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A WEAK MAXIMUM PRINCIPLE AND ESTIMATES OF esssu P r 2 u 

FOR NONLINEAR DEGENERATE ELLIPTIC EQUATIONS 

SALVATORE BONAFEDE, C a t a n i a 

(Received J u n e 1, 1994) 

1. INTRODUCTION 

Maximum principles for elliptic equations, in the linear case, have been studied ex

tensively for many years, see e.g. [4], [7]. [8], and their importance for the problem of 

uniqueness and existence of solutions of boundary value problems is now well under

stood. In this paper we investigate estimates of esssup^ u(x) for a weak subsolution 

of nonlinear equations of the form 

(IT) ^2 g^-ai(x,u,Vu) - f\(x,u,Vu) = f2(x,u, VH) 
i=l 

in a bounded open set Q C Uni, where functions f\(x, £,p), f2(x, £,p) satisfy different 

hypotheses and different conditions of growth on £ and p, namely: 

/IO~,£,P) < [/(*) +c1\S\1+a +c2(^|p|)1 +"] a.e. x e n, 

for any real numbers £,p\,p2, • •. ,pm and 

\Mx,t,l>)\ < c[f*(x) + C~l + ( v ^ b l ) 2 ( r - 1 ) / r ] a.e. x G Q, 

for any real numbers p\,p2,. . . , p m and £ G UQ, while the coefficients of the prin

cipal part of the operator are supposed to satisfy the following elliptic degenerate 

condition: 

m 

(1.2) £«;(*,^)p.^(.r)M2, 
i=\ 
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p being the vector (pi,p-2, • • • ,Pvi), \p\ its module, and with v(x) satisfying sufficiently 
general hypotheses. The estimate for esssup^ u(x) depending only on the boundary, 
initial data and on the structure of the equation implies, in a special case (linear 
growth of f2(%,£,,p) with respect to £ and p with f*(x) = 0, see remark (4.1)), the 
maximum principle for a weak subsolution u(x), that is, the nonnegative maximum 
of u(x) is attained on the boundary dQ. It is perhaps worth mentioning that similar 
results, in the classical case, have been obtained in [5] and [3], the latter with regular 
coefficients, and, in non-degenerate case, in [7] and [13]. 

This paper may be regarded as a continuation and completion of the preceding 
papers [9] and [2]. 

2 . FUNCTIONAL SPACES, DEFINITIONS AND HYPOTHESES 

Let U™ (in ^ 2) be the Euclidean ?7i-dimensional space having the generical point 

x = (xi,..., Xm), let Q be an open and bounded set of Um. 

Hypothesis (2.1). Let v(x) be a positive function defined in Q such that 

v(x) e ^(fi), ^ y e Llcn. 

Hl(v, Q) denotes the completion of Cl(Q) with respect to 
1/2 

2 \\U\U = (J \u\2 + v(x)\Vu\\h 

H&(v,n) is the closure of C£°(ft) in if^i/.fi).1 

Definition 1 . Any function u(x) £ Hx(v,Sl) such that 

(2.1) / l^ai{x,u,ViL)-^ + fl{x,u,Vu)^ + f2{x,u,Vii)<p\ dx ^ 0 

for any (f £ HQ(V,Q), Lp ^ 0 almost everywhere x in Q, will be called a subsolution 

of the equation (1.1). 

Definition 2. Given a real number h, if u(x) G Hl(v, ft), we will say that 

u(x) ^ h on dQ if there exists a. sequence {un} of functions belonging to CX(Q) such 
that un ^ h on dQ and 

lim \\un — u||i = 0 . 
n—»oo 

See also [11] for ano the r definition of the space H1(iv, Q). We remark that, in the last 
case, for having C§°(Q) as a subset of Hl(v,Q) it is sufficient to suppose v(x) £ Lloc(f2). 
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See also [9] and [8]. If h is such that u(x) ^ h on dft, we will say that u(x) is bounded 

from above on Oft. In this case the symbol sup it stands for the greatest lower bound 
dQ 

of the real numbers h such that u(x) ^ h on dft. 

