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INTRODUCTION AND PRELIMINARIES

Vector valued measures and their extensions have been widely studied by many
authors (see e.g. [1, 2, 4, 5, 7, 8, 10, 11, 12, 16, 19, 20]). The aim of this paper is to
complete and generalize known results concerning extensions of various types of vec-
tor and group-valued measures defined on Boolean algebras to larger orthomodular
structures.

Our discussion falls into three parts. The first part is devoted to extensions
of orthogonal measures. (Measures of this type play important role in the non-
commutative probability theory and foundations of quantum physics—see e.g. [4, 14]
for systematic treatment.) It has been proved in [12] that, if H is a finite dimensional
Hilbert space and L is a logic, then the condition that L is H-rich (i.e. L has enough
H-valued orthogonal measures) is equivalent to the following extension property:
for any Boolean subalgebra B of L and any orthogonal measure m: B — H, there
exists an orthogonal measure m: L — H extending m. We show that, if H is infinite
dimensional, then the condition of H-richness is not sufficient for the above exten-
sion property. In this connection we prove general extension theorem for orthogonal
measures having values in arbitrary Hilbert space. As a corollary we show that every
orthogonal measure on a Boolean subalgebra of the projection logic P(M) of a von
Neumann algebra M extends to an orthogonal measure on P(M) with values in some
(generally larger) Hilbert space.

In the second part of this note we study extensions of vector measures defined on
the centre of a given orthomodular lattice L. In this special case we can get extension
result without assuming that L has a large set of measures. In particular we prove
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the following extension theorem: Let & be a Boolean subalgebra of the centre C (L)
of an orthomodular lattice L and let X be a Banach space with the Radon-Nikodym
property. Then every (finitely additive) measure u: & — X of bounded variation
admits bounded extension over L provided that there is a finitely additive measure
v: L = [0, 00[ such that p is v -continuous. Let us remark that a similar result has
been proved in [19] in the situation when X = R, & is o-complete, u is o-additive
and v is a valuation.

The concluding part of the paper deals with extensions of vector and group-valued
measures defined on set-representable logics. It is proved e.g. that every bounded
finitely additive measure p: & — X, where & is a Boolean algebra and X is a
normed space with predual, has a bounded extension ji: 8 — X over any Boolean
algebra & containing & such that & is y-dense in &. In particular, if X is a Hilbert
space and p is orthogonal, then the extension fi is orthogonal, too. Moreover, we
prove that every s-bounded measure on a Boolean algebra «/ with values in some
Banach space, has finitely additive extension to any concrete logic containing &/ as
subalgebra. These results considerably generalize results of [11] and [12].

Here we fix some notations and recall basic definitions. (For the general theory
of quantum logic we refer to [18], for the theory of operator algebras we refer to
[15]).) A (quantum) logic is a set L endowed with a partial ordering < and a unary
operation ’, such that the following conditions are satisfied:

(1) L has a least and a greatest element 0 and 1, respectively.
(2) a<b=1¥ <d foranya,be L.

(3) (a') =afor any a € L.

(4) aV b exists in L whenever a,b € L and a < V.

(5) ava' =1forany a € L.

(6) b=aV (bAa') whenever a,b € L and a < b.

Elements a,b € L are said to be orthogonal (in symbol a L b) if a < b'. A logic
K is said to be a sublogic of a logic L if K C L and if the ordering, the greatest
element, the least element, the orthocomplementation operation and the formation
of suprema of orthogonal elements coincide for K and L.

If L is a lattice it is called orthomodular lattice. The centre C'(L) of an orthomod-
ular lattice L is the set of all elements a € L such that z A (aVy) = (xAa)V (zAy)
for every z,y € L.

By a measure on a logic L we mean a finitely additive function (i.e. a function
which is additive with respect to finite sets of mutually orthogonal elements) with
values in some topological group G.

