Mathematica Bohemica

C. Tudor
Periodic and almost periodic flows of periodic Ito equations

Mathematica Bohemica, Vol. 117 (1992), No. 3, 225-238

Persistent URL: http://dml.cz/dmlcz/126284

Terms of use:

© Institute of Mathematics AS CR, 1992

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/126284
http://dml.cz

117 (1992) . MATHEMATICA BOHEMICA No.3, 225-238

PERIODIC AND ALMOST PERIODIC FLOWS
OF PERIODIC ITO EQUATIONS

C. TUDOR, Bucharest

(Received January 30, 1989)

Summary. Under the uniform asymptotic stability of a finite dimensional Ito equation
with periodic coefficients, the asymptotically almost periodicity of the LP-bounded solution
and the existence of a trajectory of an almost periodic flow defined on the space of all
probability measures are established.
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1. INTRODUCTION

There are many interesting results for deterministic differential equations concern-
ing the existence of periodic, almost periodic and agymptotically almost periodic
solutions under some stability assumptions. . . '

In this paper we consider finite dimensional Ito equations with periodic coefficients.
We introduce three stability concepts in L™ (L"-uniform stability, L"-asymptotic
uniform stability and L"-uniform asymptotic stability in the large) which are natural
extensions of the corresponding ones from the deterministic situation. Assuming the
existence of an L?-bounded solution we prove that it is asymptotically almost periodic
in distribution under the uniform stability hypothesis.

Moreover, the existence of a trajegtory of an almost periodic (periodic) flow defined
on the space of all probability measures is also proved under the uniform asymptotic
stability (uniform asymptotic stability in the large) assumption. Related problems
for affine Ito equations have been considered in [1], [2], [7] and for nonlinear Ito
equations with asymptotic almost periodic coefficients in [12].
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2. ALMOST PERIODIC FUNCTIONS WITH VALUES IN THE SPACE
OF PROBABILITY MEASURES

Let (X,|.]) be a real separable Hilbert space and let #x be its Borel field. We
shall denote by Pr(X) the class of all probability measures on #x. Pr(X) is endowed
with the weak topology; recall that F,, converges weakly to F (F, = F for short)
if [fdFp — [ fdF for all f € Cy(X) := {f: X — R; f continuous and ||f]je :=
sup |f(2)] < oo}.

For f € Cy(X) we define

Iflle = sup{mTT)}i—l(y)—'; z,y€ X, z # y},
1fllBL = max(|| fllco, I fllL),

and for F,G € Pr(X) we define

dar(F,G) = sup{| [ £(F - G)]; Iflac < 1},

It is known that dp; is a complete metric on Pr(X) which generates the weak
topology (Kantorovitch metric).

If I = R or [s,00) then we shall denote by C(I,Pr(X)) the set of all continuous
functions from I into Pr(X) endowed with the uniform convergence. If F € Pr(X)
we denote by E(F) the expectation of F and by cov(F') the covariance of F.

For an R%valued random variable f defined on a probability space (Q, #, P) we
denote by Po f-! the distribution of f, by E(f) the expectation of f and by cov(f)
the covariance of f. Finally J is the interval [0,1], A is the Lebesgue measure and

“forr > 1, L"(J, 9, )) is the standard space of all real valued functions g defined on
J which are #;-measurable and |g|" is A-integrable.

Definition. 1) A continuous mapping p: [s, 00) — Pr(X) is called asymptotically
almost periodic (a.a.p. for short) if for every sequence {tn:}, tas 2> s,,tn — 00, there
exists a subsequence {tn} such that [ fdu(t +t,) convergences uniformly for t > s,
for every f € Cy(X).

2) A continuous mapping u: R — Pr(X) is almost periodic (a.p. for short) if for
every sequence {t,'} C R there exists a subsequence {t,} such that [ fdu(t + t,)
converges uniformly for t € R, for every f € Cj(X).

Lemma 2.1. Let p: [8,00) — Pr(X) (p: R — Pr(X)) be a continuous function.
Then the following assertions are equivalent

(a) p is a.a.p. (a.p.);
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(b) for every sequence {tn'} C [8,00), tns — oco({tn’} C R) there exist a subse-
quence {tn} C {t/} and a continuous function ji: [s,00) — Pr(X) (i: R — Pr(X))
such that

(2.1) 3;?'/fdu(t+tn)—/fdﬂ(t)|-—»0

(2.2) (?lelg I / Fdu(t+1t,) - / ! dﬁ(t)l -0, respectively)

for all f € Cy(X).