Hypothesis (2.2). There exist r and (5 (2 < r < +oo, 0 < (5 < +oo) such that 

\U\T ^S\\U\\\ 

for any ue Hl(v,fl)2 

For more details see also [10] and [6]. 

Hypothesis (2.3). Functions fj(x,£,p) (j = 1,2), ai(x,£,p) (i — 1,2, . . . , m ) 

are Caratheodory's functions in ft x (R x IRm, i.e. measurable with respect to x for 
anY (£>P) G IR x lRm, continuous with respect to (£,p) for a.e. x in ft. 

Hypothesis (2.4). There exists a positive constant fo such that, for a.e. x in 
ft, we have 

for any real numbers Pi,P2, • • • ,Pm and for any positive real number £. 

Hypothesis (2.5). There exist two nonnegative real numbers c\ and C2, the 

former greater than or equal to fo, a function f(x) of Lr^r~l^(ft), and two positive 

real numbers a and p, both less than -1-2-, such that, for a.e. x in ft, we have 

(i) 7(i) > fo, 
(ii) / i (*,£,p) ^ [/(aO + c . ! ^ +c 2 (v^ |p | ) 1 + "] 

for any real numbers £,£>i,P2, • • ,Pm-3 

Hypothesis (2.6). There exists a positive constant c and a function f*(x) G 

L9(ft) with G > —--; such that, for x a.e. in ft, we have 

i/2(*,£,p)i < c[f*(X) + r _ 1 + (\^|p|)2(r-1)7i 

for any real numbers p\,p2, • • • , p m and for any nonnegative real number £. 

Hypothesis (2.7). The function h(%,£,p) is monotone nondecreasing in (R+ 

for a.e. a; in ft and for any p\,pi,... ,pm £ U, that is: 

Һ(~Л,V) < h(~,r),p) if 0 < £ < 77. 4 

1 If 1 ^ 5 ^ -f co, the symbol | u | s denotes the norm in Ls(lT2). 
'Hypo the se s (2.5), (2.6) and (2.8) ensure (2.1). 
1 Hypothes is (2.7), e.g., is t rue for 

h(*,z,p) = r w + e ~ l + (N/W7'-1)/r-
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H y p o t h e s i s (2 .8 ) . There exist a function a*(x) E L2(ft) (i = 1,2, . . .,/;?) and 

a constant oti > 0 such that , for a.e. x in ft, we liave 

| f l i ( : ' ; '" ) l^,[a,M + |(i + VA;|P|] 

for any real numbers f,Pi,P2^ • • • , IW 

H y p o t h e s i s ( 2 . 9 ) . Let us assume that (1.2) holds for a.e. x in ft and for any 

real numbers £,Pi,/>2> • • • ,Pm> 

In Sec. 4 we will prove 

T h e o r e m (2 .1 ) . Let us assume hypotheses (2.1)-(2.9) hold and let u(x) be a 

subsolution of the equation ( IT) bounded from above on dft. Then u(x) is bounded 

from above in ft; moreover, 

(2.2) ess sup u ^ M. 5 

Q 

In Sec. 5 we will extend tlie result cited above to the case when the hypothesis 

(2.7) does not hold, but it will be necessary to suppose f*(x) E L°°(ft). Then we 

will get 

T h e o r e m (2 .2 ) . Let us assume hypotheses (2.1)-(2.G), (2.8), (2.9) hold with 

f*(x) E L°°(ft) and let u(x) be a subsolution of equation ( IT) bounded from above 

on dft. Then u(x) is bounded from above in ft and (2.2) holds. 