We say that a measure p: L — G is completely additive (resp. o-additive) if, for
any system (resp. countable system ) of mutually orthogonal elements {a;: 7 € I}
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of L, for which the supremum \/ a; exists in L, the family {x(a;): ¢ € I} is summable
i€l
and u( V ai) =
i€l i€
as a measure with values in the set of positive real numbers such that s(1) = 1. A
logic L is said to be unital if for every nonzero a € L there is a state s of L such that
s(a) # 0.

Let &/ be a Boolean algebra, (G, 7) a topological group and u: & — G a measure.
Then the family % (0) = {a € &: u(«/ Aa) C W}, where W runs through a
0-neighbourhood base of G, is a 0-neighbourhood base of a group topology in &,
called the p-topology. We say that u is s-bounded if u(a,) — 0 in 7 for every disjoint
sequence (an) in &. If G = R, then p is s-bounded if and only if it is bounded. In
the following, we denote by |u| the total variation of u and we set ||u]| = |u|(1). If L
is a logic and H is a Hilbert space, we say that a function p: L — H is orthogonal if
alb implies (u(a), u(b)) = 0, where (-, -) denotes the inner product in H. We denote
by R(u) the closed subspace of H generated by the range of u.

Important examples of measures are measures defined on set representable logics
and projection lattices of operator algebras (see e.g. [6] for relevance of these measure
in the formalism of quantum theory). By a concrete logic (S, A) we mean a system
S of subsets of the set A ordered by the set inclusion and satisfying the following
conditions:

(1) D e A.
(2) f A€ A, then S\ A€ A.
(3) f A, BeAand ANB =0, then AUB € A.

The orthocomplementation in (S, A) is given by the set complement.

Throughout the paper let B(H) denote the set of all linear bounded operators on
a Hilbert space H and let L(H) be the logic of all the projections on H. (Projection
is defined as a self-adjoint idempotent operator.) A x-subalgebra & of B(H) (i.e. a
subspace of B(H) closed with respect to the multiplication and adjoints) is called
von Neumann algebra if & = (&)’ where, for 2 C B(H), weset 2' = {T € B(H):
TS = ST for all S € 2}.

We say that T € B(H) is a Hilbert-Schmidt operator if 3 ||Tes||? < +oo for
ael
some (and therefore for any) orthonormal basis {e,: a € I} of H.

u(a;) in G. State s (probability measure) on a logic L is defined
T

1. EXTENDING ORTHOGONAL MEASURES TO LOGICS

In this section, we give a counterexample concerning a result of [12] and we prove
an extension theorem for orthogonal measures with values in arbitrary Hilbert space.
We then apply this theorem to projection logics.
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Throughout this section H will denote a Hilbert space and L a logic. The following
state-space property of L has been introduced in [12].

Definition 1.1. We say that L is H-rich if, for any finite sequence of non-

n

negative numbers {a;: ¢ < n} such that > a; = 1 and any set {a;: i < n} of
i=1

mutually orthogonal nonzero elements in L, there is an orthogonal measure s: L — H

such that ||s(a;)||?> = a; for each i < n.

For example every concrete logic and the Hilbert-space logic L(H) are H-rich.
The following result ties H-richness with extension property.

Theorem 1.2. ([12]) Let H be finite dimensional. Then the following conditions
are equivalent:

(1) L is H-rich.

(2) For any Boolean subalgebra B of L and any orthogonal measure m: B — H,

there is an orthogonal measure m: L — H such that m(b) = m(b) for any
be B.

If H is infinite dimensional, the condition (1) is again necessary for (2).
The following example shows that, in general, (1) is not sufficient for (2).

Example 1.3. Let H be an infinite dimensional separable Hilbert space. Then
there exists a Boolean subalgebra B of L(H) and an orthogonal measure m: B — H
which has no extension to an orthogonal measure m : L(H) — H.

Proof. Let {e,} be an orthonormal basis of H and B C L(H) be the Boolean
algebra of all projections which project on closed subspaces of the form 5p {e;: i € F'},
where F' is either finite or cofinite subset of N.