Proof. (a) = (b). Choose a subsequence {tn} C {tn:} such that for all
f € Cy(X), [ f du(t+t,) converges uniformly for t > s (¢ € R). Since, for fixed ¢o, the
sequence {u(to +t,)}n is relatively compact, we choose a subsequence {t,»} C {t,}
such that u(to + tn~) convergences weakly to i(to) € Pr(X).

In particular, we have pu(to + tn) = fi(to) and then

|/fdp(t +t,) — /fd[x(t)l — 0 uniformly fort > s (¢t €R),

for all f € Cy(X) and j is continuous.
The implication (b) = (a) is immediate. o

Theorem 2.2. A continuous function u: R — Pr(X) is a.p. if and only if the
family {u(t + .)}sem is relatively compact in C(R, Pr(X)).

Proof. Assume that y is a.p. and let {t,/} C R. Choose {t,} C {tn'} and
fi: R — Pr(X) continuous such that (2.2) holds.

Assume that "1?1;10 sug dpr (p(t + tn), i(t)) > € for some € > 0. Then, for every n,
' te .
there exist f, € Cy(X) with ||fallsL < 1 and s, € R such that

>e foreveryn

| [ fn duton + ) = [ 10 dion)

(we pass to a subsequence if necessary).
Let K C X be a compact set such that

#(sn +ta)(X \ K) < %» en)(X\K)g £ for all n.

£
8
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Without loss of generality we may assume that f;, — f uniformly on every compact,
for some f € Cy(X). Then we have

0<e<| [ faduton+ta) = [ 12 diGn)
< [ 1o = A1auon+t2)+ [ 16o = 718460)

+| [ £ duton +1a) = [ 1ion)

<2aup |fo(e) — f(@)] + 5+ sup | [ Faute+ ) - [ 100,

so that
0<e<g hm I/fn dl‘(‘n +tn) /.fn dl‘(sn)

which is a-contradiction.
Now suppose that {u(t+.)}er is relatively compact in C(R, Pr(X)). If {t..} CR
than choose {tn} C {ts'} and /i € C(R,Pr(X)) such that

supdpr (u(t + tn), 3(2)) — o.
teR

<<,
S 2

In particular, dpz (4(tn), 2(0)) — 0 and hence p(t,) — 34(0). Now let f € Cy(X) be
locally Lipschitz, i.e., for every r > 0 we have |f(z) — f(y)| < Lrlz —y| if |z| < r,
ly| < r, for some L, > 0. Let K C X be a compact set such that

sup p(t)(X \ K) <&, sup(t)(X \K) <e,
teR teR

and let r > 0 be such that K C {z;|z| < r}.
From [8; Lemma 1] we have

/ £t +ta) — [ £480)| < Crdar (e + 1), 1) + Cast) {23 2] > )
< Cuda (1t + 1), i0) + CoAOX \ )
so that
Tim sup | [ £ dutt + ) - / fd#(t)l Cae.

n—+00

If f € Cy(X) then choose fi locally Lipschitz, ||fi|lo < ||f]lc and fi — f uniformly
on every compact. '
Then we have

wup| [ faute+en) - [ £aac)
< sup |fe(z) —f(2)] +§gg‘ | / frdp(t +t,) — / £ dﬂ(t)l + Ce.

Now take nﬁola and then klim to complete the proof. O
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Definition. A set E C R is relatively dense if there exists r > 0 such that for
every a € R we have [a,a+r]NE #£0.

Corollary 2.3. Let p € C(R,Pr(X)) be such that for some relatively dense set
E CR, the family {u(t + .)}:¢E is relatively compact in C(R, Pr(X)). Then p is a.p.

Proof. It follows from Theorem 2.2 and [3; Theorem 1]. a

Corollary 2.4. For 0 > 0 let Eg = {mf; m =0, %1,...} and E} = {mf; m =
0,1,...}. Then p € C(R,Pr(X)) (4 € C(R4,Pr(X))) is a.p. (a.a.p.) if the family
{p(t+)}ieE, ({[l(t"l".)}'ez:-) is relatively compact in C(R, Pr(X)) (C (R4, Pr(X))).