Finally, in Sec. 6 we will extend the results cited above to the case when the 

assumptions (2.4) and (2.5) are replaced by /i(.T,£,p) ^ 0 for a.e. x in ft and for any 

real numbers £, p\, p-2,..., pin • 

However, it will be necessary to substi tute hypothesis (2.1) with another one 

slightly more restrictive: 

H y p o t h e s i s ( 2 .10 ) . Let u(x) be a positive function defined in ft such tha t 

H.r)eLx(Q), -^-eL^(Q), 
v(x) 

where -j- < K < +cxj (1 < K < +oo) if m ^ 3 (m, = 2). 

1 M s t ands for a constant dependent on inax(0 ,sup //), ii. /', C, measf i , | / \g, fo-
on 
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3. P R E L I M I N A R Y LEMMAS 

L e m m a (3 . 1 ) . Let u(x) £ HY (v, Vt) be bounded from above on dVt and k ^ sup H, 
on 

then the function v = u — min(H, k) belongs to HQ(V, Q). 

See [8], Corollary (2.10). 

L e m m a (3 . 2 ) . If the hypothesis (2.10) is satisfied, we get 

(3.1) \u\2i ^ L\>/v\Vu\\2 for anyue HY(v,n), 

where 2* = — 2 ' n K
 0 .G 

niK-\-m — 2K 
The proof is based on Sobolev's imbedding theorem (see e.g. [1]). 

R e m a r k (3 .3 ) . If the hypothesis (2.10) holds, then | \ /^ |VH | | constitutes an 

equivalent norm in HQ(V,Q). We will denote this norm by ||U||i,o-

4. P R O O F O F T H E O R E M (2.1) 

Let us fix k: k ^ max (0 , supu ) , then from (2.1) for iv = v (see Lemma (3.1)) we 
on 

get 

f ( 7U r) ^ 

t 4 ' 1 ) / I ^ a ^ ' T ' w ' V / / ) o ~ + / i ( ^ / ^ ? V H ) D + f 2 ( x , u , V i O D >dx ^ 0. 

Hypotheses (2.4), (2.7) and (2.8) imply 

(4.2) / V a , ( * , / T , V H ) ^ d : v J> I v(x)\Vv\2 dx; 
Jnfri dxi JQ 

(4.3) / f2(x,u,Vu)vdx= / f2(x,u,Vv)vdx^ / f2(x,v, Vv)v dx: 
Jn Jn{u>k) Jn 

(4.4) / fi(x,H,VH)Udx ^ / foHUdx^ / f0(u - k)v dx = f0 / 
Jn Jniu>k) Jn(u>k) Jn 

v2dx. 

' We note that 2* is greater than 2; moreover, if Q, satisfies cone property, then the hy
pothesis (2.2) is true with r — 2 \ 
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Therefore from (4.1) according to (4,2), (4.3) and (4.4) we get 

(4.5) /o f v2dx+ f iy(x)\Vv\2dx+ f f2(x,v, Vv)v dx ^ 0. 
Jn Jn Jn 

On the other hand, one has 

- / f2(x,v,Vv)vdx ^ / \f2(x,v,Vv)\vdx 
Jn Jn 

^c{ f r(x)vdx+ f vrdx+ f (^\Vv\)2{r-1)/rvdx\. 
I Jniu>k) Jn Jn ) 1(u>k) 

Applying now the Holder-Riesz inequality we get 

— / f2(x,v, Vv)vdx 
Jn 

< č{|r(a:)|ff[measn(u > k)]l'x\v\r + |«|̂  + IMIr"""1'''."!-} 

^ č{/J|/^)|>easfi(_ > fe)]1/A||«IU + /^>ir2 |MÍÍ + l32/rMÍ~*Nli} 

< č l / 3 | / * ( a : ) | ! , [ m e a s í í ( u > A ) ] 1 l A | H | 1 + j 9
2 f / ur dx) 

\ . ! f i (u>fc) / 

( r - 2 ) / r 

ur dx ] 
fП(u>k) 

v\\І 

/ f \ (r-2)/(r 2) 

+/j2/" / «M.r | |H | 2 

\Jn(u>k) / 

Accordingly, (4.5) yields 

min(V/o)||U||i < c/J|/*|,[measr2(H > k)]1/A 

+ c 
, \ ( r - 2 ) / r / , X ( r - 2 ) / ( r - ) 

ß2( I u'dx) +ß2/r( / u'dx 
n(u>k) ) \Jn(u>k) 

t> i . 

and, moreover, 
(4.6) 

( r - 2 ) / r / , ( r _ 2 ) / ( r 2 ) . 

