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FINITE MONOGENIC DISTRIBUTIVE SYSTEMS 

A N D R E S E S B O U E , Caen 

(Received Octobe r 3, 1994) 

INTRODUCTION 

This paper takes place in the context of non-associative systems. We study left 

self-distributive structures: this means the ones, called LD-systems, consisting of a 

set equipped with a binary operation satisfying the identity 

(LD) x(yz) = (xy)(xz). 

The importance of monogenic L D - s y s t m s has become apparent only in recent 

years. The fascinating connectk n between a free monogenerated LD-system a and 

huge cardinals [10] has initiated an intensive study, which led to the discovery of a 

faithful realization of a within the braid group D^ [2]. 

For any positive integers u and v let (u)v be the unique integer between 1 and v 

such tha t u is congruent to (u)t, modulo v For every k there exists a finite factor of 

a o n { l , . . . , 2 f c } determined by i • 1 = (i -f 1)2A , 1 ^ i ^ 2k. These LD-sy stems have 

been invented by Laver and they will be denoted here by pk. 

For a LD-system g and an element x of g let us define the sequence (x[k])k^i of left 

powers of x by X[i] = x and x^+i] — x[k]x- Then pk happens to be the LD-system 

generated by the element 1 submitted to the relation l[2--+i] = 1 ([12])- In [4] and [12] 

it is shown tha t the LD-system pk has a property of periodicity: for each 1 ^ x ^ 2h 

there exists an element v2k(x) such that for all 1 ^ y ^ 2k, xy = x • (y)Unk.(x) a n d 

v2k(x) divides 2k. 

It is not known whether there exists for any i ^ 1 a k big enough so tha t 1 • i -/-= 2k 

in pk- Laver [9] gave an affirmative solution assuming the existence of a non-trivial 

elementary embedding of a rank into itself, a very strong set theoretical assumption, 

while Dougherty and Jech [3] have shown tha t there is no proof within primitive 

recursive arithmetic. 
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Tlie aim of this paper is to sliow that using throe operators we can build a large 

family of finite monogenerated LD-systems (the normal LD-systems) from tlie p/, "s. 

We prove tha t these new LD-systems satisfy a similar periodicity property . The 

normal LD-systems are defined as a sub-family of the left LD-systems, which are 

the ones that are made exactly of all left powers of the generator. Tlie generality 

of our construction has been made more obvious by tin1 recent result of A. DrapaL 

who proved, after reading the first draft of this work, that all left LD-systems are 

normal [7]. 

This paper is organized as follow. The first throe sections introduce the basic 

notions and results. In Section 4 we define the operators to work with and give 

examples of the way they behave. Section 5 defines the normal LD-systems and 

Section 6 is devoted to the main result. 

1. LD-SYSTEMS 

For each element x of a finite LD-system the sequence of left powers of x is even

tually periodic. More precisely, there exists a unique pair of positive integers (r.p) 

such tha t the powers T, T[2], • • • ,T [ r + p _ i ] are distinct and for all k ^ r + p, wo have 

X[k] = T^'], where k' is the unique positive integer between r and r + p— 1 such that 

k' = k mod(p). 

Def in i t ion 1.1. Suppose that the set of the left powers of x is finite (which is 

certainly the case if the underlying LD-system is finite). The return g(x) is the least 

positive integer r such that there exists k ^ 0 satisfying .i'[r+A-] = T[r] and the period 

TT(X) of x is the least positive integer k satisfying x^o{r) _/.] = .!'[L,(.r)]-

P r o p o s i t i o n 1.2. Let P and Q be two terms in one variable. Let g be a monogenic 

LD-system and g a generator of $ such that P(g) = Q(g). Then for all x in g. 

P(x) = Q(x). 

P r o o f . By induction on the complexity of a one variable term _\ it is easy to 

show tha t left distributivity implies that xT(u) is T(xu). Let X be the set of all ./• in 

g such that P(x) = Q(x). Then for all ;r, y in X we got P(xij) = xP(y) = xQ(ij) = 

Q(xy), so xy is still in A". The set X is a sub-LD-systeni of g. Moreover, g is in A', 

so X equals g. • 

In particular we deduce that two generators g and // of a monogenic LD-system 

satisfy the same equations and so there exists an automorphism <D such tha t <p(g) = //. 
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P r o p o s i t i o n 1.3. Let g be a finite monogenic LD-system. Let g and h be two 

generators of g. Then the positive integers O(g), ir(g) are respectively equal to D(b), 

77(h). 

So, for a monogenic LD-system we can speak, without any ambiguity, of the return 

and of the period. 

L e m m a 1.4. Let g be a finite monogenic LD-system and let g be a generator. If 

there exist a and b in g such that ab = g then the mapping La defined by La(x) — ax

is an automorphism of $. 

P r o o f . For each x G g the mapping Lx is an endomorphism by the left dis

till mtivity identity Now, La is onto since for each x in g there exists a term in one 

variable P such that x is P(g). Therefore, we get x = P(g) = P(ab) = aP(b). Since 

g is finite, La is bijective. • 

Def in i t i on 1.5. A left LD-system g is a monogenic LD-system with generator 

/; such that for each x in g there exists k ^ 1 such that x = g^y 

When we look at the multiplication table of a left LD-system g with the generator g 

as the first element of the table, left powers in g are the elements on the first column. 

If g is a monogenic LD-system. saying that g is a left LD-system is equivalent to 

saving that each element but perhaps the generator appears on the first column of 

the table of g. If g has n elements then the elements of g are exactly g, g[2], • • • , g\n\-

Here are two examples of left LD-systems. They are defined on the set {1 4}, 

i is a generator and the product is such that .r • 1 = x + 1 for 1 <J x < 4. 

