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Matematicky tasopis 22 (1972), No. 1

ON SOIME GENERALIZATIONS OF LIE ALGEBRAS

CORINA REISCHER, DAN A. SIMOVICI, Tassi (Romania)

§ 1. Weak lie pseudo-algebra.
Let K b.e s commutative field and L a vector space over K.

Definitien. I is a weak Lie psewdo-algebra (w. L. p.-a) if, to every pair of
vectors x,w) m L, tlere corresponds a vector z € L, called the product of x and y,
z = [, y], sotis;fying the following axioms :

1° [z, 9+ 2] =[x, y] + [&, 2] — [x, 0]

2°. [z +-y 4 =[x, 2]+ [y, 2] — [0, 2]

3% [, wy]= afz, 2] — (¢ — 1)z, o] + <z, Dy, <z, a) €K

4°. [z, v=] = ov

5°. There exisit u, v € K such that for every x, y, z€ L,

[z, 1,2 + [, 2}, @l +- ([ 2], 9] — u{{[=, 9], o] +
+ [T9.2) ol + [z @1, o} — ([0, ] + [o, y] + [0, 2]) = o.

CONSEQUENCES FROM THE DEFINITION

1. From the saxioms 1, 2, 4 it is possible to infer the anticommutativity of
the multip.Jicatieon:

(l) [w’ y]: - [:l/,il‘»], '

if the charsacteriistic of the field K is different from two.
2. The cwmnseqjuence 1 and the third axiom involve :

(2) [ox, y]= or, y]— (¢ — 1o, y] — <y, x>z.
3. If we take in the 5th axiomx = y = o, we obtain
(1 —»)[o,z] = 0.

Since in gemeTal (@, 2] £ o, it follows that y = 1. In the 5-th axiom there
rests only the ceonsta.nt ;4 called ,the constant of type“.

4.l Zm,z y;] =ZZ[% Y1l — ("*,1)2[0, Yl —
izl =1 i=1 j=1 =1
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— (m — l)g‘ [ay. o].
=

§ 2. Special classes of w. L. p.-a and examples

If [x,0] =[o,2] =0, Y o €L, we obtain Lie’s pseudo-algebras intro-
duced by Herz [2] and when {x, «) =0, V z € L, Va e K, the weak Lie’s
algebra (w. L. a).

Finally, if [z, 0] = [0, 2] = 0 and {(x, &) =0, Va € L, Yo € K, we obtain
the usual Lie algebras.
We shall give some examples of w. L. a and w. L. p.-a.

1. Let &7 be a weak algebra [1], that means, a linear algebra in which the
distributivity laws are replaced by:

2y +2)=ay + 2z — 2. o0,
x4+ yr=a2z+yz—o0.z
If o is endowed with the produet:
(3) [x, y] = 2y — y=,

we obtain a w. L. a with the constant of the.type « = o. This is the weak
Lie algebra associated to a weak algebra.

2. Let @ be the set of functions:’
[ [GF(2)]" — [GF(2)].

)
By using the inner operation:

(4) [f, 9] = flxr, - .-, X1, g1, - .., 20)) ® glXr, ..., Xno1, flXr, .., 20)),

where the sigh @ means the addition modulo 2, we obtain a w. L. a. ‘
Indeed, using the common notations from the logical algebra, every f belong-
ing to @ may be written as:

f=12uf1 ® (1 ® xu)fo = 2a(fi @ fo) D fo,
where f; and fo are respectively f(x1, ..., xn_1,0) and f(x1, ..., To_1, 1).

Then:

| [f, 9] = (@91 ® g0) ® 9)(fs @ fo) © fo ®
® (@n(fr @ fo) ® fo)(g1 @ go) D go,= gof1 D fog1 ® fo @ go.
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We obtain immediately the relations: ' = .

[f.9@h=1Lfg91®If h] @ [f, o],

@9 M=1/16 I he b b,
[f. fl1=o,

'
]

and
([f. 91, 21 ® [lg, k1, f1 @ [k, f1, 9] @ [f, 0] ® [g, o] @ [, o] = o,
(Here ¢ = — a (mod 2) and [f, o] = fo).

Using the properties of this algebra we obtained some applications in the
switching theory [5, 6].

" 3. Let L be a distributive algebra in the usual sense. |
~ If we introduce the product ‘
v,y =2y —yx +2x—y,

we obtain a w. L. a.

