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OSCILLATION CRITERIA FOR THIRD-ORDER LINEAR
DIFFERENTIAL E QUATIONS

JOZEF ROVDER
1. Introduction

This paper is concerned with the oscillatory properties of the third-order
linear differential equation

(4) " + B)y + Clx)y =0,

where B(zx), C(x), and B’(x) are continuous functions on the interval (0, o).
In this paper there are proved the comparison theorems, the oscilation criteria
and some asymtotic praperties of (4).

Definition 1. Equation (4) is said to be of class V1 [class V2] tff every solution
y(x) for which y(a) = y'(a) = 0y"(a) > 0 (0 < a < o©) has the property that
y(@) > 0 in (0, a) [in (a, )]

Definition 2. A solution of (A) will be called oscillatory iff it has an infinity
of zeros in (0, c0) and nonoscillatory iff it has but a finite number of zeros in this
interval. Equation (A) is said to be oscillatory iff it has at least one (nontrivial)
oscillatory solution, and nonoscillatory iff all of its (nontrivial) solutions are
nonoscillatory.

In papers [1], [2] and [5] some properties of equation (4) of class V; [class V2]
have been investigated. If 2C(z) — B'(x) = 0 [2C(z) — B’(x) < 0], and not
identically zero in any interval, then the equation (4) is of class V; [of class V2]
(see, e. g. [3], p. 153, [5], p- 266 ...). Since in this paper we shall often suppose
that 2C(z) — B'(z) = 0 [2C(x) — B’(x) < 0] and the sign = can hold in any
interval, we first prove some assertions under the above introduced assumption.
These assertions slightly generalize the results of papers [1] and [5].

2. Properties of the equation (A) under the assumption
2C(x) — B'(xz) = 0.

Theorem 1. If equation (A4) is oscillatory, and if the inequality 2C(x) —
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— B'(x) = 0 s satisfied, then any solution of this equation which vanishes at
least once s oscillatory.

Proof. Let y(x) be an oscillatory solution of (4) which vanishes at the
point a. First of all we shall prove that any solution of (4) which is linearly
indepedent with y(x) and vanishes at the point « is oscillatory. Let y'(a) > 0,
Now we prove that the solution z(z) of (4) which satisfies the conditions
z(a) = 2'(a) = 0 is oscillatory. Assume that it is not true, that is, there exists
a number b such that z(x) > 0 in (b, 00). The solution y(x) is oscillatory.
therefore there exist two consecutive zeros «, § € (b, ) of y(x). Hence, by
Lemma 1.2 in [4], there exists a number ¢ > 0 such that the solution w(x) =
= 2(x) — cy(x) has a double zero at some point 7 € («, ). The solution w(x) is
such that w(a) = 0, w'(a) # 0, w(r) = w'(r) = 0 for v > a. Multiplying (4)
by w(x) we obtain the identity

(1) [yy — é Y2+ ; B(x)yz} = —% [2C(x) — B'(x)]y> .

Putting w(x) instead of y(x) in (1) and integrating over (a, 7) yields

T

(2) [ww” — —;—w’z + é« B(x)w2J = ——; J [2C(x) — B'(x)Jw? dzx

a

and after putting the limits we obtain

T

éw’z(a) = — % J‘ 2C(z) — B'(z)]w? dx .

Clearly, the left-hand side of this last equation is positive while the right-hand
side is nonpositive. This contradiction proves that the solution z(x) of (A)
is oscillatory too. Similarly, we can prove that if y(x) and z(x) are such that
y(a) =y'(a) =0, y"(a) # 0, z(a) =0, 2'(a) %~ 0, then z(x) is oscillatory if
y(x) is oscillatory. If y(x) and z(x) are such that y'(a) 7 0, 2'(a) # 0, then
the solution u(x) of (A4) such that u(a) = w'(a) = 0, u"(a) # 0 is oscillatory
and so z(x) is oscillatory too.

Let y(x) be an oscillatory solution of (4). Let z(x) be an arbitrary solution
of (4) which vanishes at the point xy. If 2o is equal to some zero of y(z), then
by the above part of the proof z(x) is oscillatory as well. Let @ = x¢ be a zero
of y(z). Then there exists a solution w(x) of (4) such that w(a) = w(xe) = 0.
This solution is by the above part oscillatory and so z(z) is oscillatory too.