1 2 3 4 
1 
9 

3 
4 

2 2 2 2 
3 2 3 2 
4 2 2 2 
3 2 3 2 

1 2 3 4 
1 2 4 2 4 
2 3 4 3 4 
3 4 4 4 4 
4 1 2 3 4 

Table 1 Table 

hi Table 1 the return is 3 and in Table 2 the return is 1. In fact the second table is 

the table of the LD-system p2. 

2. CONSTANT AND STABLE ELEMENTS 

From now on we will use the following conventions: the underlying set of a left 

LD-system g with cardinality // will be {1, .. ., //.}, 1 will be a generator and l[ r] will 

be equal to x for 1 ^ x ^ //. Then the value of the return is r = n • 1 and for all 

.l• G {1, • • •, n — 1} we have x • I = x + 1. 
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Def in i t i on 2 . 1 . Let g be an LD-system. An element ./• of g is consume if for 

each element y in g we iiave yx = xx. If in addition ./• is idempotent then .r is called 

stable. 

On the table of an LD-system a constant element c corresponds to a constant 

column. In Table 1 the constant elements are 2 and 4 and 2 is stable. In Table 2 

there is a unique constant 4 and it is also stable. 

In [1], P. Dehornoy proves the following lemma. 

L e m m a 2 .2 . Let g be an LD-system and T, y. .: be three elements of g. II y 

and z are elements of the sub-LD-system generated ny / then there <xists a positive 

integer r such that yx^ = cr^'l. 

Using this lemma one can prove that each finite monogenic LD-system has at least 

one constant element. Notice that a generator cannot he a constant element (unless 

we are in the trivial cases of LD-systems with one or two elements). Considering the 

left LD-systems we have the following result. 

P r o p o s i t i o n 2 . 3 . A finite left LD-system g with cardinality // ^ 3 has a unique 

stable element d and for each ( onstant element ~ . ( have 

{
' xc = xd for all x, 

ex = dx for all x distinct trom 1. 

ex ^ 1 for all x in {2 <-\. 

P r o o f . For all x in g let ./" be x — 1 if 2 <C x ^ // and // if .r = 1. Then we have 

x i(2<x<n. 
1 = . 

r if x = 1. 

Let us prove cc = e'e' for any distinct constant elements c and c'. Since c and c' are 

not equal to 1, we have c~ • 1 = c and c'~ • 1 = c . Then we obtain cc = c'~c = 

c'-(c" • 1) = c'~c~ • (c'~ • 1) = c'~c~ • c' = e'e'. Let d be cc. We claim that d is 

constant . For all x in g we have xd = x-cc = xc-xc = cc-cc = dd. From the preceding 

equality, the product dd must be equal to cc since c and d are two constant elements. 

So we have dd = cc = d. The element d is a constant element and idempotent. hence 

it is stable. Assume there exists an other stable element d!. Then d! is constant and 

we have d' = d'd' = dd = d. Now, if x is in g \ {1} then there exist two elements u 

and v of g such tha t x = uv. Then, we get 

ex = c • uv = cu • cv = (cu • c)(cu • v) = d(cu • v) = (d • cu) • <IL> 

= (dc • du) • du = (dd • <fu) • dv = d(du • v) = (du • d)(du • U) 

= du - dv — d • uv = dx. 
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To prove the last assertion we will suppose that there exists a u in { 2 , . . . , c} satisfying 

< u — 1 and show this leads to a contradiction. Under this hypothesis the morphism 

Lc is bijective by Lemma 1.4, therefore, u is a generator of g. Moreover, c is tlie 

unique constant, hence stable, element of g (otherwise if c' were another constant 

element not equal to c we would have cc = cc'\ which contradicts the fact that Lc 

is one to one). If u is equal to c then we have 1 = cc — c since c is stable and thus 

is idempotent. This is impossible since the LD-system g has at least two elements. 

Now, assume u < c and compute c(u -1): c(u • 1) = cu • (c-1) = l (c-1) = (1 -c)(l • 1) = 

< (1 1) = c • 2. Since Lc is one to one, we get u -1 = 2, which implies either u — n or 

a = 1. The two cases lead to a contradiction since if u is n then we have n < c ^ n 

and if // is 1 then u does not belong to {2,. . . , c}. D 

The last result of this section is the proof of the periodicity for constant elements. 

L e m m a 2.4 . Let c he the least constant of a left LD-system g with cardinality 

}) ^ 3. Then for each constant element c' and for each integer x satisfying c ^ c + x ^ 

// we have 

C ( C + ! : ) = = i c ' ( c l ) i f ( » c - - l . 

P r o o f . By the preceding proposition we have cy — c'y for all y ^ 2. Since c is 

at least 2, it is enough to prove the lemma for c. Let d be the stable element of g. 

For x = 0 there is nothing to do since (0)c = c. If we have x = 1 and c + 1 ^ n 

then we obtain ( l ) c = 1 and c F 1 = c • 1. So, we obtain c(c + 1) = c(c -1) . Now, we 

proceed by an increasing induction on x. For x = 2 we have 

c(c + 2) = d(c + 2) = d((c • 1) • 1) = ((c • 1) • d) • ((c • 1) • 1) 

= ((c • 1) • c) • ((c • 1) • 1) = (c • 1) • (c • 1) = c • (1 . 1 ) = c • 2 = c(2)c . 

Assume that the hypothesis is true for all y ^ x < n — c. We have c(c + x + 1) = 

c((c + x) • 1) = (c • (c + x)) • (c • 1). If (x)c is strictly greater than 1 then we have 

c(c + ;r + 1) = (c(x)c) • (c • 1) = c((x)c - 1). If (x)c is c then (x + l ) c is 1 and we 

have c(c + x + 1) = c(c • 1). If (x)c is strictly between 1 and c then (x)c + 1 equals 

(x + l ) c and we get c(c + x + 1) = c((x)c • 1) = c((x)c + 1) = c(x + l ) c . Now, for the 

case (x)c = 1 we have (x + l ) c = 2, therefore, c(c + x + 1) = (c • (c • 1)) • (c • 1) = 

c((c • ! ) • ! ) = c(c + 2) = c(a: F l ) c . D 
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3. THE CONGRUENCE ^ 0 

From Proposition 2.3 we have for all constant elements c and c' of a left LD-

system g 
\ xc = xc' for all x in g. 