We have:
[z, y + 2] = [x, y] + [z, 2] — [, o],
[* + ¥, 2] =[x, 2] + [y, 2] — [0, 2].
[z, ]l =0; [x,0]==,
and

[[z, ¥, 21 + [ly, 2], =] + [[z, =1, y] + {[[=, y], o] + [[=, 2], o] +
+ [z, @], o} — ([, o] + [y, 0] + [z, 0]) = 0. |
For this w. L. a the constant of type is u = 1.

4. Let Z#(t) be the field of meromorphic functions of the variable 7 in
a simply connected region and R, an n-dimensional vector space of n-tuples,
defined over Z (7).

Let {u;}, : = 1, n be abasis in R,. We suppose that R, is differentiably closed,
namely the vectors u; verify the equations
dut o IR
(5) = oc,:,-uj(r).
dv

If we Ry, then u = ujoy, o0; € F (7).
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We introduce the mapping 7' : R, - Ry, by
(6) Tu:ﬂai —{—uiiiﬁ .
d+ dr
It is clear that:
Tu + v) = Tu + Tv.

Then

da
T(Au) = ATu + —wu.
dr

dui
Because formula (6) contains the term e o; the transformation 7' depends
T

on the basis chosen in R,.
It is clear that there are many transformations 7. Let us consider the matrix
2!
U of the basis, U= | us |; because u; are vectors the U-type is n X n.
Un
If we take a new basis, related to the basis U by the relation
U= 4V,

where A == (4;) is an invertible n X n matrix, from (5) it follows that:

dAij dvj
- v + i, = i nA nkvi
or:
de dA«“g
Ay o (—- e + a,:hAmc)vk,

and if we denote by B = (Bj) the inverse of the matrix 4, we obtain the
new coefficients of the equation (5):

dApj

&y = Bip ( — + OtphAhj)-

Denote by 7 the set of all transformations 7.
Let us consider the operation

[.,.1: T x T -7,
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defined by
7) T, Ul=ToU—-UoT+T-U,

where

T o Uyu = T(Uwu).

To make J a w. L. p.-a. we interpret addition and scalar multiplication
as the ordinary addition of two transformations and multiplication of a trans-
formation by a scalar and use the product defined by (7).

Thus

T+U,Viu=(T+U)oVu—(Vo(l+ U)u+
+T +0)u—Vu=ToVwu+UoVu—(VoTlu—
—(VoUu+Tu+ Uu— Vu=
=ToV—-—VoTH+T—-—Vu+UoV—-VoU+U-—TVWu-+
+ Vu= (T, V]1+[U, Tu + Vu.
Since
[0’ V] =—1V,
we obtain
T+ U, V]=IT, V1+[U, V] =0, V].

Now, by using (7) and (6), we have:

[T, Ulu = («T o U)u — (U 0 aT)u + oTu — Uu =
= ((«T o U)yu — (2U o Tu + do/drTu) + «Tu — Uu =
=T o Uyu — (U o TYu — dafdr Tu + oaTu — Uu =

= (o7 o Uu — (U c Tu + aTu — aUu + aUu —

— da/dr Tu — Uu =
= [T, Ulu — (« — 1)[0, Ulu — U, o> Tu.

For VT € by comparing with the relation (2), we have’
(T, &) = da/dz.
Finally, for the axiom 5, let us calculate:

[[Ts U]’ V]+[[U, V]? T]+[[V, T]> U]: b
—[TU —UT+T —U, V]+[UV — VU + U — V, T] +
VT —TV 4V —T,U]=
— (TU —UT +T — U)V — V(TU — UT +T — U) +
TU —-UT+T—-U—-V +
LUV —VUA4U— VT —TUV —VU+U— V) +
+U0V—-VU+U—-V-—-T+
(VT —TV +V —T)WU — UVT —TV + V —T) +

1 Here for simplicity we write T'U for T' o U.



+ VT —-TV+V-T-—-U-=
=VU -T1TU0+TV VT +U0UT—-UV—-U-T—-—V =
=TV -Vl —-T—-V+VU-UV+V—-U+UT —-TU +
+U—-T—-U—-T—V = o

'l‘hus we obtain
7z, ), vi+ o, v, T1 + v, T}, U] + [T, 0] + [U, 0] + [V, 0] +
+ [[T Ul, 0] + [[U, V], 0] + [[V, T], 0] = 0.