Remark 1. From the proof of Theorem 1 it follows that if the coefficients

232



of (4) are such that 2C(x) — B’(x) = 0 in (0, c0), then every solution of (A4}
with a double zero at the point a has not a simple zero in (0, a).

Lemma 1. Let the coefficients of (A) be such that 2C(x) — B’(x) = 0 in (0, o).
Then there exists a solution of (4A) which is nonnegative in (0, o0).

Proof. We use the method of the proof of Theorem 14 in [5], p. 270. Let
{xn} be a sequence of numbers in (0, ) and let lim x, = co. Let zo be an
arbitrary number in (0, c0) and let yn(x) be a solution of (4) which satisfies
the conditions

Yn(Tn) = ?/;.(xn) =0,
Ya(@o) + ¥i(wo) + ¥ (xe) = 1.

From identity (1) it follows that yx(x) = 0 in (0, ), or yu(x) £ 0 in (0, x,).
Without loss of generality we can suppose that y,(x) = 0 for = € (0, x,).
Let uo(z), u1(x), ua(x) be a fundamental system of (A4) satisfying the initial
conditions

uﬁk)(xo) = 61,];, 7:, k= 0, 1, 2,

where 05 is the Kronecker §. Then yu(z) = anuo(x) + bpui(®) + cpus(x),

where a2 - b2 4- ¢2 = 1. Further we can show that there exists a subsequence

{yni(x)} which converges uniformly on any compact subinterval of (0, c0) to

the solution y(x) of (4). Since yu;(x) = 0 in (0, xy,), it implies that y(x) =
lim gy, () = 0 in (0, c0).

Theorem 2. Let 2C(x) — B'(x) = 0 in (0, o0). Then there exists a solution
of (A) without zeros.

Proof. If 2C(x) — B'(z) = 0 in (0, ), then the existence of such solution
follows from the property of the self-adjoint equation.

Suppose that equation (4) is oscillatory. If 2C(x) — B’(x) = 0 in some
interval of infinite length, then there exists a solution without zeros in this
interval, and by Theorem 1 this solution is without zeros in (0, co0), since
equation (4) is oscillatory. Let 2C(x) — B’(x) = 0 do not hold in any interval
of infinite length. Then there exists a sequence {a,} such that lim a, = c©
and 2C(an,) — B'(as) > 0. Let y(x) be the solution of (4) which was con-
structed in Lemma 1. By Theorem 1, the solution y(x) of (4) is without zeros,
or it has an infinite number of double zeros, i. e. there exists a sequence {,}
such that lim z, = oo and y(xs) = %'(xx) = 0. Hence, there exist numbers

xr # xs and a number a, such that x, £ a, < ;. Then from identity (1)

we find -

J [20(z) — B'(x)]y? de,

Zr

Xs

1 1
1”____12 _sz —_—
vy 5 Y +2 ()yLr 5

[
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Ts

0= — é J [2C(x) — B'(z)]y? dz,
which is impossible, since the right-hand side is positive (2C(x) — B'(z) is
a positive function in some neighbourhood of the point ap). Therefore, y(x)
must be positive in (0, c0).

Now we suppose that equation (4) is nonoscillatory. Let y(x) be the solution
of (4) constructed in Lemma 1. Let xo be the last double zero of y(x). Let
u(z) be a solution of (4) which satisfies the following initial conditions at
a point z; > x

u(x1) = y(z1)
3) w'(x1) = y'(21)
w'(x1) > y"(21)
Then the function z(x) = u(x) — y(x) satisfies the initial conditions
2(x1) = 2'(x2) = 0, 2"(x1) > 0.

From the identity (1) it follows that z(x) = 0 in the interval (0, z;> and
hence, u(x) = y(x) 2 0 in (0, z1). From the conditions (3) it follows that
u(x) and y(x) are linearly independent, therefore they cannot have common
double zeros. So u(x) > 0in (0, z1>. We will now show that z(x) has not a zero
in (x1, o).

Suppose on the contrary that z(x) has a zero in (x1, 00). Then there exists
a constant ¢ #~ 0 such that the solution cz(z) — y(x) of (4) has a double zero
at a point v > x; and a single zero at a point § < x1, which contradicts
Remark 1. This contradiction shows that z(x) > 0 in (z1, o), i.e. u(x) >
> y(x) > 0 in (z1, o). Consequently u(z) > 0 in all the interval (0, c0),
and Theorem 2 is thus proved completely.