Let s be a two-valued measure on B defined by s(P) = 1 if P € B projects on
cofinite dimensional space and s(P) = 0 otherwise. Choose a unit vector v € H and
set m(P) = s(P)v for P € B. Then m: B — H is an orthogonal measure which
is not o-additive. But according to [9], every orthogonal measure on L(H) with
values in a separable Hilbert space has to be o-additive. So m has no extension to
an H-valued orthogonal measure on L(H) a

Example 1.3 shows that it is not possible, in general, to extend given orthogonal
measure to an orthogonal measure with values in the same Hilbert space. Never-
theless, by allowing enlargement of ranges, we can obtain the following extension
theorem for every logic with enough orthogonal measures.

For this let us first observe that every orthogonal measure m: L — H is bounded.
Indeed, for every a € L, we have the following inequalities:

[m@)II” < [Im(@)l|* + Im(a’)[|* = [l (1)[.
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Theorem 1.4. Let L be a unital logic such that for every state s on L there is
a Hilbert space H and an orthogonal measure m: L — H such that s(a) = ||m(a)]|?
for every a € L.

Let B be a Boolean subalgebra of L and m: B — H be an orthogonal measure.
Then there is a Hilbert space I containing H as a Hilbert subspace and an orthogonal
measure m: L — K extending m.

Proof. Sinceevery orthogonal measure is bounded, there is no loss of generality
in assuming that ||m(1)|| = 1. Let s be a state of B defined via equality s(a) =
lm(a)||? (a € B). By [17], s extends to a state § on L. So that we can find an
orthogonal measure m on L with values in some Hilbert space F' such that ||m(a)||? =
5(a) for every a € L.

Define a mapping U: {m(P): P € B} — {m(P): P € B} by setting

U(m(P)) = m(P) for P € B.

We show that U is well defined and extends to a unitary mapping (denoted again by
U) of sp{m(P): P € B} onto sp{m(P): P € B}.

Indeed, if ) a;m(P;) = m(Q) (where a; € C, P;,Q € B, 1 <1 < n), then, using
i=1
the equality

(m(P),m(Q)) = [Im(P AQ)|I* = s(PAQ)
= [m(PAQ)II* = (m(P),m(Q)) (P,Q € B),

we obtain

2

2 n
T Im(@)IP? - 2Re (Zam<a>,m<@>)

=1

Z a;m(P;) — m(Q)
i=1

i a;m(P;)
=1

Z a;m(P;) —m(Q)

2
=0.

Let K be a Hilbert space such that K D H and dim K > dim F. Let us extend U to
a unitary mapping of F' into K (we put U | R = V', where V is a unitary mapping
of R(m)* into R(m)*). Then the mapping m = U oM is the required extension of
m. The proof is complete. O

Let us remark that logics for which every state is representable by an orthogonal
measure has been studied and characterized in [5, 13]. This class involves e.g. dis-
tributive sum logics investigated in [13].
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Modifying slightly the proof of Theorem 4.1 we can also get that extension property
for a logic L expressed in Theorem 1.4 is in fact equivalent to the following condition:
For every state s on a given Boolean subalgebra B of L there is an orthogonal measure
m: L — K such that ||m(a)||*> = s(a) for every a € B. This provides an infinite
dimensional analogy of Theorem 1.2.

Corollary 1.5. Let B be a Boolean subalgebra of the projection logic P(M)
of a von Neumann algebra M. Let m: B — H be an orthogonal measure. Then
there exist a Hilbert space K containing H (as a Hilbert subspace) and an orthog-
onal measure m: P(M) — I which extends m. Moreover, if B is complete, m is
completely additive and H is infinite dimensional, then m can be taken completely
additive and with values in H provided that M acts on H.

Proof. Again we can assume that the measure s defined by s(P) = ||m(P)||?
(P € B) is a state. By standard construction, s can be extended to a positive linear
functional on 5p B and then (Hahn-Banach theorem) to a positive linear functional
Son M.