[ ex — c'x for all x in g \ {//}. 

wliere g is a generator of g. We define a relation which associates two elements of g 

having the above property. 

Def in i t ion 3 . 1 . Let g bo a monogenic LD-system and y a generator of g. The 

relation ^ g is defined by 

[ kx = ky for all A* in g. 
9 ' \ xk = yk for all A" in g \ {/;}. 

One can prove easily that this relation is an equivalence relation. Consider the 

two examples of section 1: in Table 1 the equivalence classes are {1}. {2,4} and 

{3}; in Table 2 all equivalence classes have a single element and the the relation %p, 

is trivial. We will see that in the case of a left LI)-system g the relation ^ 0 is a 

congruence. 

Def in i t ion 3 .2 . Let g bo a LD-system. For each ./• and y in g for each integer 

k ^ 0 the k-th left iterated product of y by ;r, denoted by \k(.\\y), is defined by 

Li)(xa,)=x) 

Ll(x,y) = xy. 

Lk+l(x,ij) = Lk(xa;)<,. 

L e m m a 3 .3 . Let g he a left LD-system with caidiualitv n >̂ 3. Let c be the ica>t 

constant element of #. 

\) If there exists an element a / 1 such that a %0 1 then necessarily we have a = n. 

n • 1 = 2 and { l , n } is the unique non-trivial pair of the relation « p . 

ii) If we have a « p b and a < b then we necessarily iiave c ^ b. 

P r o of. i) Assume there exists an clement .r €E g \ { 1 } such that 1 ~ 0 /'. Let a be 

the least of those elements. Wo have the equalities 2 — 1 • 1 -= 1 • // -=- aa = a • 1. 

Either a is n and the return of g is equal to 2 or </ is 1. This last case is impossible 

since by hypothesis a is distinct from 1. Let // and c be two elements in g not equal 

to 1 and n such that a^^v. We obtain // • 1 = un = en = r • 1. The mapping which 

maps all elements x in g onto ./• • 1 is one-to-one on the subset {1 // — 1}. thus 

we have u = c. 
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ii) One can assume O, b minimal in their equivalence class with respect to %0. 

Assume a < b < c. From Definition 3.2 it follows that LA'(T, 1) is the k-tli successor 

of x (with respect to the order < ) . For all x we have xa = xb. Therefore, for all 

integers k ^ 0 we get x LA'(O,1) = Lk(xa,x-l) = LA'(.rb, x• 1) = x Lk(b, 1). We can pick 

/,• such that LA'(b, 1) equals c Then for all r we have x LA:(O, 1) = xc and Lk(a, 1) < c. 

So. LA'((/. 1) is a constant element of g which contradicts the fact that c is the least 

such. • 

T h e o r e m 3.4. Let g be a finite left LD-system. Then the relation ^ 0 is a con-

^viwnce. 

P r o o f . For n ^ 2 a direct compu ta t ion from the table of g gives the result. 

Assume n J> 3. Let O, b, «/, b' be elements of g such that O, « 0 b and a' ~$b'. For all 

.r G g we have x • OO/ = ;rO • xa' = ;rb • xb' = T • O/b'. If (O/, //) is not equal to (1,1) 

then wo have aa! = ba! = bb'. It remains to prove that (a • l);r = (b- \)x for all ;r / 1. 

We show this by an increasing induction on x, assuming without loss of generality 

a < b. We get for .r = 2 

(a • 1)2 = (O • 1)(1 • 1) = (O • 1)1 • (O • 1)1 = L2(0 ,1) • (O • 1)1 

= (L2(O,1)O • L2(O.1)1) • L2(O,1)1 = (L2(O,1)6 • L2(O, 1)1) • L2(O,1)1 

= L 2 ( O , l ) - ( b - l ) l . 

From the preceding lemma we have c ^ b. where c is the least constant of g. There 

exists an integer h such that b is L/l(c, 1). We get 

(O • 1)2 = L2(O, l)(L / ( (c, 1)1 • 1) = L2(0,1) L / l + 2(c, 1) 

= L / l + 2 (L2(O,1)C,L2(O,1)1) = L / l + 2 (L2(O,1)C,L3(O,1)) 

= L / l + 2 ( L 2 ( b , l ) c , L 3 ( O , l ) ) . 

Since we have xa-= xb for all x for all integers ^ 0 we get 

xLk(a,\) = LA(.rO,;r • 1) = LA(.rb,.r • 1) = ;rLA(b, 1). 

We obtain 

(O • 1)2 = L / i + 2 (L2(b, l )c, L3(b, 1)) = L / i + 2 (L2(b, 1)C, L2(b, 1)1) 

= L 2 ( b , l ) L , ' + 2 ( c , l ) = L2(b , l)(L / i(c, 1)1-1) 

= ( b - l ) l - ( b - l ) l = ( b . l ) ( l - l ) = ( b - l ) 2 . 
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Assume (a • l)x = (b • l)x and consider (a • l)(x • 1). Wo have 

(a • l)(x • 1) = (a • l)x • (a • 1)1 = (b • l)x • (a • 1)1 

'((b-l)x-a) • ((b-l)x-l)) • ((b • l)x • l) 

= [((b-l)x-b)-((b-i)x-l))-((b-l)x-l) 

= (b-l)x-(b-l)l = (b-l)(xl). 

This shows a • 1 « 0 b • 1, hence the relation « 0 is a congruence. • 

4. T H E OPERATORS D, I?. S 

This section consist of technical results. We begin to define methods which are 

used to obtain new LD-systems from an LD-system g. From these methods we 

define the operators B, R and S and prove that they transform a left LD-system 

into another left LD-system. Throughout this section // will be a fixed integer at 

least equal to 2. 