\

§ 3. The transformation {.,.)» in aw. L. p.-a

For the transformation {.,.>: L X K - K, the w. L. p.-a acts like a do-
main of operators over the field K.
Now, we shall deal with some properties of these transformations.

Proposition 1. If the characteristic of the field K is not two, then {.,.> : L X
X K— K s a bilinear application.
We note next that according to the axiom 2,

[ + ¥, az] = [z,7az] + [y, az] — [0, az],
on the other hand according to the axioms 3 and 2,
[.’17 + Y, d.Z] = G.[x +y’ 2] - ((X - 1)[55 +?/, 0] + <x + Y, a>2 -
= OL[CU, Z] + ‘X[Z’/, Z] - ‘Z[O’ Z] - ((Z - 1)[‘”) O] -
- (OC - 1)[:'/7 O] + <.’II +Z’/, 0(.>Z =
= oz, 2] — (x — 1)[=, 0] + <&, o)z + ofy, 2] —
— (@ — DIy, o] + {y, )z — afo, 2] — <o, x)z.

Hence,
{e 4+ y, oz = L&, ayz + {y, o>z — {0, w)z.
This relation holds for V z € L, therefore:
&+ y, 0p = <&, a) + Y, ) — {0, x).

If we set y = — z, taking into account proposition 2, when the characte-
ristic of the field is different from two, we obtain (0, «) = O and so

4y, 0 =<z, o) + Yy, 2.

Hence

[z, (@ + 13)3/] = [z, oy + ﬂ!/] = [z, ay] + [, ﬁy] — [, 0] =
= o[z, y] — (« — 1)[z, o] + <z, Dy + Plz, y] — (B — 1)z, o] +



+ <&, By — [, 0] = :
= (« + )z, y] — (« + B — 1)[x, 0] + (@, 0y + (, ﬂ)J

On the other hand, ,
[z, ( + Byl = (@ + Bz, y] — (« + B — Dz, 0] + <z, « + By

therefore

<x’°‘-+/3>: {Z, ay + <z, B).
Proposition 2. If the characteristic of the field K is not two, then

By, oy = By, &>

Let. us calculate the expression

[ox, fy] = Blox, y] — (B — 1)lax, o] +- (o, By =
= Ba[x, y] — (« — D)o, y] — {y, apx) —
- (13 - 1)0([:1/', O] + <m’ ﬂ) Y,

therofore

[o, ﬂy] = Otﬂ[x, yl — /3(“ - 1)[0’ yl — <y, “>ﬂx -
— o(f — D=, o] + <o, By =
affz, y] — a(f — 1)[x, 0] — ple — D)o, y] — <y, ¥px + {ax, By =
= af([z, y] — [z, o] — [0, y]) + alz, 0] + Blo, y] —
- <y, wpx + oz, By.

Then
By, ax] = — [ax, By] = o«f(ly, ] — [y, o] — [0, 2]) +
+ Bly, o] + «lo, 2] — <z, BHay + {By, W=,
whence _
y, wpr — lox, By = By, wyx — (x, fHay,
or

By, o> — LBy, w)x + (o, f) — (o, f))y = o.
As this relation holds Yz, y € L, we get the necessary equality..

Proposition 3. We have

(8) o <&y afy = <&, f - <, fa,

hence the. elements of a w. L. p.-a may be interpreted like differentiations over
the field K. :



Indeed

(%, «fy]l = [z, «(By)] = o[z, fy] — (x — 1)[=, 0] +
<z, By = a(lz, y] — (B — 1)[x, 0] + <z, Bdy) —
— (o — 1)[x, 0] + <=, Py =
= aff[z, y] — a(f — 1)[x, o] + <z, pray — (« — 1)[x, o] +
+ <&, Py = afz, y] — (2f — 1)z, o] + (=, Bay + (z, adfy.

‘On the other hand
[z, (2f)y] = aflz, y] — (2f — 1)[z, o] + {x, afdy.

Comparing these two expressions we obtain the relation (8).

Proposition 4. {z, +n) = 0,2 € L, where n — 1 + ... 4+ 1, (n times),
1 being the unity in K.

If in axiom 3 we put « = 1, it is easy to see that (x,1) y=o0, VyelL,
hence (z, 1) = o.

Thus <z, 0) = [z, 0] — [z, 0] = 0.