Proof. The a.p. case follows from Corollary 2.3. We consider the a.a.p. case.
First we note that 1: R — (Pr(X), dpL) is uniformly continuous (since {s(t+.)},¢ E}
is relatively compact in C([0,26], Pr(X)) and if z; < z3 < z; + 0 then we have
z1,z2 € [mf, (m + 2)6] for some m = 0,1,...).

Let {tx}x be a sequence, 0 < ¢t — 00, and for every k choose m; = 0,1,... such
that mp0 < tx < (mp + 1)0. Then tx = m0 + o4 with 0 < o < 8. Without loss of
generality we may assume that o converges to o and sl}l}; dpr (p(mib+t), at)) =0

t

for some i € C(Ry, Pr(X)).
Therefore for € > 0 we find k. such that if k > k. then we have

dpr (u(t +ta), At + 0)) < dpr(p(t +ta), u(t + mib + o))
+dpr (u(t + me0 + o), j(t + 0))
< € +dpr(p(t +mib + o), j(t + 0))

<e+supdp (u(mid + 1), (1))

Now it is easy to complete the proof. O

Remark 2.5. From Corollary 2.4 we see that every #-periodic and continuous
function s: R — Pr(X) is a.p.

Definition. A continuous mapping u: [s,00) — Pr(X) is a.a.p. in Bohr’s sense
if for every € > 0 there exists k(¢) and T(¢) > 0 such that any interval of length k(e)
contains a 7 such that dgg (u(t + 7), s(t)) < € for ¢, ¢t + 7 > T(e).

Definition. A continuous mapping u: R — Pr(X) is a.p. in Bohr’s sense if for
every € > 0 there exist k(¢) such that any interval of length k(c) contains a 7 such
that for all ¢ € R we have dpy (u(t + 7), u(t)) < e.
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As in the case of a.a.p. (a.p.) mappings with values in complete metric spaces we
have (with the same proof) the following results.

Theorem 2.6. A continuous function u: [8,00) — Pr(X) (p: R — Pr(X)) is
a.a.p. (a.p.) if and only if p is Bohr a.a.p. (Bohr a.p.).

Lemma 2.7. Assume that u: R — Pr(X) is a.p. and there is a > 0 such that
‘!_1‘12, dpr (u(t + @), u(t)) = 0. Then pu(t) = p(t + o) for all t.

Proof. For f € Cy(X) with ||f||lsr < 1 we have that the function t — v} =
J Fdu(t) is a.p. with values in R and u{,,,a —v] — 0 as t — co. Therefore we have
vi + v,’_H, and hence u(t + a) = p(t) for all ¢. (m]

3. PERIODIC ITO EQUATIONS

Let F: R x R4 — R?, G: R x R — R? ® R? be two measurable functions. We
shall assume that

() F(.,0), G(.,0) are bounded;

(33) there exists a concave increasing function ¢: Ry — R such that f01+ -f(% =00
and

3.1) |F(t,z) - F(t,9)]* + |G(t,2) - G(t, ¥)|* < o(lz — yI?)

forallt €R, z,y € RY.

Let (Q, &, P,(%:)ier) be a filtered probability space on which a d-dimensional
#:-adapted brownian motion (w¢):en is defined. Since for a process (z:): we are
/interested only in the one-dimensional distribution t — P o z;!, we choose a new
(extended) filtered probability space adequate for our purpose. This probability
space is (£2, F P, (.?,),e.) =(QxJ,FRW;,P® ), (F:®Bs)cr). We extend w
onto €1 in an obvious manner. On this probability space we consider the Ito equation

(3.2) dz, = F(t, ) dt + G(t, zs) dws, t€R.

If %o is a Fy-measurable R%-valued random variable and s € R then we denote by
z4(s, Z9) the unique strong solution of the Ito equation (see [11])
dz; = F(t,z;)dt + G(t,z¢)dwy, t 2> s,
ZT, = i'o.

(3.3)

"Remark 3.1. Since the pathwise uniqueness holds for (3.3) hence by a result
of Yamada-Watanabe ([4], [10]) the distribution of (z:):», depends only on P o ;'
and F, G and not the support of the probability space.

1230



We shall denote by p:(8, pto) the distribution of z¢(s, 50), where Po Zy 1= Ho-
The following stability concepts are useful.

