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Matematicky €asopis 20 (1970), No. 1

NOTE ON THE THEORY OF 7-PAIR OF MANIFOLDS IN THE
PROJECTIVE SPACE P,

ANTON DEKRET, Zilina

In paper [1] Miha;lescu has discussed thoroughly the transversal map
of two surfaces in P3. In this paper we try to find some qualities of a transversal
map between manifolds in the real projective space P,

Definition 1. Let Vi, V, be two k-dimensional differentiable manifolds in the
projective space P,,. Let the map f: Vi— V; be a diffeomorphism. For any
L € 'y let tangential spaces Tr(Vy). Truy(V;) havethe common (k- 1)-dimension
al lineal subspace 3, which is not incident with the line {L. f(L)}.

Let Hy, Hy ..., H, 1 be points of a frame in P,.
(1) dH; (')Z:H], by — 1.2, ..on+ 1

are cquations of the infenitesimal map of the frame. Pfaff forms o] suit struc
ture equations of space Py:

n 1
(2) dmf*Zm"i/\wi ) 1,2, ....n4 1.
s 1

Our following considerat ons will be local. We assume that local co-ordinates
of points L and f(L) of manifolds Vi and I, are equal. These co-ordinates
wil be called principal parameters and marked by wi. ws, .... . Let us
confine ourselves to the frame such that H; Le Vi, Hy _f(L)and {IIs,
Iy, .. Hpys) f. Then the following relations

B L3 k4 n 1 b
(3) o N e o 0. o 0
Wbt ot R A | ST S O

fesult from (1).
The forms o}, o}, ..., 0¥ are independent and prinepal. If o) are prinepal
forms, then

k2

(4) o, > a,'.,s m) .
s 3
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For t 2 weshall use: @), a!. Let us differentiate externally the relations
(4). We get fort  2:

L2 ki 2
+) > ol Aaj(oy  of)  day + > (alwl, — ajl) 0.
i P

Let us denote by 7, (resp. 7,,) a sct of tangents of the manifold I’y (vesp. V)
1t the point Hy (resp. I1s).
The tangent t € 7, (resp. € 7,,) is determined by

ol ot ot (resp. 0oL 0k
Difteomorphism f induces a collineation K: 7, - 7,,. lf we denote
3.4
2

. - -
Kool . . O RO S R O

then equations (4) for ¢ 2, 0. e.
Eo2
) Z aomy, 1 04, .04 2
s 3

ind the relation (3) det~rmine the collineation C.

The tangent f (o} o} ... 0} ?) er, (resp.T  K(t)) and the subspace 8
have the common point X hsHs + haHi + ... + by oHgys (resp. X’
W, W, kL, )

The collincation K induces an autocollineation ¢ : - f so that C(X)  X'.
That is why the autocolineation is determined by equations:

k2

b Zai_hxi 3,4, ...,k 2.
s 3

—_
St
=

i

The autocollineation €' induces an autocollineation (" of hyperplanes in the
subspace f.
The equations

(B) e

dctermine invariable points of the autocollineation (.
System (6) has a solution f and only if

(M 0.
kv2 k42 k+2 A
G A A

The lines {H, H»} determine a [-parametric system of lines in /,. which
w »shall denote by @. Let us determine the foci of (/ sitting on the line {H,, Hs}.
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Definition 2. Let r be a natural number. The point M hiHy + hoHs will
be called an "F-focus of G ifthereis (r 1) — parametric system of develo-

pables > < G (i — 1,2,...,r)sothat the point M lies on the edge of regression of
2

1
Dfori=1,2,...,r.
M

Since

dM — Hji(ho§ + heowd)  Hi(hiot + hawl) + ... + f[};+z(h1(o’f 2L m.ﬁ “ha) -
+ 0 mod {H,, Hs}, the point M is a focus of G if the system

klw"'l—}—hgw;: 0, 1=3,4,....k+2

determines a surface X,;.
Let us arrange this system by using relations (4) :

(b + hoal) + othedd + ... + ofPhea},, 0,
wiazhe + oi(ly + hea}) + ... + b Pheat,, 0,
(8) e

2 k+2 k+2 kot
(U?hg(l’é+ + w‘}hmﬁ + ey + ()t)l+ (hl + kzakt.

e
=
o]

The surface X,; is determined by this system (8) if and only if

h1 -+ hzag, hzai, cee hzaff.”
(9) | e e 0.

k+2 k2 2
k2a3+ , h2a4+ 5 eeey hl + kzallﬁiz |

Definition 3. The fundamental tangent te€ v, has this characteristic: Its
common point with the subspace f is an invariable point of the autocolineation C'
The fundamental curve is an integral curve of distribution of fundamental tangents.
The focal curve on the manifold Vi, (vesp. V) is a section Syr N Vi (vesp. a0 V7))
where Xy < G is a developable.