Remark 2. Theorem 2 generalizes Theorem 14 in paper [5].

Theorem 3. Suppose that the coefficients of equation (4) satisfy the assumption
2C(x) — B'(z) =z 0, or 2C(x) — B'(x) £ 0 in (0, o). Then the equation (A4)
is oscillatory if and only if its adjoint equation s oscillatory.

Proof. The adjoint equation of (4) is the equation
(4’) ¥ + By + [B'(z) — Clx)ly = 0.

It can be seen that if the coefficients of (A4) satisfy the condition 2C(x) —
— B’(x) = 0, then the coefficients of (4') satisfy the condition 2C(zx) — B'(x) =
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< 0. Hence to prove Theorem 3 it is sufficient to show that if equation (4) is
oscillatory and 2C(z) — B'(z) = 0, or 2C(x) — B'(x) £ 0, then equation (4’)
is oscillatory too.

Let 2C(x) — B'(xz) = 0. By Theorem 2, there exists a solution u(x) > 0
in (0, o0). Since equation (A4) is oscillatory, there exists an oscillatory solution
v(x) of (A). Then the function w(x) = v'(x)u(x) — v(x)u'(z) is the solution
of the adjoint equation. If z;, 22 are two consecutive zeros of »(x), then

’r v (x)u(x) — v(x)w'(x) d [v(x) ]’”’

u(e) -

u(@)

21
Xy

The last equality implies that w(x) has a zero in any interval (z1, x2) and
hence, equation (4') is oscillatory.

Let 20(x) — B'(x) £ 0 in (0, 00). Let y(x) be a solution of (4) such that
Y(xo) = y'(x0) = 0, y"(x0) = 1. Then from the identity (2) it follows that y(x)
has not a simple zero in (%o, c0), and so y(x) = 0 for x > x¢. There are now
two possibilities; either y(x) has an infinite number of double zeros or there
exists a number b such that y(x) > 0 in (b, ). Equation (4) is oscillatory
then there exists its solution z(z), linearly independent with y(x). Then the
function w(z) = 2'(x)y(x) — z(x)y’'(x) is the solution of (4’) and it is oscillatory
in both cases. In the first case, (4’) is oscillatory since w(x) vanishes at the
zeros of y(x). In the second case we can use the same way as under the assump-
tion 2C(x) — B'(x) = 0, but in the interval (b, c0).

3. Comparison theorems

We begin with the following lemma which generalizes Lemma 1.2 in [4].

Lemma 2. Let the functions w(x) and v(x) have a derivative of the second
order in (a, b) C (0, co). Let the function w(x) have the properties

u(e) = w'(a) = 0, u"(x) >0,
w(P) =0, u®)>0 in(xp),where a<a<f <b.
Let the function v(x) be such that
v(a) = 0, v(¢) >0, v(x) >0 in (a B> .

Then there exists @ number v € («, B) and a constant ¢ > 0 such that the Sfunction
f@) = v(x) — cu(x) kas a double zero at the point <,f"(r) = 0 and f(x) = 0
in {a, T

Proof. Consider the function
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u(x)

w(x) = { v()

for ze(x )

0 for z=a

From the properties of the functions %(z) and v(z) it follows that the function
w(z) is continuous in {«, 8>, w(e) = w(B) = 0 and w(x) > 0 in («, B). Therefore
w(z) has a maximum in {«, > at a point 7 € («, ). This maximum we denote
as 1/c, where c is a positive number. Thus

1 1
wx) < — and w(r)= -
c c
for all z € {a, B>, i.e.
u(x) < l and u(T) :i
v(x) c v(r) ¢

for all x € (e, 8.
From the last inequalities and the facts that v(e) = 0, u(x) = 0 we see that

v(x) —cu(x) =2 0 forall zele f)
v(t) —cu(r) =0 for 7e(xf).
Thus the function f(x) = v(x) — cu(x) has a minimum in the interval {(«,
at the point 7 € («, 8), and for all 2 € (&, B> is f(z) = 0. Since the functions
u(x) and v(z) have a derivative of the second order in {«, ), there results
fi(ry=0and f'(zr) 2 0
Theorem 4. Consider the differential equations
(4) y" + B@)y' + Cla)y =0
(@) 2"+ b(x)z' + c(x)z = 0.
Suppose that the coefficients of (4) and (a) satisfy the assumptions
(4) B(z) = b(z), 20(x) — B'(x) = 2¢(x) — b'(x), 2C(x) — B'(x) = 0.

