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1. INTRODUCTION

The extended Jacobi polynomials defined by Patil and Thakare [1]

(1.1) F.(a,B;z) = <‘nl!)n(z—a)*"(b—a:)”(bia)n

% Dn[(l' _ a)n+a(b _ .’E)n+ﬁ],

where D = Ed; and A is a number such that ﬁ > 0, satisfy the ordinary differential
equation [2]

(1.2) [(x~a)(b=2)D* +{(a+1)(b~2) = (B+1)(z —a)}D+n(l+a+B+n)ly = 0.

Very recently, attempts have been made [2, 3] in connection with the derivation of
generating functions of the extended Jacobi polynomials from the Lie-group view-
point.

The aim of the present paper is to investigate some novel generating relations of
the extended Jacobi polynomial F, («, 8; ) by the application of L. Weisner’s group-
theoretic method [4] which is vividly presented in the monograph by E.B. McBride
[5]. It may be of interest to remark that in course of constructing a Lie algebra we
obtain a pair of linear partial differential operators which simultaneously raise (lower)
and lower (raise) the parameters a and 3 of the polynomial under consideration.
We would like to mention that our results differ from the traditional concept of a
generating function for orthogonal polynomials.

29



2. GROUP-THEORETIC METHOD
Replacmg by 32> a by yay, B by z 5; and y by u(z,y,z) in (1.2), we get the
partial dlfferentlal equation
8? 0 7] 0
2.1 r—a)(b—1z)=— — —z)— (z2— - ——
o0 fie-a6-0 2 (1% o (L )o-n}
0 0]
1+y—+2— =
+ n( + y@y + o + n)]u(m,y,z) 0.

Thus we see that u(z,y, z) = Fn(a, 8;2)y*z” is a solution of (2.1), since F,(a, ;)
is a solution of (1.2).
We now define linear partial differential operators

0
2.2 = y—
(2.2) Ay yayv
0
A2 = Za,
0 0
— _ -1 —_
0 0
_ _ -1, =7 _
As=(z—a)y 28x+26y
such that
(2.3) Aq[Fr(a, B;2) B] = aF,(a, B;z)y*
Az [Fa(a, ﬂyx)yazﬁ] BFn(a, B;x)y*
A3[Fr(a, B;2) ] (ﬂ+n)F"(a+l ,8— 1;z)y>tizP—1

Ay[Fn (a,Ba:) Pl=(n+a)F.(a—1,8+1;2)y> 2P
The commutator relations satisfied by A; (i =1, 2, 3, 4) are

(2.4) [41,42) =0, [A2, A3] = —A4s,
(A1, A3] = A3,  [A2, A4] = Ag,
[A1,A4) = —As, [A3,A4] = A1 — Ay

where [A, Blu = (AB — BA)u.
Thus we arrive at the following theorem:

Theorem. The set of operators {1,4; (i = 1,2,3,4)} where 1 stands for the
identity operator, generates a Lie algebra L.
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It can be shown that the partial differential operator L,

2

25 L= (x—a)(b—x)% + [(ya% + 1>(b—x) - (z% +1)(z-a)]g’-

x
+n(1+y—a% +z%+n)

can be related to A; (i =1, 2, 3, 4) as follows:

(2.6) L=—-A3A;+ A1 Ao+ Ay +n(l + A1 + Az + n).

Now one can easily verify that L commutes with each 4; (i =1, 2, 3, 4), i.e.,

(2.7) [L,A;]=0.

The extended form of the groups generated by A; (i =1, 2, 3, 4) are

(2.8) e f(z,y,2) = f(z,e"y,2),
22 f(z,y,2) = f(x,y,e"2),

e“3A3f(x,y,z) = f(x + a3 (z = b)y
z

ay’z+a3y)a

ea4A4f(xay7z) =f(z+a4(x a)yyy+a43,z)-
From he above we get
(2.9) etadigasdagazdzeaidi f(y o 2)

= f((:z: + a4 (2 —ya)z) [1 + a3 <a4 + %)] - agb(a4 + g),

e“‘y(l + a—4z),e“2z{1 + a3 (?i + a4>}>.
y ¥4

3. GENERATING FUNCTIONS

Now it follows from (2.1) that u;(z,y,2) = Fu(a,B;2)y*zP is a solution of the
system

Lu =0,
(A1 — a)u =0;
Lu =0,
(A2 = B)u =0;
Lu =0,

(A + Ay —a—pB)u=0.
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From (2.7) one can easily verify that

S(L(Fn(a,ﬂ;z)yo‘zﬂ)) = L(S(Fn(a,ﬁ;x)yazﬂ)) =0,

where
S = et4A4ga3AsgaiAz a1 Ay

Therefore S(Fn(a, B; x)y*zP) is annihilated by L.
Putting a; = a; = 0 and replacing f(z,y, z) by F,(«a, 3;2)y*2z” in (2.9), we get

(3.1)  enMesAF, (a, f;2)y" "]

= Fn(a,ﬁ; {$+a4 (iv—ya)z}{lJrag(a‘; + %)} —asb(a4+ %))
X y"<1+ %z)a X zﬁ{1+a3(a4+ g)}ﬁ

However,
(3.2) e (F, (a, B; z)y* 2"
:Z(_‘) -n—a-—k PZ (=8 —n)
p=0 p- =0

X Fola+k—pB—k+pz )ya+k_pzﬁ*k+”.

Equating (3.1) and (3.2), we get

e e A R e

p=0

We now consider the following cases:
Case 1. Putting a3 = 1, a4 = 0 and replacing ¥ by —t, we get
(3.4) (1= t)PFy (e, B2 — (2 — b)t) :Z Fn(a+kﬁ k; z)tk

k=0
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Case 2. Putting ag =0, ay = 1 and substituting = =1, we get

—1)P
!
0 p-

NE

(35) (1+t)*Fu(a, B2+ (z — a)t) = (—n — a)pFn(a — p, B + p; z)tP.

]
Il

Case 3. Putting a3 = %, ag =1 and 2 =t, we get

v

3.6) (1+ t)°(1 + %(1 + %))ﬁ

=0
X Fola+k—p,B—k+p;z).
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