The first method, called the repetition method, consists in adding a new element 

to g. More precisely it consists in adding the new element n -f- 1 in the table of g by 

copying the row and the column number p • 1 at the row and column number /? -f 1 

as well as replacing the value p • 1 by the new value // -f 1. 

D e f i n i t i o n 4 . 1 . For all p between 2 and n, the p-Tcpetition of g is the structure 

Ep (g) of underlying set { 1 , . . . , ?i + 1} with the product defined by 

= f Vp(x)vv(y) i f (x> y) ^ (P, !) 

" ^ U + l if (^,2/) = ( ^ l ) 

where <pp(x) is x for x ^ n and ^pp(n -f-1) is p • 1. 

L e m m a 4 .2 . If the LD-system g satisfies 1 ^ g g then all p-repetitions of g are 

LD-systems. 

P r o o f . The mapping <pp is clearly an homomorphism from Ep($) to g. Its kernel 

contains only one non-trivial class, namely {p • \,n 4- 1}. As (p, 1) is the only pair 

(x, y) with x * y — n 4- 1 and as 1 is never of the form x * y we see tha t n -f- 1 equals 

neither x * (y * z) nor (x * y) * (x * z) for any x, y, z e Ep (g). • 

The next method will change a value on the first column. 
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Def in i t ion 4 . 3 . Let a / 1, 6 ^ l , e ^ 1 be elements of g such tha t e • 1 = a and 

a zz9 b. We denote by Ma^,e (g) the structure consisting of the set { 1 , . . . , n} and the 

product defined by 
xy if (x.g) / (c, 1), 

' T * ' 7 , .6 i f (T ,g ) = ( c , l ) . 

L e m m a 4.4 . If in the LD-system g we have 1 (^ g • g then the structure i\/,t,/M. fg) 

is a;i LD-system. 

P r o of. In Ma,b,e (o) the element 1 is never of the form x * u, as a consequence, 

the products x * (y * z) or (x * /y) * (x * ~) are never of the form H * 1. Using tliis 

fact, by checking all cases when one or more of the couples (x. ;«y), (T, z), (y, z) equals 

(c, 1), one can see that in Ma^,r (g) x * (// * ~) = (x * 2/) * (x * ~) holds. G 

The last method will change the value of all products xy for y / 1. 

Def in i t ion 4 . 5 . Let o / l and b be elements of g such tha t a ~ p b . We denote 

by M'a b (g) the structure consisting of the set { 1 , . . . , n } and the product defined by 

( iba,u(xy) if 2/ ?- 1, 
x * ij = < 

I :r?y if 7/ = 1, 

where ii\^b(x) is x if T is no: a and V'a,/j(O) is b. 

L e m m a 4 .6 . If iu the LD-system g we have 1 £ g • g then the structure M'a b (g) 

is an LD-system. 

P r o o f . If a product wu equals a then for all ?v G g we get ^v^pa1b(uv) = H' • uv and 

for all w' ^ 1 we get i>a,b(uv)w' = uv • u/. Using this and computing the products 

x * (y * z) and (:r * y) * (x * z). when g or - is 1, one can see tha t in M'n b (g) we liave 

x * (y * z) = (T * y) * (a: * z). • 

Start ing with a monogenic LD-system and applying these three different methods 

we do not necessarily obtain a monogenic LD-system . But, if we consider the left 

LD-systerns and particular values of these parameters (e.g in Ev(g) take p — n) we 

do obtain left LD-systems. 

Def in i t ion 4 . 7 . Let g be a left LD-system. Assume g satisfies l £ g - ( g \ { l } ) . 

For r / 1, we define B(g) by B(g) = M^n+l (En(g)). For r = 1, B(g) is the 

structure consisting of the set { 1 , . . . , n + 1} with the product defined by 

( <Pn(x)<Pn 
x * v = \ y \ n + l 

where (Dn is the same mapping as in Definition 4.1. 

(y) iî(x,y)Ć{(n,l),(n,n + l)}, 

iî(x,y) Є { ( n , l ) , ( n , n + l ) } , 
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In fact the operator B adds the new element // + 1 to g. copies the value of the 

column and the row r = // • 1 to the column and row // + 1. It also gives the new 

value n + 1 to the product // • 1 and changes the value of the products xy, y / 1. 

equal to r, to the new value // + 1. As an example' assume g is like in Table 1. In 

g, n is 4 and r is 3. We add the new element 5. We copy the column and the row 

3 to the column and the row 5. We change the value of 4 • 1 equal to 3 in 5 and we 

change all products xy, y / 1. equal to 3 in 5. So, we obtain the structure B(#) of 

table 

1 2 3 4 5 
1 2 2 2 2 2 
2 3 2 5 2 5 
3 4 2 2 2 2 
4 5 2 5 2 5 
5 4 2 2 2 2 

Table 3 

L e m m a 4 . 8 . Assume g is a left LD-system, with cardinality n, satisfying 1 £ 

g • (g \ {1}). The structure H(g) is a left LD-system with cardinality n + 1 and it has 

return r + 1 if r < n or r if r — //. 

P r o o f . In both cases, if H(g) is a LD-system then it is a left one since we added 

a new element n + 1 such that // * 1 = n + 1 and for each x between 1 and n — 1 we 

have x * 1 = x • 1 = x + 1. Also by construction, the return will be r + 1 if r is not 

n and equals to n otherwise. If r is not 1 we have I $ # • #. Then Lemmas 4.2 and 

4.6 imply tha t B(#) is a LD-system since by construction we have r «£•„(,-,)/. + 1. 

