Yy:C D(T)-C Y = Z belong to class (QMy,). - Assume
the following conditions hold with respect to some elements i € Y, and f € Zp:
(i) -T -is finitely continuous
(ii) T is:quasibounded with respect to @
(i) (w =8, T(u) ~ f) >0 whenu € D(T) has sufficiently large norm in Y-

Then f € T(D(T)), i.e., the equation T(u) = fis almost solvable.

Proof. Define a mapping T Yo c DT CY = Z by
T(u) = T(u+a)

with D(T) = D(T) — @. Tt 'is straightforward to check-that also the mapping T
belongs to class (QM,,). Moreover, T satisfies the following conditions:
(1) T is finitely continuous
(i) T is quasibounded with respect to 0
(i) (u,f(u) —f) = 0whenue D(T) has sufficiently:large norm in Y.
Define J,,: D(J,) ~ Z by

61 Eaw=: Y / M (M(AD%)Dovds forveY
lajmm 78

with :

D(J) ={u€eY | M7 (M(1D%)) € Ly(Q) for all o] = m}.
‘We can apply Theorem 4.2 and 4.3 to conclude that J, € (Sn), Jy, is finitely con-
tinuous -and quasibounded with respect to any @€ Yo. According to Theorem 3.2,
the mapping Tp = J,, + T with D(T) = D(J,) N D(T) belongs to class (S,,) and is
quasibounded with respect to 0. In particular, T, is pseudomonotone and ‘satisfies
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the conditions (i) ‘and (ii) of Theorem 5.1, To prove (iii) with respect 0 and. f, we
note that (u, Jn(w)) > 0 for all u € D(J,) with u # 0. By (i),

(0, Ta(w) = £) = (w, Tw) = f) + (u, Ju(w) >0,

when ‘u € D(Tn) has sufficiently large norm in Y. By Theorem 5.1, there exists
Un € D(T,) such that

Jn() + T(un) = f

for any.n. Therefore
(s T(un) = f) = (i, Jn(un)) < 0°  whenever up, % 0.

In view.of (fﬁ), {un} remains bounded in Y. Consequently, we may conclude from
(5.1) that | Ju (ux)llz-— 0 -and T(un) = T(wn + %) — f in Z strongly, when n = 0.
‘Therefore f belongs to the norm-closure of T(D(T)). a

Remark 5.3. Let Q be an open bounded subset in' RY. To indicate the appli-
cation of our solvability results we consider a ‘boundary value problem

62 {A“)u(m)-a‘-A(“)u(J) =h(z) inQ

u(z) =0 on 0%}

where A1) and A are differential operators in divergence form defined by (4.1) and
(4.2), respectively. We assume that the coefficient functions a, satisfy the conditions
(A1) and (A,) for all ja| € m and h is a given function in Ez;(Q). We also assume
that the conditions (A4) holds implying the condition (iii) of Theorem 5.1 is true for
@ = . and for'any f € W™ Ep(Q) (see [9]). 'Applying Theorem 5.1 and 5.2 we
obtain following results for the existence of weak solution of (5.2).

(a). If AQ): satisfies (As), then (5.2) is solvable for any h € Eg ()

(b) If:A1) satisfies (As)e, then (5.2) is almost solvable for any h'€ Eg(Q)

{c) If AW satisfies (A3)e and A has the form

AQu(z) = Z (=D D% (@, u, Vau, o V" ),

lal<m

then 7o and Ty + To are pseudomonotone. ' Hence (5.2) is solvable for any
he Eg(Q). :
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