Thus(x, — l>=<x, — 1>+<x, l):(:z:, 1 — 1>:<.’L‘,O>:O,

Taking into account the proposition 1, we obtain P. 4.

Corollary
[, — y] = [y, 2] + 2[x, o]
[— 2 y]= [y, 2] + 2o, y],
Proposition 5. {x, — a) = — {(x, ).
Indeed:

@, — =< (=)o) = &, — La + <, a)(—1) = — (x, ab,

-using the propositioﬁs 3 and 4.
Proposition 6. For every o€ K and x, y, € L, the Jollowing holds:

(9) uz, o) — <y, D)z, 0] + (I, yl, &) — <&, <y, W) + W, <@, WD)z = o.
Let us consider now the axiom 5:
[z, y], «2] + [ly, o2, 2] + [[az, 2], y] — w{[[=, y], 0] +
[[y’ O(Z], 0] + [[(XZ, :L‘],O]} _ ([05 .’L’] + [0’ ?/] + [O’ aZ]) = 0.
Hence, since:
[z, ¥, «2] = a[[z, y], 2] — (x — D[[=, y], 0] + ([, y], «dz,
[ly, 2], ] = Ot[[y, z], x] — <?/, o, x] + {x, °‘>[.7/’ o] —

— <&, Wy, 2] + <y, Dz, 2] + (1 — )[[y, o], ] — <=, {y, apdz,
[loz, 2], y] = «llz, 2], y] + <z, @D[o, y] + <y, Do, 2] +



=l 2], ] — <, @l 2] — <&y Dz Y] + <Yy @, 8Dz,
and

[y, a2], 0] = of[y, 2}, 0] — (& — V)[[, 0], o] + <y, [z, o],
[[dz, x]s O] == O([[Z, .’,L'], O] - (tX. - 1)[[0’ Z‘], O] - <.’B, oc)[z, 0]1

it follows that:

«([[x, y1, 2] + [[y, 2], 2] + [[2, =], ¥]) + ([=, y], &) — <=, <y, ap)> +
+ <y’ <x’ a>>)z + (1 - “)([[0’ .’L’], y] + [[xs y]’ O] + [[ya O]’ CI)]) -
— u(llz, y1, o] + «[ly, 2], o] + af[z, x], 0] — (« — 1)[[y, o], o] —

- (O(. - 1)[[Os .’E], O] + <y, OL>[Z, O] - <xa a> [Z, 0]) - [0’ IL‘] -

—[0,.7/]"““[0,2]:0,

and using axiom 5, we obtain relation (9).

Corollary. If u = o0 or [2,0]= o0 we obtain Herz’s relation

<[(IJ, ?/], 0(> = <x’ <y9 tl>> - <y’ <£I}, a>>

§ 4. The adjoint transformation in a w. L. p.-a

We introduce in a w. L. p.-a the adjoint transformation by:

ad(z)y = [, y] — [, 0] — [o, y].

Proposition 7. In a w. L. p. a. ad is a pseudo-linear transformation.
Indeed, we have:

ad (1‘)0(:!/ = [(.’E, MZ/] - [.’12, O] - [O: a.’/] ==
= OL[:L‘, ?/] - (0( - 1)[93, 0] - [.’,E, O] + <(L‘, “)y -
- — ofo, y] = afz, y] — [z, 0] — afo, y] + <z, DYy =
= a ad (x)y + {z, Dy,

and
ad (@)(y +2) =[x,y + 2] — [x,0] — [0,y + 2] =
= [x’ y] + [xs Z] - [x! 0] - [x: 0] - [0’ .7/] - [O! z] =
= ad (z)y + ad(x)z,
hence

ad (z)(ey 4 B2z) = x ad (x)y + B ad (x)z + {z, )y + {x, B)z.

If (x, ) = 0, Vx € L, then ad is a linear transformation (the case of weak
Lie algebras).
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Proposition 8. There hold the following equalities: AN
ad (ax)y = a ad (x)y — {y, wa,
and _
ad (x +‘y)z = ad (x)z + ad (y)g.

The proof of these relations is an immediate one.
If in the set of the adjoint transformations of a weak Lie algebra we introduce
the ordinary addition and multlpllcafolon by ascalar, and use the product
[

| ([ad (z), ad (1)])z = (ad [z, y))z,

then this set becomes a weak Lie algebra.

atio
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