Making use of the G.N.S.-construction (see e.g. [15]), we infer that there exists a
Hilbert space F' and a representation 7 of M into B(F') such that

3(P) = (m(P)x,z) forall Pe M,

where z is a suitable unit vector of F. The mapping m: P € M — #(P)zx is an
F-valued orthogonal measure on P(M). So that we obtain an extension § of §
representable via orthogonal measure m in the sense of Theorem 1.4. We can now
proceed in the same way as in the proof of Theorem 1.4 and get required extension.
Now let B be complete and m completely additive. Then s extends to a nor-
mal functional of the von Neumann algebra generated by B and § above can be
taken normal (Hahn-Banach theorem for the weak-* topology). Hence, the G.N.S.
representation 7 of § is normal and 7 defined above is completely additive.
According to [7, 8] every completely additive orthogonal measure is unitarily equiv-
alent to some orthogonal measure with values in co(H) ® c2(H), where c(H) is the
Hilbert space of all Hilbert-Schmidt operators acting on H. Since co(H) ® c2(H) is
an isomorphic copy of H, we can set (upon obvious identification) K = H in the
construction of the proof of Theorem 1.4. The proof is complete. ]

As Example 1.3 shows, enlargement of the range in the above corollary is, in

general, necessary.
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2. EXTENDING VECTOR MEASURES FROM THE CENTRE

In this paragraph we study extensions of Banach-space valued measures defined
on the centre of an orthomodular lattice.

Throughout this section let L be an orthomodular lattice and X a Banach space.
Let C be a Boolean subalgebra of the centre C(L) of L.

Let v: L — [0, 400 be a measure. We set v,(z) = v(z A a) for each a,z € L.

Moreover, for every Boolean subalgebra & of L, we put

S,,(.Qf) = {Zaium:n eN,a; € X,a; € ‘C’/}
i=1

Then S, (<) is a linear subspace in the space of X-valued functions defined on .

If p: & — X is a measure, we say that p is v|o-continuous if, for every ¢ > 0,
there exists 6 > 0 such that, if v(a) < J, with a € &/, then |[u(a)||x < e. In the
sequel we will use the following notation. If v € S,(C), we set |y| = |y,c| and
Iyl = Iv1(2).

Remark 2.1. For every ¢ € C(L), v.: L — [0, +00[ is a measure.
First we remark that

(%) a,be L, alb= (anz)L(bAy) foreveryz,y€ L.

Indeed, anz <a<b <V VY =(bAY).

Now let ¢ € C(L) and a,b € L such that aLlb. Then, from (x), we obtain
ve(avb)=v(cA(aVvd) =v((anc)V(bAc)) =

=v(anc)+v(bAc) =ve(a) + v.(D).

Remark 2.2. If v € S,(C), then there exist m € N, 3;,...,0n € X and
bi,....,b; € C, with by V...V b, = 1 and b;Lb; for every i # j, such that

m

v(x) = > Bivy, (z) for every z € L.

=1
This statement can be proved easily by standard rewriting simple function on a

Boolean algebra (in its set representation) as a linear combination of characteristic
functions of disjoint sets.

Lemma 2.3. Ify € S,(C), then ||[v(x)||x < ||v|| for all z € L.



Proof. Lety = Z a;Vq; € S,(C). From the Remark 2.2, we can suppose

a;V...Va, =1 and al.La] for every i # j.
Let C, h and Q, be the Stone algebra, the Stone map and the Stone space of C,
correspondingly. Moreover, for A € C, let

5(A) =v(h™'(A)) and F(A) =y(h~'(A)).

Set f = Z Qi Xh(a;)- Then fisa C-simple function and {h(a;): i < n} is a partition
of Qin C. We have, for 4 € C,

¥(A) = v(h7(4)) = Y aw(ai AR (A))

i=1

= Zaiﬁh(ai)(A) :/ fdl;
i=1 A
Then, if ¢ € C, it follows from [3, Lemma 15, page 109], that
fl(e) = i) = [ Wil
= Y llasllx#(h(ai) Nh(c)) = D llaill xva, ().
=1 i=1
Therefore, if z € L,

ly@)lx <Y llesllxv(ai Az) <Y llasllxv(as) = [yll-
i=1

i=1

O

Proposition 2.4. Suppose that X has the Radon-Nikodym property. Let &/
be a Boolean algebra, \: &/ — [0,+00[ a measure and p: & — X a A-continuous
measure of bounded variation. Then there exists a sequence {jt,,} C Sx(&/) such that
u(a) = li711n Un(a) in X uniformly (with respect to a € &) and Lurnn ||ttn — || = 0.