' " " I I . i(l, /o) - č/32 ( f !/' (IT) - č/32/' f / u' dx) 
\Jn(u>k) / \Jn(u>k) / 

<C ř/i|/*|y[measíí(u > fc)]l/A 

Recalling that 
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and tha t the integral function of \u\r is absolutely continuous, we can certainly choose 

fc ^ max(0,supH) such tha t for any fc ̂  fc we have 

dQ 

( / r \{r~2)/r , f x (r-2)/(r2) x 

c\f32( / Hrd* +f32/r( / urdx) \ 
I \Jn(u>k) J \Jn{u>k) J ) 

^ -min(l,f0). 

We apply this inequality to (4.6), obtaining 

(4.7) \\v\\i < 2c®{*\\[measQ(u > k)}l/x for any fc ̂  fc. 
m i n ( l , / 0 ) 

Let b, fc be real numbers: h > fc ̂  fc. Then one has 

1/ 

|H - fc | r dx 
/Q(u>/c) 

furthermore, (4.7), (4.8) and hypothesis (2.2) yield 

(4.8) \v\r = f \u - k\r áx ^ (h — fc)[measft(H > h)] -/>. 

(4.9) [measn(w > / i ) ] 1 / r ^ * 2c0}/*}\[measil{u > fc)]1/A. 
(h — k) m m ( l , / o ) 

Noticing tha t r > A (see hypothesis (2.6)) we get 

[measft(u > fc)]1/A ^ [measfi(u > fc)]^/r(measn)(r-A>/2rA 

h e r e / i = i ( l + ^ ) . 

So from (4.9) we obtain 

[measft(H > h)]l/r < - ^ - ( 2 ^ }f*\° (meas SI) ̂  } [meas 0 ( u > fc)f/r 

( / i - fc) [min(Vf ) J 

for any /i, fc £ (R with h > k ^ fc. 

If we assume ^p(h) — [meas ft (it > /i)]1/7" for any /i ̂  fc, we get 

</?(b) ^ — 7T(/}(^)^ f° r a n y ^ > fc ̂  fc, 

and from Stampacchia 's lemma (see [12] p. 212) we deduce 

ip(k + d) = 0, 

where d = 2f.Qf j1]' (meas ft) ̂  2 ^ " 1 } [meas ft (H > fc)]^"1)/7'. The proof of theo

rem (2.1) now follows easily 
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R e m a r k (4.1) (Maximum principle). We can find the exact value of the 
constant M in some cases; if, e.g., f2(x,£,p) has linear growth with respect to f and 
p, and if c < min(|co, 2), we deduce by the same argument: 

ess sup u ^ max(0,supH) -f- y\f*\g

7 

Q dQ 

5. P R O O F OF THEOREM (2.2) 

Let us fix fc and v as in Theorem (2.1); from (4.1), (4.2) and (4.4) we get 

(5.1) f0 / v2dx+ [ v(x)\Vv\2 dx ^ - I f2(x,u,Vu)vdx. 
Jn Jn Jn 

On the other hand, one has 

- / f2(x,H,Vu)vdx^c f[l + (v + k)r~l + (v^lVH |)2 ( r~1 ) / r]Udx 
Jn Jn 

^ č { ( l + 2r-1fcr-1)/3[measn(H, > fc)] ( , - l ) / r . 
W 1 

+ 2-2l32^r
T-

2\\vfl+(3yr\v\l-'\\v\\i}. 