Let ac, B be two consecutive zeros of a solution z(x) of (a). Let « be the double zero
of 2(x). Then the solution y(x) of (A) with the single zero ot the point « has a zero
mn tke interval (o, f>.

Proof. Let z(x) be a solution of (a) such that z(«x) = z'(«) = 0, Z(8) = 0.
Suppose that z’'(a) > 0 and zZ(zx) > 0 in («, ). Let y(z) be a solution of (4)
such that y(x) = 0, y’(«) > 0. Suppose on the contrary that y(x) > 0in (e, 5.
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Therefore, by Lemma 2, there exists such a constant ¢ > 0 that the function
f(@) = y(x) — cz(x) has a double zero at a point 7 € (#, f) and at the same

time f(z) 2 0 in <«, 7> and f”(r) = 0. If we denote ¢z(x) = 2(x), then the
function f(x) = y(x) — z(x) satisfies the conditions

®) f@)=f@ =0, f'2)20, f2)2z0 in {x7).

Multiplying (4) by y(x) and (@) by z(x) we obtain the following identities

{yy" — —;—y’z —I—% B(x)yz}’ = —% [20(x) — B'(x)]y?

17 1 r9, i 2 , J— 1 b' 2
22 -——;z + 5 b(x)z] = — 2 [2¢(x) — b'(x)]e2 .

Subtraction of these identities and integration over («, 7) yields

(6) 22" — 1 2’2 | l b(x)zz\’ —\yy" — lyz + '1“ B(x)y? ' ==
2 2 ) 2 2

Since f(x) = 0 in <a, 7D, y(x) = 2(x) = 0. Then y2(x) = 22(x) for all x € <a, 7).
From this inequality and from (4) we ebtain that for all x € («, )

[20(x) — B'(2)]y*(%) 2 [2¢() — b'()]e*() .

Hence the right-hand side of (6) is nonnegative, and therefore

) 1,2 ].b . Y 1,2 1B 21>0
(zz—zz +2(w)z (yy—zy +2 (@)2)| 2 0.

Since z(x) = cz(x), then z(x) = 2'(«) = 0, 2"(x) > 0. Further y(«) = 0, y(z) =
= 2z(7) and y'(t) = 2'(r). After the substitution in the last inequality we obtain

1
—2(7) [y"(v) — 2"()] — o "%(r) — y2()] —

- ;” 2(z) [B(z) — b(z)] — %y'z(a) 20,

1

1
—2(v) . f'(r) — 2'(0)f(v) — Py 2(7) [B(z) — b(r)] — Py y3() 2 0.
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From the assumptions (4) and from the inequalities (5) it follows that the
left-hand side of the last inequality is negative, which is a contradiction.
Consequently the solution y(x) of (4) has a zero in the interval (e, 5.

Theorem 5. Suppose that the coefficients of (4) and (a) satisfy B(x) = b(x),
2C(x) — B'(z) = 2¢(x) — b'(x), 2C(x) — B'(x) = 0. Let the equation (a) be such
that any of its solutions with the double zero has another zero. Then the equation (A)
ts oscillatory.

Proof. Let z(x) be a solution of (a) which satisfies the conditions z(x) =
= 2'() = 0, 2"(e) > 0 and 2z() = 0, where 0 < « << . Let y(x) be a solution
of (4) which has a simple zero at the point «. By Theorem 4, the solution
y(x) has a zero, denote it as a1, in («, ). The zero «; of y(x) is simple. (From
Remark 1 it follows that if «; were the double zero of y(x), then there « would
not be the simple zero of y(x)). Now consider the solution z(x) of () which has
the double zero at the point «; and let z(81) = 0, where 81 > o;. Hence,
by Theorem 4, the solution y(x) of (4) has another simple zero in the interval
(21, 1. By induction we obtain that y(x) has an infinite number of zeros
in (0, o0). These zeros cannot have a finite limit point, otherwise y(x) — 0.
Consequently equation (4) is oscillatory.

