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Matematicky €asopis 22 (1972), No. 4

ON CERTAIN CLASSES OF SETS OF NATURAL NUMBERS

TIBOR SALAT, Bratislava

In number theory there were studied the properties of such infinite sets
AeN={1,2,3,...n,...}, for which the following holds: if a,be 4,
a + b, then a+b, bra (see [1], [2], [3] II, p. 18—20). Denote by ¥ the
class of all such sets 4 < N.

Denote by %1 the class of all such infinite sets 4 < N, which have the
following property: if a € A, then 4 contains every natural divisor of the
number a. S. Zndm called attention to these sets.

Obviously &1 N &2 = P and the sets belonging to &1 have in a certain
sense the properties which are opposite to those of sets from .

We shall define other two classes of sets 4 = N mocre. Let F be a function
from N to %, % being the class of all infinite sets A = N. We shall write Fg
instead of F(d). Denote by J 1(F) (7 2(F)) the class of all such 4 € %, which
fulfil the following condition:

if a¢A, then F,nA=090
(if aed, then F,n A4 =0).

The following theorem states some fundamental relations between the
introduced classes for a special choice of the function F.

Theorem 1. Let 1 < ki1 < k2 < ... be a sequence of natural numbers and
for each d € N let Fgq = {kid, kod, ...}. Then we have &; < T(F) (¢t =1, 2).

Proof. Let A € &1. We shall show that A € 71(F). Let a¢ A. If Fy N
N A % 0, then there exists a b € Fg N A. Owing to the definition of F, there
exists an » such that b = kna. But kna € 4, alkna and a ¢ A. This is a contra-
diction to the fact that A € &;. The proof of the inclusion &z = T o(F)
is analogous.

Remark a) When the function F fulfilling the condition stated in Theorem 1
is suitably chosen, the relations

S < TuF), L+ T«(F) (=1,2)
take place. E. g. if weput ky =2n 4+ 1 (n =1,2,...), then 4 = {2,4, ...,
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2k, ...} ¢ &1 and it is easy to see that 4 € 7 1(F). Indeed, if d ¢ A, then d
is an odd number and therefore kyd (n = 1, 2, ...) is also an odd number.
Hence FgnA=0. If we put by =2n (n=1,2, ...), then 4" = {1,3, ...,
2k — 1, ...} ¢ &2 and it is easy to verify that 4’ e T (F).

b) Using the previous considerations it can be easily seen that

1. the inclusion &1 < J71(F) holds if and only if for each natural number d
the set F; consists of multiples of the number d;

2. the inclusion &, = J5(F) holds if and only if for each natural number d
each element of the set Fy is different from d and is either a divisor or a multiple
of d;

3. if Fy = {2d, 3d, 4d, ...} for each d, then &; = T (F) (v = 1, 2).

If A = N then we put 4(n) = z 1. The numbers d1(4) = lim inf

n->o© n

acd,a=n

A(n
and d2(4) = lim sup ) are called the lower and upper asymptotic density

) n

of the set 4, respectively. If there exists lim A(n)/n = d(4), then it is called

n->o©
the asymptotic density of the set A.

Every infinite subset of the set of all prime numbers belongs to the class <.
From this it is obvious that the class & is uncountable of the power of the
continuum. An analogous result for the class &) follows from the following
theorem, which gives a certain more detailed view on the structure of the

class .

Theorem 2. i) For each 5, 0 < n < 1, there exists an infinite system of the
power of the continuum of sets A€ S such that 6(4) = 7.

ii) The set N is the only set from the class &1 with the asymptotic density 1.

Proof. i) Let P denote the set of all prime numbers. If P, < P, P; + 0,
then denote by M(P1) the set which consists of all such natural numbers,
which are not divisible by any prime number belonging to P — Py. It is
obvious that M(P:)e &1 for each P, = P, Py + @ and M(P1) + M(P>)
for Py £ Py, P,< P, P90 (1=1,2).

It suffices to prove that for each 9, 0 < 5 < 1, there exists an infinite number
of the power of the continuum of sets P1 < P, Py = §, such that §(M(P1)) = 5.

Let 0 = n < 1. We put
(1) a= —logny for 0<n<1l and «= 4o for 75 =0.
Thus « > 0 in both cases. Let p1 << p2 << ... denote the sequence of all

@D

1
prime numbers. Then, as it is well-known, we have | | (1 — —) = 0 and
Dk

k=1
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L
SO a; = 400, where a; = —log(] ————), a = g1 >0 (k=1,2....),

Pk
k=1

ax—> 0.

On account of Theorem 1,1 of the paper [4] there exists an infinite system
of the power of the continuum of infinite sets

K=k <k <...<kis<...} =N, K=+N,
such that

(2) S ap, = .
n 1

Put Py =P — {p’%’ Pk,> - - -} Then M(P1) consists of the number 1 and
of all such numbers » > 1, which are not divisible by any prime number
P, (J=1,2,...). For the asymptotic density of M(Py)

= 1
3 o(M(P1)) = 1 ——
3) (M(P1)) lll ( 2%)
holds (cf. [3], II, p. 14).

