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To the memory of Otakar Boruvka

Universal Algebra Theory, algebras whose congruences form a modular (distribu-
tive, boolean) lattice with respect to inclusion have attracted great attention. For
example, in semigroup theory sce [1]. The aim of this paper is to describe all inverse
semirings having a modular (distributive, boolean) congruence lattice. The notion of
an associative inverse semiring can be found in [2]. The congruence lattices of these
semirings have also been studied in [3].

1. INTRODUCTION

We shall fix the type 7 = (¢, ar) witht = (+, -, —),ar(+) = ar(-) = 2 and ar(—) = 1.
An inverse semiring is a T-algebra %" = (S, 7) satisfying the axioms
(1.1) (S, +) is a commutative semigroup,
(1.2) aly+z2)=ay+az,(y+ 2)r =y + 2z,
(1L3) v =(r—2)+a,—x=—v+ (v —a) where ay =z -y, vy + z = (2y) + = and
r—y=a+(~y),
(14) (r =)+ (y-y) = (@-2)(y —y).
Note that we need not use and suppose the associativity of the multiplication.
By S(7) we denote the set of all elements of an inverse semiring .. We put
E(Y) = {x € S(&),x = v+ x}. It follows from (1.3) that z — z € E(Y) for
every @ € S(). Let 0: S(¢¥') —» E(Y) be a mapping such that Ox = 2 — « for all
r € S(.¥). According to (1.1) and (1.3) we have

Pr+4+ 0 =a=0x+ .



In some proofs the following implication will be used:
(15) e=z+y+z,y=y+a+y=y=—x for evary .,y € S(.¥).
Proof. Supposethatr = r+y+xandy = y+r+y. Then according to (1.1) and
(1.3) we have y = y+a+y = y+o+(—a)+r+y = (v+y+o)+y+(—2) = a+y+(—2) =
r+y+(—v)+ae+(—2)=(-)+(@+y+)+(—v)=(-v)+r+(-2)=-2r. O

From (1.1), (1.2) and (1.5) it is easy to show the following:
(1.6) —(-=2) =«
(1.7) —=(z+y) = (=) + (-y).
(18) —(ay) = (—0)y = ().
It follows from (1.5) and (1.4) that
(1.9) e = —e = 0e = ¢? for every e € E(Y') and
(1.10) e+ f=ef € E(Y') for every e, f € E(Y).
This implies that &(&") = (E(Y),7) is an inverse subsemiring of . which is «
semilattice and so for e, f € E(.¥") we can put
(1.11) e< fifand only if ef = ¢,
(1.12) e< fifand only if e < f and e # f,
(1.13) e || f if and only if e # ef # f.
According to (1.2), (1.9), (1.8) amd (1.10) for every ¢ € E(.') and every @ € S(.¥)
we have
(1.14) ze = (Oz)e = e(0x) = ex € E(Y).
Indeed, we have ze = x(e + ¢) = a(e —e) = ve — r¢ = (x —x)e = (Ox)e = (Or) =
... = ex. It follows from (1.1), (1.6), (1.7), (1.9) and (1.14) that
(1.15) 0 is the homomorphism projection of .¥" onto &'(./).

2. PROPERTY (M)

Let . be an inverse semiring. By (Con(¥"), A, V) (or briefly Con(.¥")) we denote
the lattice of all congruences on . with respect to sct inclusion. For x,y € S(.v') we
denote by © o (2, y) (or briefly ©(x,y)) the least congruence on & containing (X, y).

Recall that Ker0 = {(r.y): v,y € S(¥) and 00 = Oy} € Con(Y"). By [IXer0)
we denote the principal filter of Con(") generated by Ker0. ie. [IKer0) = {X €
Con("); Ker0C X}. For every X € [Ker0) we put o(X) = X N (E(Y) x E(V)).
It is clear that ¢: [Ker0) — Cou(&8'(Y)).