Now if r equals V g is the LD-system pk for an integer k. By construction we have 

1 ~/ j(pA)n + 1 a n c - 1 & B(pk) * B(pk). The mapping y\, is an homomorphism from 

B(pk) to pk of kernel {1, n + 1}. The only possibility that a product x* (y * z) equals 

71 + 1 is when we have x — //. y * z — n + 1. For a product (x * y) * (x * z). the 

only possibility it equals 1, is when we have ;r * y =- //../• * z = n + 1. Checking the 

different cases we obtain that B(pk) satisfies the LD-law. • 

Def in i t i on 4 . 9 . Let g be a left LD-system. For all s such that . s « 0 / \ I?s(g) is 

the LD-system AIr,S)U (g) . 

In this LD-system the only change made by the operator 7? is the value of the 

return, which from r becomes -s where s is in the equivalence class of r with respect 

to the relation « 0 . Taking the previous LD-system 13(g) (i.e. Table 3), the return is 

4 and its equivalence class with respect to the relation ~#(0) is {2,4}. Then taking 

,5 = 2 we obtain the new structure R2 (B(g)) in which the only change is the value 
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)f tlie return which now equals 2. 

1 2 3 4 5 
1 2 2 2 2 2 
2 3 2 5 2 5 
3 4 2 2 2 2 

4 5 2 5 2 5 
5 2 2 2 2 2 

Table 4 

L e m m a 4.10. Assume 0 satisfies 1 0 0-0. Tile structure RS(Q) is a ieffc LD-system 

with return s. 

P r o o f . The structure I?s(g) is a LD-system by Lemma 4.4 and it is a left one 

since by construction we have ./: * 1 = x • 1 = x -f- 1 for each 1 ^ x < n. Also by 

construction n * 1 = ,s, hence the return of Rs(g) is s. D 

De f in i t ion 4.11. Let 0 be a left LD-system with cardinality n. 

i) A selector for the congruence PS 0 is a set P such that for each x G 0 there exists 

a unique y G '.T such that x P\ P = {g}. where ir denotes the equivalence class of x. 

ii) For P a selector for « 0 , the structure 5p(g) is the successive application of the 

modification M'a fa where a is in 0 and a O P = {b«}, thus we have 

мø)= П M «A. (Ø) 

(tlu1 product used here denotes the successive use of the modification M'). 

This operator replaces the value of all products xy, y / 1, by a new value that is 

equivalent with respect to « 0 . In the table of the LD-system R2 (B($)) (i.e. Table 4) 

the equivalence classes are {1}. {2, 4} and {3, 5}. If we take the selector P — {1, 4, 3} 

then we obtain a new structure4 Sp (R2 (B(g))) in which the value of the products 

./•//. // ^ L has been changed. 

1 2 3 4 5 
1 2 4 4 4 4 
2 3 4 3 4 3 
3 4 4 4 4 4 
4 5 4 3 4 3 
5 2 4 4 4 4 

Table 5 

L e m m a 4 .12 . Assume that 0 satisfies 1 ^ 0 - 0 . The operator Sp does not depend 

on the choice of the order to enumerate the selector P. 
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P r o o f . If a belongs to P then Ma n(g) is g since //'a.r; is the identity The 

modification Ma^u, with a « 0 ./, changes only the products :ry. ^ 1 , which equal a. 

Let a, b be in g and a, v be in P such that a « 0 a and b%nU. If we have a / c and 

b 7̂  a then for all :c, ,/y in Af',, (M^ t, (g)] we get 

{ ./•// if y = 1 or .rg 7̂  b or ,:y ^ a. 

v if xy — b, 

// if xy — a, 

and for all ;v, g in M^v (M,',., (g)) we get 

{ .//y if y = 1 or xy ^ <i or xy 7̂  b, 

// if xy = a, 

r if xy — b. 

Then we have M'au o A//M, = .1/,' v o A/ft u . If we have a = v or b = a then a equals 

v. We get K.u(Miv(g)) = M'aM{Miu(g)) = M], , (0) and A/',.u ( ^ , . (g)) = 

A / 1 ' , , ( A / , : . 1 . ( C I ) ) = A / / , . 1 . ( 0 ) . D 

L e m m a 4 . 13 . For every selector P ofzz$, the structure Sf>(#) is a /err LD-systcin 

with the same underlying set and the same return as n 

P r o o f . Lemma 4.G. implies that 5p(g) is a LD-svstem. Moreover it is a left 

LD-system since by construction the first column does not change. D 

R e m a r k 4 . 14 . If we have I ~ 0 n , then Lemma 'A :\ implies that {1, n\ is the only 

non-trivial pair of « 0 . If P is {1 ,2 , . . . ,71 — 1} thou all equivalence classes of ~^,(fl) 

are trivial since the generator 1 belongs to the image of one of the endomorphisins 

L.r, which is, therefore, an automorphism. 

5. T H E NORMAL L D - S Y S T K M S 

We now introduce the family of LD-systems to bo used in the sequel. This family 

is a subfamily of the left LD-systems defined using the constant elements and the 

congruence ^ a . Let g be a monogenic LD-system of underlying set { 1 , . . . , n} with 

1 as a generator . For a G g, denote the kernel of Lft by « f t . It is straightforward 

that x ttg y implies x « t t y for all a in g. The experimental study of left LD-systems 

of small cardinality (^ 7) sliows some periodicity phenomenons. In these examples 

the least constant c is a power of 2 and either there is a unique constant c satisfying 

c(c • 1) -= 1 (1 is a generator) or there are some constant elements such tha t one 
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of them c' satisfies c'(c' -1) = c' • 1. Moreover, the congruences « c and ^ 0 are 

eitlier identical or they coincide only on the subset { 2 , . . . , n } ofg. This leads to the 

following definition. 

D e f i n i t i o n 5 .1 . A left LD-system g with cardinality n is normal if 

i) the 'e exists a constant element c' such that c'(c' • 1) is either c' • 1 or 1 and 

ii) the congruence ~ 0 coincides with the congruence ^ c on the subset {2, . . . , n } , 

i.e. for all ;r, y in {2,...,/i} ;r ~ c u is equivalent to x^dy, where c is the least 

constant element of g. 