Definition. Let M C L*(J,9,,)) and r > 1.

a) We say that (3.2) is L"-uniformly stable with respect to M (L"-u.s. M for
short) if for every € > 0 there exists §(¢) > 0 such that for all s € R, z,y € M with
E(|z — y|") < 6(¢) we have

sup E(|zs(s, ) — zo(s,9)|") < &

b) We say that (3.2) is L"-uniformly asymptotically stable with respect to M (L"-
u.a.s. M for short) if it is L™-u.s. M and there exists o > 0 such that if s € R,

z,y€ M and E(|z — y|") < éo then
‘1_1}{.10 E(|z«(s, z) — z:(s,)|") = 0.

c) We say that (3.2) if L"-uniformly asymptotically stable in the large with respect
to M (L"-u.a.sl. M) if it is L™-u.s. M and for all s €R, z,y € M we have

Jim E(|z¢(s, z) — z¢(s,9)|") = 0.

As in the deterministic case we can use Lyapunov functions in order to prove the
. stability of (3.2). In this sense we have the following result.

Proposition 3.2. Let V(t,z,y) € C»*(R x R?%) be such that V > 0,
oV Y%
Vt,0,0=0, |gtzn|<oleP, |3z <ol

forsome § >0,0<p<1andforallt, z,y.
a) Assume that

(34) alz—-y|" <Vt z,9) <Blz -yl
for some o, >0, r > 1 and for all t, z, y;
ov , v v
LV(t,2,9) = 5ot 2,9) + (F(t.2), 5 (6.2.9) + (Ft9), 5t 2.9))
1 v v
+5Tr{G" (t,2) 35, 2,1)G(t,2)}

+ TT{G‘ (t, 3)'83':—6‘:”-(‘, z, y)G(ta z)} + ‘;‘T"'{G‘I (t! y)%%,z(t, z, y)G(t’ y)}

<0 forallt, z, y.
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Then (3.2) is L"-u.s. L"(J, 9, )).
b) Assume that for allt, z, y

(3.6) V(t,z,y

)2 alz—y|” for some a >0,
(37) LV(t, z, y) S

—Blz —y|” for some B > 0,

Then (3.2) is L"-u.a.s.l. L"(J, 41, )).

Proof. a)Let s€Randz,y€ L"(J,4,]). By Ito’s forpyula we have

E(ltg(ﬂ, 3) - zt(s’y)lr) S E[V(t’ z‘(s’z) - z'(S, y))] N

EWV(s,2,3)) < 2B(je _ ).

N
RI—R |+

b) As in a) we obtain

E("‘(‘: z) — z4(s, y)l') S arexp{-pi(t — 8)}E(|lz - y|") for a1,B81 > 0.

Example. We consider the semi-linear Ito equation

d
(3.8) dz; = [A(t)z, + Fi(t, z,)] dt + E[Bj t)z: + Gj(t, =) dw{, teR,
j=1

where A: R — R4, B; : R = RY®@R? are bounded and measurable and Fy, G; satisfy
(i1) F1(.,0), G;(.,0) are bounded,
d
(i2) IF(t,2) = Faft9)l + 3 [Gy(t, 2) = Gi(t, )] <"1l — ] for some 7 > 0 and
j= :
forallt, z, y.

Proposition 3.3. If the linear part in (38) is exponentially stable in mean square
and 7 is small enough then (3.8) is L?-u.a.s.l. L*(J, 9, )).

Proof. Choose a quadratic form W(t,z) = (W(t)z,z) such that alz||®> <
W(t,z) < P|z|? for some a, 8 > 0 and for all ¢, 3, LW(t,z) = —|z|?, where L is
the parabolic operator associated with the linear part of (3.8) (see [5; Theorem 32,
pp. 248)). Then V(t,2,y) = W(t, z — y) satisfies the hypotheses of Proposition 3.2
for 4 small enough. O
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The following two theorems represent the main results.

Theorem 3.4. Assume that F(t,z), G(t, z) are 6-periodic int (0 > 0) and satisfy
(), (i3). Suppose that the Ito equation

t t
(3.9) Ty = 2o +/ F(s,z,)ds +/ G(s,z,)dw,; t20
0 Jo

has an LP-bounded solution (p > 2), i.e., sup E(|z¢|P) = K < 0o. If (3.2) is L?-u.s.
130
M, where
M = {&¢ € L*(J,4;,)); E(|%0]*) < K},

then the mappingt — P o z;' is a.a.p. Moreover, there is a unique a.p. function
fi: R — Pr(R?) such that

(3.10) sup / |z djse(z) < K,

t
(3.11) o i) = e fort>s
(3.12) Jim dpr(Pozit, i) =0.