Lemma 2.1. The mapping ¢ is an isomorphism of the lattice [Ier0) onto the
lattice Con(&'(Y")).
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Proof. First we shall show that X; C X, if and only if p(X1) C p(X>) for all
X1, X, € [Ker0). It is clear that Xy C X, implies p(X1) € ¢(X2). Suppose that
2(X) C p(X3). Let (x,y) € Xy. Then (0x,0y) € X, and so (0x,0y) € ¢(X,;) C
2(Xy) C X,. It is easy to show that (x,0x), (0y,y) € Ker0 C X, and so (x,y) € X,.
We have X, C X, ]

Now, we shall prove that ¢ is a surjective mapping. Let Y € Con(&(Y")). Put X =
{(x,y); v,y € S(&) and (0x,0y) € Y}. According to (1.15), we have X € Con(.v").
If (¢,y) € Ker0, then Oz = Oy and so (x,y) € X. Therefore we have IKer0 C X
and so X € [Ker0). Finally, we obtain ¢(X) = X N (E(Y) x E(Y)) CY C ¢(X).
Hence we have p(X) =Y.

Recall that a semilattice & is a tree if for any pair of elements e, f € S(&) with
¢ || f there is no element g € S(&) such that e < g and f < g.

Lemma 2.2. Let . be an inverse semiring.
If Con(.¥") is modular, then &(.%) is a tree.
If £(°) is a tree, then [Ker0) is distributive.

The proof follows from Lemma 2.1 and Theorem 4.4 of [1]. O

Lemma 2.3. If the lattice Con(.") is modular, then a + f = f for all elements
a, f of an inverse semiring ", where f = 0f < Oa.

Proof. Supposethat Con(.v") is modular and a+f # f, where f = 0f < 0a = ¢.
[t follows from (1.4) that a # ¢. Put A=0(a+ f,f),B = 0(e, f) and C = O(q,¢).
We have (a+ f, f) = (a,e) + (f. f) € Cand so A C C.

Let g € E(Y') and put G, = {(x,y); v,y € S('), where x =y or 0x = 0y < g}.
We shall show that G, € Con(."). Evidently G, is an equivalence on S(."). Suppose
that (r.y) € G, and x # y. By (1.15) we have (—ux, —y) € G,. If 2 € S(¥), then
by virtue of (1.4) we obtain O(¢ + =) = 0(xz) = (0x)(0z) = (0y)(0z) = O(y=z) =
O(y + =) < gand 0(xz) = 0(y=) = 0(zx) = 0(zy) < ¢g. Therefore G, € Con(.¥").

We have (¢ + f, f) € Gy and so 4 C G. From (a,e) € G, it follows that C C G.,.

Let D = {(v,y); .y € S(.¥) and w + f = y + f}. We shall prove that D €
Con(.v"). It is clear that D is an equivalence on S(.¥"). Assume that (x,y) €
D. By (1.7) and (1.9) we have (—e,—y) € D. If = € S(.v), then (1.1) implics
(v +z,y+=2) € D. It remains to show that (vz,yz) € D (and dually (zz,zy) € D)
for every z € S(¢). We have & + f =y + f and so, by (1.15) amd (1.2), we obtain
(2.1) Qv+ f=0y+f and wz+ fz=yz+ fz.

Using (1.14) and (1.10) we have

(2.2) v+ f+0z=yz+ f+0:z.
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From (2.1) and (2.2) it follows that 2z 4+ f =0z 4+ 0(rz)+ f =22+ 02+ 0z 4+ f =
yz+ 0 +0z+ f=yz+0y+0z4+f =yz+0(yz) + f = yz+ f. Thus we have
D € Con().

Since (e, f) € D, we have B C D and so BN(C C DNG, = DA G.. We
have (a,a + f) = (a,a) + (e.f) € B, (a+ f,f) € A and (f.e) € B. This implies
(a,e) € (AVB)ANC = AV (BAC) C GyV(DAG,). Then there exists a finite
sequence a = g, Ty, ..., T, = ¢ of elements from S(.¢") such that (z;_;,x;) € G or
(zi—1,2:) € DN G. We can suppose that the length 1 > 1 is minimal.

If (x0,21) € Gy, then a9 = a1, which is a contradiction. We have ¢ # x; and
(x0,21) € DNG.. Then 0y =029 =€, a+ f = a9+ f = 21 + f and so x| #
e.Therefore n > 2 and (2}, @) € Gy. This implies that =} = @, a contradiction.

Consequently, we have a + f = f. 0O

Definition 2.1. ‘e shall say that an inverse semiring " has property (M) if
at+f=f
for all a, f € S(¥), where f = 0f < Oa.