From definition 3 it follows that the focal curves are determined by the
system (8) if hi, he are solutions of equation (9). The following assertion
results from (6) and (8):

Assertion. Focal curves are fundamental curves, i. e. if the point II; moves
along the fundamental curve, the lines {Hy, Hs} create a developable.

Equations (7) and (9) are identical. Each root of equation (7) determines
one and one focus A of ¢ on the line {H,, H>} and also the set of invariable
points (resp. invariable hyperplanes in §) of the autocollineation (' (resp. (")
which we shall denote »(J) (resp. x'(M)).

From the assertion it follows. If dim »(M) =r —1 so M is a "F-focus
We can classify 7"-pairs of manifolds by types of the collineation C. We always
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will assume that we can confine ourselves to the frame such that the matrix
of collineat.on (" has the Jordan form.

Notation. The set o hyperplanes that are incident with the (n  p — 1)
-dimensional linear subspace & in P, will be called p-bundle of hyperplancs
in P, and the subspace % will be called the centre of the p-bundle.

Let the collineation C have this quality: the r-multiple real root 1; of equa
tion (7) determines the focus M; so that dim »(MM;) = b + s 1 D,
where h is the number of independent points from #(J;) sitting in the
centre ¥’(MMy) of the bundle »'(M;) in B.

Let us confine ourselves to the frame such that the matrix of the collineation ('
has the Jordan form. Let the part of this matrix determined by the root 4,
have the form:

a) The functions of the principal diagonal are equal, i. e.

A) & ay ... al Looan .oooan = ant A1

My . me . Hn ctr T Pmnts
b) For the following functions above the principal diagonal of this Jordan
matrix we have:

i ma ___ yMin mn+l __  mpt+2 pts 1
(B) (l”“+1 amz+1 Tt am;.+1 amn+2 a)m.+3 R amh»n 0

and for the others
@, F0, @< my—1.

Then
1. The points 3, H,, |, H,, .\, ..., H,, 1, H,,.+, H,,,,, -... H,  are
invariable points of the collineation C' and create base of the subspace »(.M1).
2. The invariable by the root 4; determined, hyperplanes of the collineation ("
crcate the p-bundle x'(M;) with this base in g:

h

1

0, h 0, ..., h 0, hppyy — 0, ... b 0.

ma Mn+s

Mn

Thus
LM {Hs, Hsy, ..., I H ., H

m1-12 mp 1> *° mn1 1° Ilmn 112 e o
Hyy 3, Hpig, ..., Hii2} is a centre of the p-bundle '(11;)

m 1

Hence it follows that the independent invariale points of the collincation (*

;. a, .. H,.,..,H,, . sitin the centre £ of the p-bundle :x'(M,)
We can write the equalities (4') briefly :

(*) I AF ot AN+ oA AL, 0

If the matrix of the collineation C' has the Jordan form, the Pfaff forms Q;
have these forms:
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Q. ai(my, ) +da+d el doe
Dy dy(op  0f) Fdai F ol @) @ (o) o)
Q0 dl ol A ollal @) d el L i
Hence the following relations

o 0 for ¢ My Mo, oMy My, 1,...,m, s and

J S,mag + Lime + 1, ccoompy + Lomp 4 2,000, my + 5.

Q0 d(w; o) +daifori mp+ Lomp 20 my s

result form (A) and (B).

Now the equalities (*) have for 7wy + 1, mp + 2. .00 my s thes shape
w]‘/\ Q; of" N 2, + mﬁ"‘” AL, .+ .. "N L2

wy 2 / " i e r+3 _1 ko2 ]
oy TN, A el AL TN o 0,

+ ol AR -0,

If we apply the Cartan theorem we get:

. R ; 5 s
Q0 afm; o) +dai 0mod (w7, o). ... @l ol 2
s 2 2
Lol ol E Lol of 5., “){ . ;) .

Thus if s > 2, we get

¢ L 2 i 4 5 m my 2 m»
ai(m;  o3) +da: 0Omod (], oF, ... o o 2 el

s 2 3 Fo2
o C oM el L o) 7).

The root 4 a’ a: (i 4, ....mp 4 s) determines the focus M,
arfy .

dJn o3y 4 [dad b al(of o) wlddHs ol

Mty 1 my 2 nn 1 Mo hits 1
“n ”un ]I'lll 1 M anu 2H)N| 1 te n am- [[m- 1
mo 2 my 1 Mmnitn 1 1 3 S 31
o) U, Z[]iuz 1 Oy, [Imh 1My B: 3 ™ 1)) 1 -k

+ ¥R, where B, ,, B, ,,.... B, .

are .mdependent points in the space {H, ;. ..., I, .} .
From this cons.derat.on the following theorem results.