Corollary 1. Suppose that the coefficients of (4) and (a) satisfy (4). Suppose
that the equation (a) is of class Vi and s oscillatory. Then equation (A4) is
osctllatory.

Proof. If equation (a) is of class V; and is oscillatory then, by Theorem 3.4
in [1], every solution with a double zero has another simple zero. Hence, by
Theorem 5, equation (4) is oscillatory.

Theorem 6. Suppose that the coefficients of equations (4) and (a) satisfy
(7) B(x) = b(x), 2C(x) — B'(z) = 2¢(x) — b'(x) = 0.

Then equation (4) is oscillatory if equation (a) is oscillatory.

Proof. If equation (a) is oscillatory and 2c¢(x) — b’(x) = 0, then every
solution with a double zeros is oscillatory by Theorem 1. Hence equation (4)
is oscillatory by Theorem 5.

Theorem 7. Suppose the coefficients of equations (4) and (a) satisfy
(8) B(x) =z b(x), 2C(x) — B'(z) £ 2c(x) —b'(x) = 0.

Then equation (A) is oscillatory if equation (a) ts oscillatory.
Proof. The equations adjoint to equations (4) and (a), respectively, are

(A4') y" + By + [B'@) — O@)ly = 0,
(@) 2" 4 by 4 [b'(@) — e(@)z = 0.



Let equation (a) be oscillatory and let 2¢(x) — b’(z) £ 0. Then equation (a’)
is oscillatory by Theorem 3. From the assumption (8) it follows that

B(z) = b(x)
2[B'(x) — C(x)] — B'(x) 2 2[b"(x) — c(x)] — V'(x) 2 0,

i. e. the coefficients of equations (4’) and (a’) satisfy the assumptions (7)
of Theorem 6 and hence, equation (4’) is oscillatory. Again, by Theorem 3,
equation (4) is oscillatory too.

Corollary 2. Let the coefficients of (A) and (a) satisfy B(x) = b(x), 2C(x) —
— B'(z) £ 2¢(x) — B'(x), 2C(x) — B'(x) < 0. Let (a) be of class Vs and let (a)
be oscillatory, then (4) is oscillatory.

Proof. From the assumptions of this corollary it follows that the coefficients
of the adjoint equations (4') and (a’) satisfy the assumptions (4) of Theorem 4.
If equation (a) is of class V3 and is oscillatory, then, by Theorem 4.7 in [1],
equation (a') is of class ¥, and is oscillatory. By Corollary 1, equation (4')
is oscillatory and by Theorem 3, equation (4) is oscillatory too.

Theorem 8. Suppose the coefficients (A) satisfy the assumption 2C(zx) —
— B'(x) = 0, resp. 2C(x) — B'(x) < 0. Let the function B(x) be such that the

differential equation of the second order
) 1
(9) ¥+ ';B(x)y =0

s oscillatory. Then equation (A) is oscillatory.
Proof. Consider the self-adjoint equation

1
(10) 2" + B(z)z' + EB'(x)z =0.

Let y1, y2 be a fundamental system of (9). Then a fundamental system of (10)
is 21 = ¥y}, 22 = y1y2, 23 = y3. Since equation (9) is oscillatory, then equation
(10) is oscillatory as well. A relation 2¢(z) — b’(z) in (10) is identical with zero.
Therefore, by Theorems 6 and 7, equation (4) is oscillatory.

4. Oscillation criteria

The comparison theorems will lead to oscillation criteria whenever the
oscillatory behavior of a given equation is known. As the first example,
consider the equation with a constant coefficient

2" 4+ pz' =0, where p >0,
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or the Euler Equation

2" —{—ﬁz’ —g—z: 0, where p>1,
a2 a3
which are oscillatory, and the relation 2c¢(x) — b’(x) is identical with zero.
Then from Theorems 6 and 7 the following theorem follows immediately

Theorem 9. Suppose the coefficients (4) satisfy 20(x) — B'(z) = 0(< 0)and

B(x)zp for p>0, or B(:z:)gﬁ2 Jor p>1.
x

Then equation (4) is oscillatory.