Lemma 2.4. If an inverse scmiring ” has property (M), then for a,b € S(./) we
have
(i) a+b =10 for 0b < Oa,
(ii) ab = ba = 0b for 0b < Oa,
(i) a+ b= ab = 0(ab) for Oa || 0b.

Proof. (i) and (ii). If 00 < Oa, then by (1.3) and Definition 2.1 we obtain
a+b=a+0b+b=0b+0b=0b Further we have ab + b? = b? (see (1.2)) and so
ab + 0b? = 0b%. Tt is casy to show that 0(ab) = 0b = 00?. Hence we have ab = 0b.
Analogously we can show that ba = 0b.

(iii). Suppose that Oa || 0b. According to (1.3), (1.4) and Definition 2.1, we have
a+b=a+b+0(a+b) = a+b+0(ab) = a+0(ab) = 0(ab). This implies that a? +ab =
a0(ab) and so, by (1.14), (1.15) and (i), we have ab = a? + ab = (0a)0(ab) = 0(ab).
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3. PROPERTY (D)

Let " be an inverse semiring and let e € E(Y). By . we denote the inverse
subsemiring of .’ satlsfymg S(S%) = {x € S(¥); 0x = e}. By virtue of (1.15) it is
casy to show that E(%,) = {e} and so Y, is a subring of &

Put H. = {(a,y); z,y € S(¥), where x = y or Ox = e = 0y}.

Lemma 3.1. Let .¥°" be an inverse semiring having property (M) and let e €
E(v"). Then H. € Con(Y’) and the principal ideal (H.] of Con(%’) generated by
H, is isomorphic to Con(.).

Proof. Suppose that an inverse semiring . has property (M) and e € E(.Y').
Let X' € Con(%) and put ¥(X) = X Uidg(s.

First we shall show that ¢(X) € Con(.¥’). Evidently, ¥'(X) is an equivalence on
S(). Suppose that (z,y) € ¥(X) and x # y. Then (x,y) € X and so 0z = e = 0y.
It is clear that (—z,—y) € X C ¢(X), Let = € S(¥). If 0z = e, then evidently
(v+z,y+2), (xz,y2), (22, zy) € X C ¢(X). From Lemma 2.4 we obtain the following
implications. If 0z < e, then (v + z,y + =) = (z,2) and (2z,yz) = (zz, zy) = (0z,0z)
belong to ¢(X). If e < 0z, then (z+2,y+2) = (x,y) and (zz,yz) = (2z, zy) = (e, €)
belong to X C¢(X). If e || 0z, then (z + z,y + z) = (vz,yz) = (zx,zy) = (ez,ez) €
(X). Hence ¢(X) € Con(’) and so ¢: Con(.¥.) — Con(Y).

It is easy to see that X C Y if and only if ¢(X) C ¥(Y) for all X,Y € Con(¥).
Clearly ¢(S(%.) x S()) = He and so He € Con(.") and (Con(#%)) C (H.] =
{X € Con(v); X C H.}. It remains to prove that ¥(Con()) = (He]. Let
Y e (H] ThenY C H.. Put X =Y N(S(Y.) x S(S.)). Clearly X € Con(.%.).
Suppose that (z,y) € ¥(X). Then (z,y) € X or 2 = y and so (z,y) € Y. Hence
we have ¢(X) C Y. Assume that (z,y) € Y. Then (z,y) € H. and this implies
v,y € S(Se) or v = y. Consequently, we obtain that (z,y) € X Uidg(y) = ¥(X).
Thus we have Y C ¢(X) and so Y = ¢(X). O

Definition 3.1. We shall say that an inverse scmiring " has property (D) if
for cach ¢ € E(.v") the lattice Con(.7,) is distributive.

Lemma 3.2. If the lattice Con(Y") is distributive, then an inverse semiring &'
has property (D).

The proof follows from Lemma 2.3 and Lemma 3.1. O
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4. MODULARITY AND DISTRIBUTIVITY

Lemma 4.1. Let XY € Con(.), where .7 is an inverse semiring. Then (e. f) €
X VY fore, fe E(Y) if and only if there is a finite sequence e = xg,xy, ..., 0, = f
of elements from E(") such that (z;—1,v;) € XUY fori=1,2,...,n.