Theorem 3.5. Assume the hypotheses of Theorem 3.4 are satisfied. If (3.2) is
L%-u.a.s. M then there exists ji: R — Pr(R?) which satisfies (3.10)~(3.12) and is
mé-periodic for an integer m > 0. Moreover, if (3.2) is L*-u.a.s.l. M then ji can be
taken 0-periodic.

Proof of Theorem 3.4. The LP-boundedness implies that the family (Po
z; )30 is relatively compact. Let 0 < rpr = mp:8 — oo and choose a subsequence
re = mi0 and %, % € M such that

a) Poz;! = pand * — £ P-as.,

b) Po[#*]"1= Po z;! for all k (by Skorokhod’s theorem; [4; Theorem 2.7] or [9;
pp- 10]). | )

In particular, ¥ and @(wy;t € R) are independent (Z*, Z are extended onto
in an obvious manner) and E(|z* — #|?) — 0. Let (£})t30, (Z¢)t30 be solutions on
(£, F, P) of the equations

(3.13) =% +/ F(s, z")da+/ G(s,#%)dw,; t>0,
(3.14) Zy = 5+£ F(s,%,) ds+/ G(s,Z,)dw,; t2>0,
0
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For € > 0 choose §(¢) > 0 and ko such that E(|Z¥ — :|*) < 6(¢) if k > ko. Then the
L2-u.s. yields sup E(|Zf — #|?) < ¢ and
30

dpr(Poz;}, ,Poz;V)=dp (Pol[#}]™!, Poi;?)
S{E(I13% — #,))/2 < e/? fort 20, k>0,

8o that the mapping t — P o z7! is a.a.p. by Corollary 2.4. Next we prove that
_for every sequence {rp'} C E; we find a subsequence {r:} and an a.p. function ;:
R — Pr(R?) satisfying (3.10) and such that for every a € R

(3.15) supdpr(Po a:;'_,f", ) —0 ask— oo.
t2a .

For every g € E; we take a subsequence {r{,} C {rx'}, {rity c {r{.}and z{,,27 €
M such that

(a1) 2§, — 29 P-a.s. In particular,

: 29 3912 = 0
Jim_ E(laL, ~ %) = 0;

(a2) Po[efu]"' = Posfl_,.

By the diagonal procedure we select a subsequence {rx} C {ri:} such that
(3.16) Jim E(|2{ -27%)=0 forallq€ E}.

Let (] "'),;-, be the solution of the equation

t t
(3.17) T, =2 + . F(s,z,)ds + . G(s,z,)dw,; t> 4
Consider a continuous adapted process (Z)i»—, such that
t t
(3.18) =14 [ Fls2)ds+ / Gs,#)dw,; t> g,
-4 -q

By L?-u.s. we have

: 0k _ -q12y _
(3.19) kll.To f)ul)’ E(|z¢" - 2{|*) = 0.

Next we show that if ¢t > —¢ > —(g + 1) then
(3.20) Po[21*1)"1 = Po[a!].
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Indeed, we have

(3.21) Poz;! = Polz']"! (bya, a3),

f.q

(3.22) Pole V¥ -1 = Bo 214171 (by (3.19)),

(323)  ETME oty / F(s, 21+1%) ds + / G(s, £8+14) dw,,
(3.24) Po[z“'l] 1= Poz,':_.'_l,
(3.25) Typog = Try—g-1+ / F(8,2rp4s)ds + / G(s,z,,4,)dw,.

From (3.23)-(3.25) and from the uniqueness in distribution we deduce that

(3.26) Po [:!:""1 M-1=Poz; ey

Now from (3.21), (3. 22) (3.26) we obtain (3.20).
We can define i = P o [£]]"! if t > —q.