It, is easy to see t h a t the LD-systems pk are normal as well as the three monogenic 
LD-systems of cardinality 2 which are 

Pl 1 2 t 1 2 ť 1 2 
1 
2 

2 2 
1 2 

1 
2 

2 2 
2 2 

1 
2 

2 1 
2 1 

We now give some properties of the normal LD-systems and prove that there exist 

only four kinds of normal LD-systems. 

L e m m a 5.2. Let g be a normal LD-systvm with cardinality n ^ 3. Let c be the 

least constant of g. Then for all 2 ^ z < z' ^ c we have cz ^ cz''. 

P r o o f . Assume cz = c;;', we have z zzc z' and, since g is normal, z^^z'. By 

Lemma 3.3, we get c ^ ~'. So, we obtain c = z' and hence ~ ~ 0 c . This implies 

./• c = ,rc = cc for all x in g. Thus, c is a constant element strictly less than c, which 

contradicts the fact that c is the least constant . • 

L e m m a 5 .3. Let g be a left LD-system with cardinality n ^ 3. If in g a constant 

c satisfies c(c • 1) = 1 then g is a normal LD-system, c is unique and either c • 1 = 1 

or c • 1 = n holds. 

P r o o f . In this case the mapping Lc is one to one by Lemma 1.4. Therefore, c 
is the unique constant, hence it is stable, and the congruence ^ 0 is trivial. The two 
congruences ^ 0 and ^ c are identical. Compute c((c-1)1): c((c-1)1) = c(c-1) • (c-1) = 
l ( c - l ) = (1 -c)(l -1) = c ( l - l ) . The injectivity of Lc gives ( c - l ) l = 1-1. Therefore, 
either c • 1 = 1 or c • 1 = n. • 

R e m a r k 5 .4. If for some element x of g we have x • 1 = 1 then, from [4] and 

[12], g is a LD-system p m for some integer m. If we have c(c • 1) = 1 and c • 1 = n 

then the return of g is 2. 
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L e m m a 5 .5 . Let g be a normal LD-system with cardinality n ^ 3. Let c be the 

least constant of g. If c is n then g is the LD-system p,„ for some integer in. 

P r o o f . If c is //, with n ^ 3. necessarily it is tlie unique constant element, hence 

it is stable. Tlie mapping Ln is one-to-one on g \ {1}. We liave n • 2 = n ( l • 1) = 

(u - l ) ( / . , - l ) = ( / / - l ) / / - ( / / - l ) l = n-(n -1)1. Thus (//• 1)1 = 1-1 which implies either 

// • 1 = 1 or // • 1 = 77. Ill tlie first case g is a LD-system p m for an integer ///. In the 

second case we obtain 2 = (// • 1)1 = n • 1 = n, so the cardinality of g is 2 which is 

impossible. Q 

P r o p o s i t i o n 5.6. Each normal LD-system g is of one and only one of the following 

types: 

type 1: either the least constant c satisfies c • 1 = i or we have c(c • 1) = 1 and 

c- 1 = //; 

r rpe 2: c is the unique constant (thus stable) e/eme/.r. satisfies c • 1 = // and we 

havec(c- 1 ) ^ 1 ; 

- type 3: c is the unique constant (thus stable) element and we have 1 < c-1 < //. 

- type 4: ihei'O exists at least one other constant (' not eqnai to c. 

P r o o f . Since the four types cover all different values of c • 1, each normal LD-

system is of one of the four types. Let // be tlie caidinahty of g. For // = 2 we see 

that the LD-systems pi and t' are of type 1 and the LD-system t is of type 4. Now. 

assume that n is greater than 2 If c(c • 1) = 1, using Lemma 5.3, c is the unique 

constant. So. in type V 2 and 3 there is a unique constant, thus they are distinct 

from type 4. Now, one can see easily that type 1. 2 and 3 are distinct. • 

P r o p o s i t i o n 5.7. Let g be a normal LD-system of cardinality n. Let c be the 

least constant ofg. 

i) If g has type 2 then the congruences ^9 and zz. coincide. 

ii) If g has type 3 the class of 1 with respect to the congruence ^ 0 is {1}. 

hi) If g has type 4 then tin* congruence ^ 0 coincides with the congruence -̂  • for 

all constant element c' such that c'(c' • 1) ^ c' • 1, ex(ept for the LD-system t when1 

~t , ~ i and ~2 are identical. 

P r o o f , i) Since none of the LD-systems of cardinality 2 has type 2, we can 

assume // ^ 3. By definition c is unique, thus stable, and wo have c = // or c = // - 1 

We cannot have c = // by Lemma 5.5. So, let c — n— 1 By definition the congruences 

^ 0 and ^c coincide on the subset {2, . . . . //} and the mapping Lr is one-to-one on tlie 

subset {2,. . . ,e} (Lemma 5.2). Thus for all 1 < .r < // - n. we hav(^ c.v ^ cij hence 

./; 96 y. Since w(* have c • 1 = // and c • 1 = c(c • 1) we only need to prove that 1 ̂ ( . // 

implies 1 ^ 0 / / . the COIIV(TS(» lu-oiig triK^ by definition of ^ I V Let us prove that the 
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return r = // • 1 is 2. It cannot be 1 otherwise, using Remark 5.4, g would be of type 