Proof. It is well known that (e, f) € X Vv Y if and only if there is a finite
sequence € = Yo, Y1, ..., Yy, = f of elements from S(./) such that (y;_;,y;) € YUY
for i =1,2,...,n. Suppose that e, f € E(Y") and put @; = Oy; for i = 0,1..... n.
Then we have (x;—;,v;) € YUY fori = 1,2,.... nand vg = e,x, = f and
r; € BE(Y). a

Lemma 4.2. Let X € Con(.v"), where S is an inverse semiring. If fore, f € E(.Y)
we have (e, f) € X VKer0, then (e, f) € X.

Proof. According to Lemma 4.1, there is a finite sequence e = xg, .y, ... ,. r, =
f of elements from E(') such that (x;_;,2;) € X UKer0 for i = 1,2,.... n. If
(vi—1,x;) € Ker0, then a3y = Ox;—; = 0x; = 2; and so (v;_;,x;) € X. Therefore
we have (e, f) € X. O

Lemma 4.3. Let 4, B,C' € Con(Y’), where . is an inverse semiring in which
E(Y) is a tree. If for e, f € E(Y) we have (e, f) € (AV B)AC, then (e. f) €
(AANC)V (BACQ).

Proof. Suppose that (e.f) € (AV B)AC. where e, f € E(Y). Put A" =
AVIKer0, B’ = BVKer0 and (" = CVIer0. Clearly we have (e, f) € (A'VB')AC".
It follows from Lemma 2.2 that (e, f) € (A" AC') Vv (B' AC'"). By Lemma 4.1
there is a finite sequence ¢ = rg,xy,...,x, = f of clements from E(.) such that
(i 25) € (A'ANC)YU(B'AC") for i = 1,2,....n. According to Lemma 4.2, we
have (v;_,2;) € (AANC)U (B AC). Consequently. (¢. f) € (AANC)V(BAC). O

Lemma 4.4. Let X.Y € Con(Y’), where .v" is an inverse semiring. If (v.z) €
X, (z,y) € Y and Ox = 0z = Oy, then there exists w such that (v,w) € Y, (w,y) € X
and Ow = 0z.

Proof. Putw = — z+ y. It follows from (1.4) that Ow = 0z and (v, w) =
(2,2) = (2,2) + (z,9) € Yo (w.2) = (2,2) = (3.2) + (y.y) € X O

Lemma 4.5. Let X' € Con(.Y"), where .’ is an inverse semiring having property
(M). Let (z,y) € X. If 0x < Oy or Oz || Oy, then (u.v) € X for all u,v € S(") with
Ou = 0y = Ov.
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Proof. Suppose that Oz < 0y. Then according to Lemma 2.4, we have (u,x) =
(v —y,u—1y)+ (y,2) € X and (z,v) = (v —y,v —y) + (a,y) € X. Therefore
(u,v) € X.

Assume that Oz || Oy. Then we have 0(xy) < 0y. Using (1.3), (1.4) and (1.14) we
obtain (0(zy),y) = (0y,0y) + (x,y) € X. The rest of the proof follows from its first
part. O

Lemma 4.6. Let A, B,C € Con('), where . is an inverse semiring having
property (M), and &(%") is a tree.

(i) fACC, then (AVB)AC CAV(BAC).
(i1) If ." has property (D), then (AVB)ANC C(AvVC)V (BAC).

Proof. Let (u,v) € (AV B) AC. Then there exists a finite sequence u
X0, X1y, = v of elements from S(¥') such that (z;—1,2;) € AUB for i =
1,2,...,n. Further, we have (u,v) € C. Put ¢ = Ou and f = Ov. Clearly (e, f)
(4Vv B) AC. We have the following possibilities:

m

Case 1. e = f. Puty; = x;+e. It follows from (1.4) that Oy; < e,u = yo,v =y,
and (yi—1,y;) € AUBfori=1.2,...,n.

Subcase la. Oy; = e for all i = 1,2,...,n. It follows from Lemma 4.4 that there
is an clement w of S(¥7) such that (u,w) € A, (w,v) € B and 0w = e.