Proof. Let & be the Stone algebra of & and h: & — & the Stone map. We
define, for A € o,

a(A) = p(h~1(4)) and  AA) = Mh™'(A)).
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Thus, i is a A-continuous X-valued measure of bounded variation. Denote by o(/)
the o-algebra generated by &/, by ba(&/) and ca(co(&/)) respectively the linear space
of all bounded real-valued measures on & and the linear space of all real-valued
o-additive measures on o(%), and by bva(e/, X), bvca(o (&), X) respectively the
linear space of all X-valued measures of bounded variation on & and the linear

space of all X-valued o-additive measures on o(«) of bounded variation. Let
T: bva(e/, X) — bvea(o (), X)

and )
S: ba() = ca(o())

be the standard isomorphisms (see [2], Theorem 7, page 30). Set & = T and
X = SX. Then T is A-continuous. Denote by Li(c(%/), X) the space of all X-valued
M-integrable functions. By assumption, there exists f € Ly(o(&), ) such that

n(A) = /Ade for every A € o(</).
From [3] (Theorem II1.8.3), there exists a sequence {f,} C S(«/) such that
i(A) =1i£n/AfndX in X
uniformly with respect to A € & and

lm/ 1o = flld3 = 0.

For each n € N, set

i) = [ fudh and (o) = ()
for each A € & and a € &/. Then p, € Sx(«) and

o) =lim [ f01 = (A = (@)
for every a € /. Moreover (see [3, Lemma II1.2.15])

L it = o} = i [ = o = lim [ 11 = fnllx 43 = 0
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Theorem 2.5. Suppose that X has the Radon-Nikodym property and let jg:
C — X be a y|¢-continuous measure of bounded variation. Then there exists a
bounded measure pi: L — X, which extends .

Proof. From the proposition (2.4), there exists a sequence {u,} C S, (C) such
that po(z) = lim p,(z) uniformly for z € C and lim ||u, — pn|| = 0. Moreover pu,
n n,m

are measures on L and, from Lemma 2.3,

ltn (2) = pm ()|l x < Mptn = pon ||

for every x € L.
Set p(z) = limp,(z) (@ € L). Then p: L — X is a bounded measure and
wu(x) = po(x) for every x € C. The proof is complete. a

3. EXTENDING MEASURES TO BOOLEAN ALGEBRAS AND CONCRETE LOGICS

In this section, we prove some extension theorems for measures on set representable
logics.

In the sequel, we will denote by X and X' a normed linear space and its topological
dual, respectively.

We will use the following deep result (see a result of Lipecki in [16] and its refor-
mulation in [20]).

Theorem 3.1 [16, 20]. Let G be a commutative Hausdorff topological group
and let M C G be a complete set in G. Moreover let <y be a Boolean subalgebra
of a Boolean algebra «/. Then every s-bounded measure u: & — M has a finitely
additive s-bounded extension fi: &/ — M such that & is dense in &/ with respect
to the p-topology.

Moreover we will need the following (known) result.

Lemma 3.2. Let X be a normed space and & a Boolean algebra. Then a
measure pu: & — X is bounded if and only if it is s-bounded with respect to the
weak topology of X .

Proof. A measure p is bounded (resp. weakly s-bounded) if and only if. for
every ' € X', the measure 2’ o u: & — R is bounded (resp. s-bounded). Then
the result follows from the equivalence between boundedness and s-boundedness of
real-valued measures. O
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Lemma 3.3. Let X be a Hilbert space, & a Boolean algebra and & its Boolean
subalgebra. Moreover let u: &/ — X be a measure such that & is dense in &/ with
respect to the u-topology. Then, u is orthogonal if and only if i, Is orthogonal.