From (1), (2), (3) we obtain §(M(Pi1)) = 5. Since the cardinality of the
class of all

K=<k <..<k<...}, KN

with (2) is ¢ (the power of the continuum), the cardinality of all P, < P,
P1 + @ with (3) is ¢, too.

ii) It is obvious that N e &1 and 6(N) = 1. If 4 € % and 4 % N, then
there exists an @ € N, which does not belong to A. Thenka¢ A (k=1,2,...)

1
in view of the definition of the class &; and therefore d2(4) <1 — — < 1.
a

This ends the proof.

Remark. An analogous result to the previous theorem for the class &>
is not true. It is namely well-known that for each 4 € %2 61(A) = 0 and

d2(A) < —;— holds (see [1]; [2]; [3], II, p. 18—20).

In what follows we shall study the introduced classes from the metric point
of view using the dyadic values of sets 4 < N (cf. [3], I, p. 17, 193—195).
On the system % of all infinite sets A < N we define the function ¢ in the
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following way: o(4) = > & 2%, where ¢, =1 if ke 4 and & = 0 in the
k1

opposite case. The number g(4) € (0, 1) is called the dyadic value of the set 4.
The fukction ¢ is a one-to-one mapping from % onto (0, 1>. If #~ < %, then
o(#") stands for the set of all numbers o(A), A € #". The study of the pro-
perties of the set o(#7) = (0, 1> gives us a certain idea about the structure
and ,,magnitude’ of the class # .

We express all the numbers z € (0, 1> in their non-terminating dyadic

expansions z = Z er(®) 27%, e(x) =0 or 1 and e(x) =1 for an infinite
i1
number of k' s.
In what follows we show that the sets o(Z(F)) (¢ = 1, 2) are ,,poor‘‘ both

from the topological and metric point of view.

Theorem 3. Let F' : N - %. Then the set o(J i(F)) (i = 1, 2) is a non-dense set in
(0, 1.
Theorem 4. Each of the sets o (T i(F)) (¢ = 1, 2) is a null set (in the sense

of the Lebesgue measure).
The proofs of theorems 3,4 are based on the following lemma*).

Lemma. Let {&;}; be a sequence of the numbers 0,1, let A € %. Denote by
M, the set of all x = glx)27% € (0, 1) for which the following is true: if

k=1
ke A then e (x) = e;. Then M, is a non-dense null set.

Proof. Let J < (0,1) be an open interval. Choose a natural number »

such that ne 4 and
s s+ 2
I = (-—$ ) c J
on on

on on

s s+l)

for a suitable non-negative integer s. Then either the interval (— )

s+ 1 s+2\ . . .
s = is disjoint with the set M 4. From the last it

or the interval
omn on

is obvious that M 4 is non-dense.
Let A={m <na<<...<m <...}. It can be easily calculated that

o]
the measure of the set Hy of all x = > g(x) 2% € (0, 1> with e, (2) = &4,
¥=1

*) The author is indebted to the Reviewer for the simplification of the proofs of Theo-
rems 3, 4.
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(j=1,2,...,m)is 2-™. Further
H13H2:H3:>... and nHm—'::MA,
m-1
hence M 4 is a null set.

Proof of Theorem 3. Let I < (0, 1) be an open interval. Let us choose
a natural n» and s even such that

(4) J=(§, S;I)CL
We shall prove that

(5) o(T1F)NJ = Mp,

under the choice & =0 (I =1,2,...) in the lemma.

Let x € p(J1(F)) N J. Then z € J and x = o(A4), where 4 € I 1(F). Since s
is even, we have ¢,(x) = 0, hence n ¢ A. According to the definition of the
system J 1(F') we have ¢ (x) = 0 for each ke F,. If we use the lemma for
the case =0 (I =1,2,...), then (5) holds. Now the assertion follows
from the lemma immediately.

The proof for ¢ (J 2(F)) can be realized in an analogous way choosing a na-
tural » and odd s such that (4) holds.

Proof of Theorem 4. Denote by # " the system of all 4 € 74(F) (1 =
— 1, 2) for which the following is true: there exists a j, 1 < j £ k, such that
j¢ A (for 1 = 1), je A (for ¢ = 2), respectively. If 4 e #’;, then at least
foronej,1 < j< kwehave ANF;=0.Puteg=0(=1,2,...)in Lemma.

k
Then o(#%) < U Mp,. From this it follows on account of Lemma that

i1
o(# %) is a null set. Since T(F) = |J # &, the set o(T(F))(t = 1,2) is a null
E-1

set, too.
An immediate consequence of the theorems 1, 3, 4 is

Theorem 5. Each of the sets o(&s) (2 = 1, 2) is a non-dense null set.

The fact that the set o(#2) is a null set is also an easy consequence of the
following thevorem 6. In the sequel dim M denotes the Hausdorff dimension
of the set M (cf. [3], I, p. 190, [5]). The next theorem states the exact value
of the Hausdorff dimension of the set ¢ (#2). The question about the magnitude
of the Hausdorff dimension of each of the sets o(1), o(Z(F)) (¢ =1, 2)
(here at least for some special choices of the function F') remains open.
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Theorem 6. dim g(#;) = 0.
Proof. Let % denote the class of all 4 € % with 61(4) = 0. Then

(6) dim o(Zo) = 0

(cf. [3], I, p. 195; [5]). For each 4 € &> we have 6,(A) = 0 (cf. [1]; [3], 1T,
p- 18). Hence &> = Z,. This together with (6) yields dim o(F2) = 0.
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