Remark 3. Theorem 9 generalizes Theorem 5.5 in [1] in which the assump-
tions 2C(x) — B'(x) > 0 and C(x) > — p/a3 are in addition demanded.

The other oscillation criteria will be obtained by applying the comparison
theorems to the differential equation with constant coefficients

(11) g k2= 0,

where p < 0, ¢ > 0. This equation is oscillatory if and only if

A
q> 3 Vg (_p)

roje0

Similary, applying the comparison theorems to the Euler Equation

" €
P s 7

(12) ?' = - —2=0,
x2 a3

we obtain the further oscillation criteria.
Both cases are included in the following theorem

Theorem 10. Let the coefficients (A) satisfy the assumptions
(13) Bx) =2 p and |2Cx) — B'(z)| = ¢,

where p < 0 and q > 3—]7? (—p)3, p, q are constants, or the assumptions
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(14) B@) z L and |20() — B()| 2 —,
2 a3

where p <1 and ¢ > - V_ (1 — p)z, p, € are constants. Then equation (A4) 1

oscillatory.

Proof. From the assumptions (13) it follows that the number ¢ is positive.
If 2C(x) — B'(x) = 0, then from the assumptions (13) we obtain that the
assumptions of Theorem 6 for equations (4) and (11) are valid. Indeed

Bx)zp and 2C@x)— B'@)zg=2——9p 2 0.
Since equation (11) is oscillatory, then, by Theorem 6, equation (4) is oscil-
latory.
If 2C(x) — B'(x) < 0, then from the assumptions (13) it follows
—9q

B(x) 2 p and 2C(x) — B'(x) = q_.ZT—p'

A

0.

Since p and ¢ are such that equation (11) is oscillatory, then, by Theorem 7
equation (4) is oscillatory.

Similarly, we prove the second part of Theorem 10 by applying Theorems 6
and 7 to the differential equations (4) and (12).

Corollary 3. Let in equation (4) be B(x) = 0. Then from Theorem 10 we have
that equation (A) is oscillatory if

C@N > e 5> 1
x)| >—7—= —,e> 1.
@l >3 /3 as

Example. Let us consider the differential equation

2 -
(15) Y 4+ sinay’ + — (cosx+§]/2)y=0.

1
Both coefficients B(x) = sin z and C(z) = 5 cosx + — V 2 | of thisequation

are not of the constant sign in (0, c0). Therefore, for ﬁndmg out whether the
differential equation (15) is oscillatory or not, we cannot use the criteria known
so far (e.g. Hanan 1], Gregus [5], Lazer [6]). However, by Theorem 10,
equation (15) is oscillatory, because B(x) = sinz = —1 and

2C B’ 2 ! > V_2— ;%— _.4._4 13
(@) — B'(x) = 5 (cosz+ - —cosx_3l/§>3v§(+ )%
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The following theorem gives sufficient conditions for (4) to be nonoscillatory.

Theorem 11. Let the differential equation (A) be of class Vi, or class Vs,
or the assumption 2C(x) — B'(x) = 0, or the assumption 2C(x) — B'(x) = 0
be valid. Let further the following assumptions be fulfilled

() Bx)sp and [20() — B'@) < q,

4
where p < 0 and q¢ < 3—V—§ (—p)2, p, q are constants, or
&

x3

IIA

bl

(¢2) B(x) = _1’2_ and |2C(x) — B'(x)
x

4
where p < 1 and ¢ < Z’»W(l — p)%, p, & are constants. Then equation (A) is

nonoscillatory.
Proof. Let, for instance, equation (4) be of class V1 and let B(z) < p

4
and |2C(x) — B'(z)| < ¢, where p < 0 and ¢ = 5 Vg (—p)3. Suppose to the

contrary that (4) is oscillatory. From the above assumption it follows that
p 2 B(x) and ¢ = 2C(x) — B'(x). Since equation (4) is of class V;, then
20(z) — B'(x) == 0 and hence ¢ > 0. Therefore, by Corollary 1, the equation

r

zll! +pzl +%z=0

is oscillatory. This contradicts the fact that the above equation is oscillatory

[0S

4
if and only if ¢ > PRTEY (—p)z.

We prove another case included in Theorem 11.