If A CC then (w,v) € C and so (u,v) € AV (BAC).

If ." has property (D), then according to Lemma 3.1, the lattice (H] is distribu-
tive. Clearly (w,w), (w,v), (u,v) € He and so (u,w) € A", (w,v) € B, (u,v) € C',
where A" = AANH,, B'=BAH, and C' = CAH,. Itis clear that A", B, C' € (H,]
and so we have (u,v) € (A'VBYAC' = (A'ANC")V(B'AC') C(AANC)V (BAC).

Subcase 1b. Oy; < e for some i. It follows from Lemma 4.5 that (u,v) € A or
(u,v) € B. Thus we have (u,v) € (AANC)V (BAC).

Case 2. f < e. It follows from Lemma 4.3 that (f,e) € (AANC)V (BAC).
According to Lemma 4.5, we have (u,e) € (AAC)V (BAC) and so (u, f) €
(AANC)V(BAC) C(AV B)AC. This implies that (f,v) € (AV B)AC. Using Case

1 we can continue our proof.

It A CC.then (f,v) € AV(BAC) and so (u,v) € AV (BAC). If ¥ has property
(D). then (f,v) € (AANC)V(BAC) and s0 (u,v) € (AANC)V(BAC).

Case 3. ¢ < f. This is dual to Case 2.

Case 4. ¢ || f. According to Lemma 4.3, we have (e, f) € (AANC)V (BAC). It

follows from Lemma 4.5 that (u,¢),(f,0) € (AAC)V (B AC). Therefore (u,v) €
(ANCYV(BAQC). O




Theorem 4.1. Let ./ be an inverse semiring. Then
(i) Con(~”) is modular if and only if &(5) is a tree and . has property (M) :
(ii) Con(") is distributive if and only if £(.%) is a tree and . has properties (M)
and (D).

The proof follows from Lemmas 2.2, 2.3, 3.2 and 4.6. ]

5. PROPERTY (B)

Definition 5.1. We shall say that an inverse semiring has property (B) if
card S(#%) > 1 implies that ¢ is the zero of &(&’) and Con(.¥.) is boolean.

Lemma 5.1. If the lattice Con(Y”’) is boolean, the the inverse semiring . has
property (B).

Proof. Assume that Con(.¥’) is boolean and e € E(.¥). It follows from Lemma
2.3 that & has property (M). According to Lemma 3.1, the lattice Con(.%%) is iso-
morphic to the principal ideal (H.] of Con(%’). It is well known that (H.] is boolcan
and so Con(.%,) is boolean. Suppose by way of contradiction that card S(&,) > 1
and e is no zero of &(Y’). Then there exists some f of E(.7’) such that f < e.
Since Con(’) is boolean, there is Y € Con(s#) such that He AY = idg(s) and
H. vY = S() x S(¥). We have (e,f) € H, VY and so, by Lemma 4.1,
there is a finite sequence e = ax¢,2),...,z, = f of clements from E(.%’) such that
(xizy,2i) € HoUY fori =1,2,...,n. If (x;-1,2;) € He, then z;_7 = x; and so
(z;—1,z;) € Y. Thus we have (e, f) € Y. Let a € S(¥.). By (M), we obtain
(a, f) = (e, f) + (a,a) € Y. Hence (a,e) € Y N H, = idg(y). This implies that a = ¢
and so card S(%) = 1, a contradiction.

Consequently, . has property (B). O

Recall that a tree & is said to be locally finite if cvery interval of & is a finite
chain.

Lemma 5.2. Let E be a semilattice. Then Con(&) is boolean if and only if & is
a locally finite tree.

Proof. See Theorem 4.5 of [1]. O

Theorem 5.1. Let %" be an inverse semiring. Then the lattice Con(") is boolean
if and only if &(°) is a locally finite tree and " has property (B).

Proof. 1. Suppose that Con(¥’) is boolean. According to Lemma 5.1, %" has

property (B). It follows from Lemma 2.1 that the lattice Con(&(7)) is isomorphic
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to the principal filter [Ker0) of Con(%’), which is boolean. Thus Con(&(")) is
boolean. It follows from Lemma 5.2 that &(.%’) is a locally finite tree.