For a € R we have a > —q¢ for some g € E}, hence

sup dBL(ﬁ ° z,"f,k yin) < ts}up dBL(f’ ° [i::b]_l, Po [f::]-l)
-9

t2a

< sup {E(|2* — 21]*)}? >0 as k — o (by (3.19)),
t2-¢

and this proves (3.15). We show that ¥ is a.p. For £ > 0 let T'(¢), m(¢) be such that
any interval of the length m(e) contains a 7 with

dpr(Pozy), Pozi)ge if t2T(), t+72T(e)
(Poz;lisaap.).
Then

dpr(Pozilrpr, Pozrl ) <e if tt+r27()-

" For arbitrary r € R we have t,¢ +7 > T'(€) — r; for k large enou8h, & that dpr(Po
z,'+1,+,.,, , f‘oz;',,},.k) < € and hence dpp(¥14r,i%) <€, 1.e. D is aP- BY Fatou’s lemma
we obtain (3.10) for .

Since we have

zg""_': - z¢+ru +/ F(s z:+::)ds+ G(s z!+rk)d(w,-,-,‘ __w__")

s—r
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for t > —q, we obtain as above an a.p. function ji: R — Pr(R?) such that

(3.27) lim sup dpL(P—r,, /i) =0 forallge E}
1= 3y

(if necessary we take a subsequence of {ri}) and such that for t > —q, (jit)i3—, is
generated by a solution of the equation :

t t
(3.28) #=9+] F(s,9))ds+ [ G(s,9f)dw,; t>—q
-q -9

in the sense that P o [§f]~! = ji; if t > —q. By Fatou’s lemma it is clear that (3.10)
holds for j.
From (3.28) we have

t t
W= +/ F(u,$!)du +/ G(u,3)dw,; fort>s> —q,
L] [}

where form we obtain (3.11) by the Chapman-Kolmogorov relation. Finally, by the
L3-u.s. we deduce that

sup dBL(Poxt_lvi‘f) < sup dBL('PC’ [z?’—krg]-lt Po [gﬂ-l -0
t2r 27
as k — 0o. The proof is now complete. a

Proof of Theorem 3.5. Assume that (3.2) is L?-u.as. M. Choose a
subsequence {ryn}i = {me)0}i of {r2} and 2!, z such that llim E(Iz*-2))=0
—00

and Po[3']"1 = Po [ﬁfh(')]_l for all I. Let I, ¢ be such that
E(I#' - #1*) < 6o,  k(g) > k(),

where & is given by the L?-u.a.s. Let (2})¢30 be the solution of the equation

t t
#H=14 +/ F(s, 2{)ds+/ G(s, %) dw,
0 0
and m = k(q) — k(I). Then we have

dL(Brsmosr(e: Brastye) = dBr(P o [E]]7, Po [#]7)
< {E(|2f - #)*)}'/* >0 ast — oo by the L>-u.as.,

since E(J5§ — #[%) = B(15* — #P?) < bo.
Because ji is a.p. we obtain from Lemma 2.7 that ji; = jiryme for allt € R, ie., ji
is mé-periodic.
Assume now that (3.2) is L?-u.as. Reasoning as above we obtain that
‘l_:‘rg dpL(fit4e, i) = 0, where from ji¢ = fig4¢ for all £ € R. The proof is finished.
a
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Corollary 3.6. Under the assumptions of Theorem 3.4 the functions t — E(z4),
t — cov(z:) are a.a.p. and the functions t — E(ji), t — cov(jit) are a.p. Moreover,
if (3.2) is L?-u.a.s. (L?-u.a.s.l.) then the mappings t — E(jit), t — cov(ji) are
mé@-periodic (9-periodic) for some integer m > 0.

Proof. It followsfrom Theorems 3.4 and 3.5 and the continuity of the mappings

we M= {ue PR / Jel? du(z) < K } — E),

B € M — cov(p).

a

Remark 3.7. For s € R fixed and for all t > s the flow i from Theorems 3.4,
3.5 is generated by solution {#:(s, £)}:3,, where Z is a random variable defined on J.

Remark 3.8. Sufficient conditions in terms of Lyapunov functions for the
“boundedness of solutions of Ito equations are given in [6].

Remark 3.9. The existence of a.a.p. solutions for Ito equations with a.a.p.
coefficients is established in [12] under a stronger concept of stability (called total
stability).

Remark 3.10. A careful inspection of the proofs of Theorems 3.4, 3.5 shows
that in fact it is sufficient to assume the stability properties’wiih the LP-metric
replaced by dpr, (stability in distribution). It seems that for problems concerning the
one-dimensional distributions (considered here) such stability in distribution is more
natural and allows to consider Ito equations under the hypotheses on the existence
and uniqueness in distribution of weak solutions (a wide class of solutions).
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