1. W e h a v e c - 2 = c ( l - l ) = ( c - l ) ( c - l ) = (c • l )c • (c • 1)1 = c - ( c - 1 ) 1 = c(n • 1) = cr. 

If /• — // we have c • 2 = en = e(c -1) = c • 1 — n. Since r = n • 1 we have n • 1 = n and 

we obtain n -2 = />(1 -1) = ( n - l ) ( / / - l ) = nn = ( c - l ) ( c - l ) = c(l • 1) = c - 2 = //. An 

easy computation shows that nx = n for all x in g and we obtain nc = c = n — 1, 

which is a contradiction. Therefore, r is always 2 and this implies for all ;/; in g 

that 1 • x = ?cr. Using Proposition 2.3, for all x in {2, . .. ,c} we have ca* ^ 1. We 

now prove that for all 2 ^ x ^ c we have ex ^ n. Assume the converse is true, 

then x is not equal to c since cc — c $ { l ,? i} . We have x • 1 = x + 1 > 2 and 

c(x • 1) = ex • (c • 1) = n(c • 1) = (c • l ) (c • 1) = c(l • 1) = c • 2. The injectivity of Lc 

mi {2,. .. ,c} gives x -1 = 2 which is a contradiction. Now, a decreasing induction 

on .r. taken between c and 2, shows that ex = x. We now prove that x • 1 = xn for 

all .r in g. We get :r/i = x(c • 1) = Tc • (x • 1) = c(.r • 1) thus 

( J- • 1 if x < c, 

c(c • 1) = c • 1 if x — c, 

c(n • 1) = c ( l - l ) = 1-1 iix = n. 

ii) Here we can also assume // ^ 3. Assume there exists an element x ^ 1 satisfying 

1 ~£,.r. Using Lemma 3.3, x = n and this is the only non-trivial pair of ^ 0 . This 

implies that the LD-system g has a unique constant (thus stable) c. By definition the 

congruences zzc and ^ g coincide on { 2 , . . . , / / } . If c is /̂  then we have n • 1 = nn = //. 

So, g has type 2. If c ^ n — 2, since c • 1 is strictly less than /̂ , we have (c • 1)1 = 

c + 2 <C //, We obtain c-2 = c ( l - l ) = (c- l ) (c- l ) = (c - l )c - (c - l ) l = c - ( c - l ) l = c(c + 2), 

then 2 « r c + 2 which also gives 2 « 0 c + 2 and this is a contradiction . Now, if c is 

// — 1 then we get c • 1 = c + 1 = n and g has type 2. 

iii) Assume n ^ 3 . If g has type 4 the equivalence class of 1 with respect to ^ g is 

trivial, otherwise using Lemma 3.3 there is a unique constant. Let d be the stable* 

of g. We show that c'k ^ c' • 1 for all k ^ 2. Assume it is not true, then, using 

Lemma 2.4, pick k between 2 and c + 1. If k is c + 1 then k is c • 1 and we have* 

c'(c -1) = e'e- (c' • 1) = e'e' • (c/ • 1) = c'(c' • 1) wich is a contradiction . If k is c then we 

have c' • 1 = rV = e'e' = J and c'(c' • 1) = e'e' • (c' • 1) = (c' • l ) (c ' • 1) = dd = d = c' • 1 

which is also a contradiction. Now if k is in {2 c — 1} then we get 2 < k • 1 ^ c 

and r ' (k • 1) = c'k • (c' • 1) = (c' • l ) (c ' • 1) = c'(l • 1) = c' • 2. Since c' ^ 0 c we also have 

r(A- 1) = e • 2, which contradicts the injectivity of L( on {2,. . . , c}. This proves that 

the equivalence class of 1 for «,./ is trivial. Now, since all constant elements are in 

the* same equivalence class for ^ 0 , the congruences ^ 0 and «,./ coincide on g \ {1}. 

Therefore, they coincide everywhere. • 
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6 . N O R M A L L D - S Y S T E M S AND L D - S Y S T I : M S pk-

The aim of this section is to prove the following: 

T h e o r e m 6 .1 . i) The normal LD-systems of type 1 are exactly the LD-systein> 

p7l and the LD-systems Sr(B(pn)) with P = {1, 2 2" - 1}. 

ii) The normal LD-systems of type 2 are exactly the LD-systems B(pn). 

iii) The normal LD-systtnns of type 3 are exactly the LD-systems 

Rr (Sp(Bd' (pn))) with d < 2". P a selector for ~/.-./(Pi> and r in the equivalence 

class of the return of Bd (pn). 

iv) The normal LD-systems of type 4 with cardinality greater than 2 are exactly 

the LD-systems Rr(Sp(Bd (pn))) with d ^ 2 n , P a selector for &B<i{Pri) and r in the 

equivalence class of the return of Bd (p ; i). For cardinal]rr 2. t is the only possibh 

LD-system (i.e. t = B(p0)). 

In each case the values of r. P and d are uniquely (h'termined. 

We first study the congruence ^ 0 in the LD-systems H(g). Rs(&) and Sp(#). 

L e m m a 6.2 . Let g be a left LD-system with cardinality u ^ 2. If in g we hav<> 

1 ~ 0 ? i or r = 1 then in 5 ( g ) , {/'. n + l} is the only non-trivial pair of ^R{g)< otherwise 

a « 0 b implies a ~#(0) b and we have r ~ B ( 0 ) n + 1. 

P r o o f . Let g' = B(g). We use the notation of Section 4. By construction we 

have r « 0 / rz -f 1. Let us consider the other elements of g'. Assume first 1 96 ?/ and 

r / l . Let a, b be two elements of g' satisfying a %0 b and l^oth neither equal to 1 

nor to n + 1. Let .r in g', we have T * a = Vv^VViOO^/iUO) — Vv,n(^0 = V-V,n (•*'&) = 

ipr,n(tPn(x)¥n(b)) = x * 6. Let x in g' \ {1}, we have a * T = Vv,n(<£n(«)<£*(**')) = 

ipr,n(ax) = \pr,n(bx) = ty r ̂ (v n(b)y> n(x)) = b * a\ Thus, a, ~0t b. Now, if {1.72} is the 

only non-trivial pair of ^ 0 then let a, b be such that {a, b} n { l , n } = 0. We have 

a = b and a « 0 / b. For the equivalence class of 1, we get by construction n * 1 = n + 1 

and n*n = n. Thus, we have two distinct equivalent classes 1 = {1} and rl — {n}. 