Theorem 1. Let 21 be an r-multiple real root of equation (7). Let My be a focus
determined by the root Jq. Let dim x(My)be h + s 1 powhere b is the number
of indcpendent points from x(My) sitting in the centre L(M1) of the p-bundle
2'(My). Then the focus My moves on a j-dimensional manifold V;. which has
the contact of the 15t ordcr with the linear subspuce {1y, I, L (M)}. If » > 2,
thewy L b s.Ifs 2 thenk (W+s)<)j<k 1 (%)
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Note. If the collineation C is an ideutity. equation (7) has a k-multiple
root, p &k 1.s L. Hence the map fis a centric projection of the manifold
V,on 1.

The T-par (V,. V,:.,f) determines some distributions on the manifold V7,
resp. V. Every focus 3 of (7 determines the lincar subspace »(3) of invariable
points of the collineation C. Let us denote by MV(Vy), resp. ¥V(V,) the fol
lowing distributions on the man.fold Vy, resp. V,f_:

MY(Vi) : Hy— {1, »(D)}
MN(V]) Iy {11, »(M)} .

Let the collineation C have the following quality:

Its Jordan matr.x is diagonal, i. e. for any focus M of ¢/ the subspaces »(4)
wnd L (M) are not inc.dent when #(]) is the common subspace of hyperjlanes
from '(JI). Now let us confine oursely es to the frame such that the matrix of the
collineat,on (" has the Jordan form. Then«!  Ofori # j;i,j 3.4,.... L 2.
The r-multiple root 4, of equation (7) determines the focus J/,. Then «(J4)
s an (r I)-dimensional subspace. We can assume that

(M) {Hs, Hy, ....H, .}.
The distribution
WX(TVy) - Hy - {Hy, =(My)y (I, s, . )
is determined by the equations:
(D) ol 0, g 3,4 b2

Let us denote by 2 the set of the quadratic external forms which we can

wiite as follows:
Eo2

Z (r)"1 A xs .

S P43
Let us differentiate externally the forms on the left-hand side of equations (D) -

P 2

do! > oi Aol | 0mod 2, where 0 mod £ ¢ .
s 3
As ;0 for i + jthe equalities (4) have for?7 ¢ r 3.0 4., I 2
this shape:
12
(K) D> o NoNar  al)  Omod 2 0.
s 3

As 21 s an -mudtiple root of (7) and x(My) My, .. 1, L0 we have of

4 2 U}
0 a, 5 F .

“
D]
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And now we get from (E):
142
> of Aol =0 mod 2
£ 3

Hence do{ = 0mod 2,q r+4 3,7 4,..., k + 2. Thus the system (D) is
integrable (the Frobenius thcorem; see [2] p- 92). From this consideration
the following theorem results.

Theorem 2. Let the collineation C' have the following quality: For any focus
M of G the subspaces »(M) and L (M) are not ncident, where L (M) is the
common subspace of all hyperplanes in f belonged to ='(M). Then the distribution
MV (V) is integrable.

Now we shall study the 7T-pair (V. 2, V, 2. f) which we shall call the
T-pair of K-manifolds. Let us confine ourselves to the frame such that
H, LeVys H, f(L)andp {H: Hs,....H, .}.

ntl

Then 0 =0, 0" =0, 0@ 0, " 0.
1 1 n n

Let us differentiate these equations by the external way. We get:

n 1

SoiAel —0, p—n,n+1,
iz
nrl
met/\w'f:(), d—1,n+1.
T2

If we apply the Cartan theorem, we get:

n 1

(10) o = Z a; ;o1 ,
Z altlol
n .

(10) o} = Z A o,
iz

nrl Z An+l J y 2’ 3’.“’77,_ 1.

The lower indices of the coefficients in (1¢) are symmetric. As the forms

w?, w3, ..., o} !are independent, we can write:

n 1
7 S o) Ly ] — ¢
(11) o, > ad,ol, j—2,3,.. . n 1.
iz

Let us substitute the relations (11) and the 2nd relations from (10) into the
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last relations from (10). We get

n 1 n1l n1l

z a"*lwl — Z Z A?*Ll fu m7

Since our considerations are local, why we get by comparing:

n 1

(12) a;fgl_z Aptlal ;0 4,5 2,3,..,m — 1.
k

Ay, js

Ay eH, + o}H, + ... + o} 'H, |

n 1

@H,  Hpn {> oo} + 0 mod {Hy, H, ..., Ha} .
-2

Hence the following equation

n 1

> oiw}tt = 0, or — after arrangement —
i
n 1

Z o Z a"“(ul =0,

is an equation of the curves on the manifold V,_s which have the contact
of the 2nd order with the hyperplane {7';; (Vu_2), Ha}. The tangents of these
curves at Hp create conic hypersurface in the space T, (Vn 2). The cut of
this conic hypersurface with the subspace £ is the following hyperquadric in 8:

(13) Z ki Z altth; =
We get likewise:

n 1

'n+1
,,ZA
i:z

an equation of the curves on the manifold V, ,, which have the contact of
the 2nd order with the hyperplane {H,, Hi, }. The tangents at the H, of
these curves create a conic hypersurface in the space T (V, ,). The cut of
this conic hypersurface with the subspace f is the following hyperquadricin g:

n_l n 1
(14) 2 b 2 AV =0
i 2 j 2

It results from the relation (10) that the hyperquadric (14) is regular if and
only if the hyperquadric (13) is regular, too.

Now we shall study a case of the regular hyperquadric (13). The collineation C
is determined by the following equations:

n 1
(15) By > oal ik, j 2,3, .,m —1.
k2



Hyperquadries (13) and (14) are identical if and only if such a o exists tha

n 1 no1 AN 9«
a; o A7, vy 2,3.....n 1.

It results from (12) that these relations are correct if and only if

a, . Oforj + kand

3

(1~ n.3

n1 .
n,2 a Coon 101+ €

if and only if the collincation (" is the identity.

Let the collineation €' be not an identity. Then the hyperquadrics (13) and (14
determine a bundle of hyperquadrics in . The name of this bundle will be the
» Kg-bundle*. Any hyperquadric from the Ks-bundle has the following equation

w1 n 1

(16) }. h; z hiaft' 247N 0.

Let us confine ourselves to the case that H» is an invariable point of the auto
collineation (. Then the following relations result from (15)-

a,, 0, j 34,0 1.

n, 2

If we substitute these relations into (12), we get

(17) ap, AMad L, i — 2,3 .0 1.

Notation. The singular points of the As-bundle are singular points of somc
hyperquadratic from the Ks-bundle.

It results from (16) that singular points of the As-bundle are determimed by
the following system:

no1

Zh nl_*_li"ﬂ) 0. 1 2.3 ....on- 1.

Then it results from (17) that the point H; is a singular point of the As-bundle
Let H, be a singular point of K-bundle. Then 2 exists such that

(lml ZA:’f_,l, 7 2.3, ...,n 1.

If we substract these equalities from (12) for j 2, we get the followiig

syvstem:
ATG (a;—;,‘_’. + }') + A7’L+l ;;1 2 + + 4); W lan ’ O!
(18)
Az+ll 2 (1;2 + )') + A"+] 3an 2 + A"+1 n 1“;: ’1' 0.

Since the hy perquadratic (12) is regular. det (A7}') % 0. Then the system (I
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has only a zero solution. i. c.
0. kL 3.4, .,n 1.

Hence I1, is an invariable point of the collineation ('. From this consideration
the following theorem results:

Theorem 3. .{ny invariable point of the collineation (' is a singular pont
of the KNy-bundle. If the hyperquadric (13) is regular, any singular point of the
Ky bundlc is an invariablc point of the collineation (.

Now let the hyperquadric (13) be not regular. Its singular points aie deter
mined by the system

no1
(19) >aiithy 0 i 23,00 1.

iz
Let the rank of the system (19) be p (0 < p < n-  2). Then the singular
points of the hyperquadric (13) create a (n 3 p)-dimensional subspace X
et us confine ourselves to the frame such that

X {Hy, H5 ... H,, .
Then from (19) the following relations result:

no1 N 9 . . S IS
ay, 0, 2,3....,n — 1 P 2,3,...,n 1

Thus ' 0, 2,3,...,n 1 p. Then
n 1 N « . g . y
A} 0, j 2,3, ...,n L pre 2,3,....n 1.

Hence the subspace X is a subspace of singular points of the hyperquadric
(14), too. Equalities (12) have forj 2,3,....,n 1 p:i n p,u
p L. ..n- 1 the following forms-
n1
> Aralb  — 0.

k np
There is for every fixed j  2,3,. .,» 1 p an algebraic system for the
unknowns b . The rank of this system is p. Thus
a, , 0 ke nm p.n p+1,..,n l; )J— 2,3, ...,n ] P
Hence already the following relation-
Ny X
results from (15). From this considerition the following theorem 1csults

Theorem 4. /f the hyperquadric (13) is not regular, erery singular point
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of it is a singular point of the hyperquadric (14) and the subspace X < B of singu-
lar points is invariant under the collinection C.

Note: If relations wg‘“ =0, j=2,3,...,n — 1 are equalities on some
neighbourhood, the manifolds V, ,, ¥V, , lie in a hyperplane in P,,.
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