Proof. Assume that p, is orthogonal. Take a,b € &/ with a Ab = 0. Let
an,b, € % be such that a, — a and b, — b with respect to the u-topology.
Replacing b,, by a, A b,,, we can suppose that a, A b, = 0.

Then, from 0 = (u(an), u(bn)) = (u(a), u(b)), we obtain (u(a), (b)) = 0 and the
proof is complete. ]

The following result generalizes Theorems 9 and 10 of [11].

Theorem 3.4. Let X be a normed space with predual, &/ a Boolean algebra
and o4 a Boolean subalgebra of &/. Then every bounded measure y: &5 — X has
a bounded finitely additive extension [i: &/ — X, such that @ is dense in &/ with
respect to the fi-topology. In particular, if X is a reflexive Banach space, then [t is s-
bounded. Moreover, if X is a Hilbert space and p is orthogonal, then i is orthogonal
too.

Proof. Let E be a predual of X, i.e. X = E’. By assumption, there exists a
ball D C X such that u(«’) C D and D is compact (and therefore complete) with
respect to the weak-x topology o(E', E) of E'.

Moreover, p is s-bounded with respect to the weak topology o(X, X') = o(E', E")
of X (Lemma 3.2) and therefore p is s-bounded also with respect to the topology
o(E',E)< o(E',E").

The result now follows from Theorem 3.1 applied for (G,7) = (X,0(E', E)) and
M =D.

If X is a reflexive Banach space, then & is s-bounded, because every bounded
measure on a Boolean algebra with values in a reflexive Banach space is s-bounded
(see [2, Theorem 2, page 20]).

The final part of the result follows from Lemma 3.3. a

The following result generalizes Theorem 3.5 of [12].

Theorem 3.5. Let G be a commutative complete Hausdorff topological group,
L a concrete logic and % a Boolean subalgebra of L. Then every s-bounded measure
w: B — G has a finitely additive extension fi: L — G such that a(L) C 1(B).
Moreover, if G is a Hilbert space and p is orthogonal, then [t can be taken orthogonal
too.

Proof. Let A be a set such that L C P(A), where P(A) denotes the set
of all subsets of A. By Theorem 3.1, there exists a finitely additive extension fi:
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P(A) — G of p to P(A) such that g(P(A)) C u(B) and B is a dense subset of

P(A) with respect to the ji-topology. Then &1 = f, is the required extension.
Moreover, let G be a Hilbert space and p: B — G be an orthogonal measure.

Since p is bounded we can immediately apply Theorem 3.4. O

In some cases we can remove the assumption of s-boundedness in Theorem 3.5.

Theorem 3.6. Let G be a commutative Hausdorff topological group, L a con-
crete logic and # a Boolean subalgebra of L. Then every measure u: 8 — G such
that u(9) is relatively compact in G has a finitely additive extension i: L — G such

that (L) C p(B). Moreover, if G is a Hilbert space and u is orthogonal, then Ji can
be taken orthogonal too.

Proof. Again let A be such that L C P(A). Without loss of generality (see
the proof of Theorem 3.5) we can suppose that L = P(Q) and that £ is a Boolean
subalgebra of L.

Let & be the set of all partitions of A in & (i.e. & consists of all finite orthogonal

subsets of & with join A ). Put K = u(%) and
Fp={v: P(A) = G: v is finitely additive, v(P(A)) C I and v|p = pp},

(P e £).
We prove that Zp is non-void for every P € &. Indeed, let P € &, with
P = {A4;,...,,A,}. Choose z; € A;, and set y; = pu(A4;) (i < n). Let o5, be the

point measure concentrated at x;. Put 7 = 3 y;0,,. Then 7: P(Q) — G is finitely
=1
additive. For any M C Q, we have

(M) = > yi:u< U Ai).

z,EM z,EM

Therefore (M) € u(B) C K. Moreover, if M = Aj, then (M) = p(A;). Thus
v E Fp.