Then, similarly to Theorem (2.1), we can immediately deduce that 

Nil < 2 5 / ? ( 1 + f i
r " f

2 f " 1 ) [ m e a S n ( » > fc)]<-i>/-, 
111111(1, jo ) 

9rfi'2(} -I- 9 r _ 2 f c r _ 1 ) 
^ z c p ^ Y * ^[measQ(u > fc)](r~1)/r for any fc ^ fc. 

min(Vfo) 

Consequently, if h > fc ^ fc, we obtain 

9 r / 9 2 ( / l 4- O r - 2 k r _ 1 lr-1) 
(5.2) [measft(H > /i)] 1 / r ^ ! , T / L , , [measf!(H > fc)]-^\8 

min(l,/o)('i — fc) 

2fi/U*-l)0c ( , — A ) ( r + 1) 
' 7 — —•—FT 3 -\ f, /- /-.XM ( m e a s i t ) 2,A 

7 m i n { ( c 0 - § c ) , ( l - ( c / 2 ) ) } v ; 

8 Observe t h a t we could not apply directly S tampacchia ' s l emma because n . ^ * , 

depends on k. 
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Next, if k > 0, we get 

2č/32{l + 22r-3kr-1) 
fcmin(l,/0 

measfžíu > k) < — / ur dx, 

2<»-1)/('--)[measn(«>fc)]1 

^ 2 ( l + 2 2 r~ 3fc r _ 1^ / r \ ( r ~ 2 ) / r 

k^min^/o) Wn(u>/c) 

Now, the first term of the above inequality converges to zero as k goes to +00, 
therefore we can fix k\ (^ k) such that 

2c^(i + 2 2 r - 3 k r 1 ) 2 ( , - i ) / ( , - 2 ) [ m e a s n ( M > h ) ] ^ i ^ h 

min(V/ 0) 

Moreover, one has 

2c/32(l + 2 r - 2 k r - 1 ) 2c/32(l + 2 2 r - 3 k [ - 1 ) -f n < , < 9 . 
(5-4) . n n ^ • a t \ it 0 ^ k ^ 2ki. 

min(l,/ 0 ) nnn(l,/o) 

Combining (5.2) and (5.4) we obtain 

9^/^2/1 1 o 2 r - 3 i , r — 1 \ 
[measft(H > b)]1/r <C ?_ K

 ? , \ J [measft(H > fc)](r-1>/r 

(ft-A;)min(l,/o) 

for any /i, k e U such that h > k ^ ki, k ^ 2kT-
Assuming in [kT,+co[ that 

f [measfi(w > fc)]1/r i f ki < k < 2ku 
(f(k) = <̂  

[ 0 if A: > 2kT 

we can complete the proof as in Theorem (2A).9 

1 We remark t h a t , in th is case, d is t h e first t e r m of (5.3). 
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6. A GENERALISATION OF THEOREMS ( 2 . 1 ) AND ( 2 . 2 ) 

We suppose that (2.10) holds. Moreover, let /i(:'f',£,/;) be greater than or equal 
to zero for a.e. ;?; in ft and for any real numbers £,p[ ,pm. 

If u(x) is a subsolution of (1.1) we get 

(6.1) f | £ > < ( * . «, V ^ | j ; + /2(-T,H, V u ) i ; | da; ^ 0 

where v = u — mm(u, k) and A: ^ max(0, sup a). 
on 

Observing that v G HQ(V,U) and that ||U||i,o is an equivalent norm in HQ(V,CI) 

(see remark (3.3)), one concludes 

I H I i , o < - [ f2(x,iuVv)vdx 
Jtt 

which, as in Theorems (2.1) and (2.2), implies 

ess sup it ^ M. 

7. OPEN QUESTION 

It is an open question if it is possible to obtain similar results in nonlinear degen
erate parabolic case. 
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