&
Let 2C(zx) — B'(z) £ 0, B(x) = % and |20(z) — B'(z)] £ —
x
4
where p £ 1 and ¢ = 3—V§ (1 — p)? are constants. From these assumptions

&

it follows that _p; = B(z) and — Y < 2C(x) — B'(z) = 0. Suppose on the
x x

contrary that equation (4) is oscillatory. Then, by Theorem 7, the equation

£
P 2 ?
24— ——2=0

22 23
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is oscillatory, which is a contradiction since this equation is oscillatory if and

4
only if ¢ > ———= (1 — p)3.
yuLe 3 l‘/3 ( )z

Corollary 4. If in equation (A) there is B(x) = 0 and the function C(x) is of
one sign, then (4) is nonoscillatory if

2 1
3 ]/g s

Theorem 12. Let equation (A4) be such that 2C(x) — B'(x) = 0 and B(z) =

1C()]

IIA

=2p>0,o0r Bz) 2 %—, p > 1. Then equation (4) has a fundamental system
x

which consists of two oscillatory and one nonoscillatory solutions. The nonoscil-
latory solution is without zeros.

Proof. Equation (4) is oscillatory by Theorem 9. Then the solution yi(x)
of (4) which satisfies the initial conditions yi(x) = yj(x) = 0, y;(x) =1 is
oscillatory. From Theorem 1 we obtain that the solution ya(x) of (4) such
that ya(x) = yo(a) = 0, yo(x) = 1 is oscillatory too. By Theorem 2, equation
(4) has a solution without zeros; i. e., there exists a solution ys(x) of (4) such
that ys(a) = a2, @ # 0, yi(«) = b, y;(x) = ¢, where a, b, ¢ are some constants.
Hence the Wroskian W[yi(«), y2(«), y3(«)] = a? % 0 and therefore the solution
y1(x), y2(x), ys(x) of (4) form a fundamental system of (4).

“ Theorem 13. Suppose the coefficients of (A) satisfy the assumptions (13) or (14).
Suppose that 2C(x) — B'(x) 2 0 and B(z) £ 0. Then equation (A) has a funda-
mental system which consists of two oscillatory and one nonoscillatory solution.
The nonoscillatory solution tends monotonically to zero along with its first derivative
as x — oo and every nonoscillatory solution of (A) is a constant multiple of this
solution. At the same time equation (A) has a fundamental system which consists
of three oscillatory solutions.

Proof. In the same way as in Theorem 12 we obtain that equation (4) has
a fundamental system yi(x), y2(x), ys(x) such that yi(x), y2(x) are oscillatory
and ys(z) is a nonoscillatory positive solution of (4). By Theorem 1 in [7],
the solution ys(z) tends to zero along with its first derivative as x — co. Since
equation (4) is oscillatory, then every nonoscillatory solution of (4) is a con-
stant multiple of ys(x).

We still have to show that there exist three linearly independent and
oscillatory solutions of (4). From the above it follows that there exist two
oscillatory solutions y1(®), ¥2(x) of (4) for which the following conditions are
fulfilled yi(x) = y1(«) = 0, yi(x) =1, ya(x)=ys(x) =0, @s(x)=1. Let
y2(f) = 0 for a point > & > 0. Consider a solution yo(x) of (4) with the
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properties yo(x) = 1, yo(x) = yo(x) = 0. We shall show that yo(xo) = 0 for
a point xg € («, f). Suppose on the contrary that yo(x) > 0 in («, f>. Then
by Lemma 2, there exists a constant ¢ and a number 7 e («, 8) such that
yo(r) = cya(r) and y,(r) = cy,(r). Hence the function u(x) = yo(x) — cyz(x)
is a solution of (4) and it has a double zero at the point 7. Substituting u(x)
instead of y(x) into the identity (1) and integrating over («, ) we obtain

1
[yo(e) — cya(e)] [yola) — eya(a)] — ’ [Yo(2) — cyo()]? +

1
+E B() [yo(e) — cya(@)]2 > 0,
i.e.

1 2+1B .
__.—c _— > s
5 5 B

which is a contradiction since ¢ # 0 and B(«) £ 0. Therefore the solution yo(x)
has a zero in («, 8>. Since any solution of (4), which has a zero is oscillatory,
yo(x) is oscillatory too. The solutions yo(x), y1(x), y2(x) are linearly independent
since W(yo(e), yi(e), y2(e)] = —1.
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