Since K is a compact set, the set M (P(A),K) of all finitely additive I-valued
measures on P(A) considered with the topology of pointwise convergence is com-
pact (Tychonoff theorem). Let Pi,P,...,P, € & and let R € & be a common
refinement of the partitions Py, P, ..., P,. Then () .%p, 2 Fr # 0. Moreover every

set F, is a closed subset of M(P(Q),K). Thus, (| Fp # 0 and this intersection
Pep
consists of required extensions.

If G is a Hilbert space and pu is orthogonal, since p is bounded, p extends to an
orthogonal measure on L by Theorem 3.4. O
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We have shown that every orthogonal measure on a Boolean algebra extends to
an orthogonal measure on an arbitrary larger concrete logic with values in the same
Hilbert space. As Example 1.3, shows this result is no longer valid for general
orthomodular structures.

Acknowledgement. The authors would like to thank to Prof. H. Weber for his
suggestions and helpful discussion and to Prof. Z. Lipecki for a helpful remark con-
cerning Proposition (2.4).

References

(1] L.J. Bunce, J.D.M. Wright: The Mackey-Gleason problem for vector measures on pro-
jections in von Neumann algebras. J. London Math. Soc. 49 (1994), 133-149.
[2] J. Diestel, J.J. Uhl: Vector measure. 1977, Math. Surveys n. 15.
[3] N. Dunford, J.T. Schwartz: Linear Operators, Part I. Wiley-Interscience, New York,
1958.
[4] A. Dvureéenskij: Gleason Theorem and its Application. Kluwer Academic Publishers,
Dordrecht (Boston), London, 1993.
[5] A. Dvureéenskij, S. Pulmannovd: Random measures on a logic. Demonstratio Mathe-
matica 14 (1981), 305-320.
[6] S.P. Gudder: Stochastic Methods in Quantum Mechanics. North Holland, Elsevier,
1979.
[7] J. Hamhalter: Orthogonal vector measures on projection lattices in a Hilbert space.
Comment. Math. Univ. Carolinae 31 (1990), 655-660.
[8] J. Hamhalter: States on W *-algebras and orthogonal vector measures. Proc. Amer.
Math. Soc. 110 (1990), 803-806.
[9] J. Hamhalter: Additivity of vector Gleason measures. Int. J. of Theor. Phys. 81 (1990),
3-13.
[10] J. Hamhalter: Gleason property and extensions of states on projection logics. Bull.
London. Math. Soc. 26, (1994). to appear.
[11] J. Hamhalter, P. Ptdk: Hilbert space-valued measures on Boolean algebras (extensions).
Acta Math. Univ. Comen. LX, 2 (1991), 1-6.
[12] J. Hamhalter, P. Ptdk: Hilbert space-valued states on quantum logics. Appl. Math. 87
(1992), 51-61.
[13] R.L. Hudson, S. Pulmannovd: Sum logics and tensor products. Foundations of Physics
23 (1993), 999-1024.
[14] R. Jajte: Gleason measures. Prob. Anal. and Related Topics 2 (1979), 69-104.
[15] R. V. Kadison, J. R. Ringrose: Fundamentals of the theory of operators algebras Vol. L.
Academic Press, Inc., 1986.
[16] Z. Lipecki: Extensions of additive set functions with values in a topological group. Bull.
Acad. Pol. Sc. XXII 1 (1974), 19-27.
[17] P. Ptdk: On extensions of states on logics. Bull. Polish Acad. Sciences Mathematics
9-10 (1985), 493-497.
(18] P. Ptdk, S. Pulmannovd: Orthomodular Structures as Quantum Logics. Kluwer Aca-
demic Publishers, Dordrecht (Boston), London, 1991.
[19] H. Weber: Valuations on Complemented Lattices. Preprint (1993).

191



[20] H. Weber: FN-topologies and measures. Notes on Lessons at University of Naples.

Authors’ addresses: A. Avallone, University of Basilicata (Potenza), Dept. of Math.,
via N. Sauro, 85100 Potenza (Italy); J. Hamhalter, Czech Technical University, Faculty
of Electrical Engineering, Dept. of Math, 166 27 Prague 6, Czech Republic.

192



		webmaster@dml.cz
	2020-07-03T10:42:07+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