2. Now we assume that &(.7") is a locally finite tree and % has property (B).
Lemma 2.1 and Lemma 5.2 imply that the principal filter [Ker0) of Con(Y") is
boolean.

If E(.") = S(."), then Ker 0 = idg( ) and so [Ker 0) = Con(.’), which is boolean.

Assume that E(Y") # S('). Property (B) implies that &(.%) has the zero
e,Con(.¥.) is boolean and according to (1.10), . has property (M). Lemma 3.1
implies that the principal ideal (I er 0] of Con(’) is boolean, because H. = Ier0.
Hence (Ker0] x [Ker0) is a boolean lattice.

Now, we shall prove that IKer0 has a complement in the lattice Con(.¥"). Put
P{(x,y);z =y € S(S) orz,y € E(Y)}. We shall show that P € Con(.¥). Clearly
P is an equivalence on S(%’). Assume that (z,y) € P,z # y, and z € S(%). Then
x,y € E(Y) and so, by (1.14), we have xz,yz,2x,zy € E(Y). This means that
(v2,y2),(zx,zy) € P. If z € E(Y), then it follows from (1.15) that z + z,y + z €
E(Y). Thus we have (z + z,y + z) € P. Suppose that z ¢ E(.¥’). Then z € S(7.)
and so, by (1.3), (14), wehavex +z =2 +z+e=2=y+2+e =y + z. This
implies that (z + 2,y + z) € P. Consequently, P € Con(.¥"). It is easy to show that
P AKer0=idgs) and PV Ker0 = S(v) x S(5).

Finally, if 7 has property (B), then it has properties (M) and (D) and so according
to Theorem 4.1, Con(.¥") is distributive. It follows from Theorem 6 (Section 7) of [4]
that Con(.") is isomorphic to the boolean lattice (Ker 0] x [[Ker 0). Hence Con(.¥")
is boolean. ]

6. INVERSE A-SEMIRINGS

Following the semigroup theory, an inverse semiring .7 is called an inverse A-
semiring if the lattice Con(.¥’) is a chain.
Lemma 6.1. If . is an inverse A-semiring, then card E(.Y") < 2.

Proof. It follows from Lemma 2.1 that Con(E(.Y")) is a chain and so, by Lemma
3 of [5], we obtain card E(Y") < 2. O

Lemma 6.2. Let . be an inverse A-semiring. If E() = {e,f},e < f, then
card (&) = 1.

Proof. Put Q = {(z,y); v,y € S(&') and z + e =y + ¢}. It is easy to show
that @ € Con("). Since Con(.v") is a chain we have the following two possibilities:
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Case 1. Q C Ker0. We have (e, f) € Q and so (c. f) € Ker0. This means that
e = f, a contradiction.

Case 2. Ker0C Q. For +.y € S(;) we have (x.y) € Ker0 and so (x,y) € Q.
Thus @ = x + e = y + ¢ = y. Consequently, card S(.7,) = 1. O

Let # be aring. By #° we denote the 7-algebra, where S(#°) = S(#)U{h}.h ¢

S(4), and
T for ax=h.
—r =
—x  for x€S(A).

The addition and the multiplication on S(#°) are defined as follows:
If 2,y € S(#), then x + y (ry, respectively) is the same as in Z.
Ifa e S(#°), thena+h=h+a=zh=hx=h
It is easy to show that #° is an inverse semiring with card E(#°) = 2.
For every X € Con(#) we put X° = XU{(h,h)}. Clearly we have X° € Con(#°).

Lemma 6.3. Let # be a ring. Then Con(#°) = {\"; X € Con(%)}U{S(#") x
S(#%)}.

Proof. The former statement “O” is obvious. To prove the latter statement
“C”, let Y € Con(#°) and (h,z) € Y for some = € S(#). Then for arbitrary
2,y € S(#°) we have (h,x) = (h,z) — (h,z) + (v.) € Y and similarly (h,y) € Y.
Therefore (x,y) € Y, which mecans that ¥ = S(#°) x S(#0). a

Theorem 6.1. Let ./ be an inverse semiring. Then Con(.Y) is a chain if and
only if & is isomorphic to either # or #°, where .4 is a ring whose Con(#) is a
chain.

The proof follows from Lemmas 6.1, 6.2 and 6.3. O
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