If r is 1 then all the equivalence classes of « 0 are trivial and if a J-^0 b we have a = b 

so a « 0 t b. • 

L e m m a 6 .3 . Let g be a left LD-system with cardinality n and return not equal 

to 1. 

i) If g is different from t the congruences « 0 and ~H,(0) coincide. If $ is t then 

&Rl{i) is trivial. 

ii) If 1 « 0 n holds and P is {V . . . , n — 1} the equivalence classes of ~SP(Q) are 

trivial. Otherwise, the congruences « 0 and ~;sP(0) coincide. 
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P r o o f . This comes from the definition of tlie operators. They only act on ele

ments of the same equivalence class. Let g; = Hs(g) and g" = Sp(&). Denote by * 

the product of g' and • the one of g". We use the notation of Section 4. 

i) If g is t then R\(t) is pi and « P l is trivial. Now let n be greater than 2. 

Tlie LD-systems g' and g only differ from the value of the return. This return was 

substi tuted with an element of its equivalence class with respect to « 0 . Let x and y 

satisfying x ^ 0 y. For all z ^ 1 we have x * z = xz = yz = y * z. If z ^ n we have 

z*x = zx = zy = z*y and if neither x nor y is 1 we get for n, n*x = nx = ny = n*y. 

If .r is 1 then there are two cases. Either y is also 1 and we get n*x = n*l = n * y 

or (Lemma 3.3) y is 71 and the only non-trivial pair of ^ 0 is { l , n } . The return r is 

2, hence its equivalence class for ^ 0 is {2} and the LD-system g' is g. In each case 

the equivalence classes of ^ 0 and « 0 / are equal. 

ii) For g", if 1 96 n for all ;r, u such that xtt$y and for ail z ^ 1 we have T • 

- = 'il'xz,u(zz) — ipyz,u(yz) = y • z and if neither T nor H is 1, for all z we have 

c • .r = -ipzx,v(zx) = ^zy,v(zy) = z • y. If 1 ~ 0 7i and P / { l , . . . , n - 1} then the 

LD-system g" is g. In these two cases the congruences ^0tt and ^ 0 coincide. Now, 

if 1 ?ZQ n and P = {V . . . , n — 1} it is straightforward that the equivalence classes for 

« 0 » are trivial. • 

P r o p o s i t i o n 6.4. Tiie set of normal LD-systems is stable under the action of the 

operators B, R and S. 

P r o o f . Let g be a normal LF-sys 'em with cardinality n. We can assume n ^ 2 

since the operators R and 5 cannot act on po and -B(po) = t has type 4. Let c be 

the least constant of g. By definition, to apply B we must have xy ^ 1 for all y 7- 1. 

Then g cannot be of type 1 with c • 1 = n . Let g' = B(Q). Assume g is normal of 

type 1 with c • 1 = 1 then g is a LD-system p^. Therefore, c is n = 2 / l and, from 

Lemma 6.2, the only non-trivial pair of «0» is { l , 2 / l } . The construction of g' gives 

2h * x = 2hx = x, for all x e { 2 , . . . , 2 h } , and 2^ * (2h * 1) = 2h * (2h 4- 1) = 2h 4- 1. 

Thus, in g' the only non-trivial pair for ^ c is {V271 4- 1}, so ^ 0 t coincides with « r . 

The LD-system g' is normal of type 2. Now, if g is normal of type 2 then g' is normal 

of type 3 since by construction we have, for all x E { 2 , . . . , c} , c*x 7-= 1, c*x = ex = x 

and c * (c * 1) = c * l = n < n 4 - 1 . For the case where g is normal of type 3 or 4, 

using Lemma 6.2, the only new pair is {r, n 4-1} then c * r is equal to c * (n 4- 1). 

Thus, g' is normal of type 3 or 4. 

The operator R only changes the return of the former LD-system. Therefore, 

RS(Q) is of the same type as g unless g is equal to t and in this case Hi (t) is p i , which 

has type 1. 

The operator S only exchanges values belonging to the same equivalence class. If 

g has type 2, by definition and using the Proposition 5.7, we have 1 « 0 n and c-1 = n. 
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If P is {V . . . ,77 — 1} we have in 5p(g) , c * 1 = n and r * (e * 1) = c * n = 1. Hence. 

Sp(g) has type 1. In all other cases Sp(g) is of the same type as g. G 

In the sequel we will prove the converse of the previous proposition. Let us begin 

with some preliminary results. 

L e m m a 6 .5 . If g is a left LD-system, with cardinality n ^ 2, such that the only 

non-trivial pair of « 0 is {1,7/} then there exists an mt(\u)er h such that g is B(pjl). 

P r o o f . If /7 equals 2 then g is t and we have t = Z?(po)- Now assume n ^ 3. 

Denote by x the equivalence class of x for « 0 . In g/ ~ p we get (n — 1)1 = (/? — 1)1 = 

71 = 1. Therefore, g / ~ 0 is a left, LD-system with return 1. It is a LD-system p/, for 

an integer h. Moreover, the number of equivalence classes is // — 1 thus n = 2h + 1. 

Let g' = B(ph). The cardinality of g' is 2 / l + 1 = //. From Lemma 6.2, the only 

non-trivial pair of « g / is {l,n'}. The congruences ^ 0 and « 0 / coincide. For all x we 

have x • 1 = x * 1, then xn = x * 77. We must check that xy = x * y for the other 

values of y. Let xy = z and x * y = z'. Since g and g' have the same quotient for 

« , we must have xy = x~*~y — z'. From the congruences ^ 0 and «-,/ we have z = z' 

or {z,z'} C {1,?i}. Assume {c, c'} C { l , n } and z - 1, c' = //. We have T;/j = z = 1 

which implies that all the pairs for ^ p are trivial. This contradicts the hypothesis, 

so g is g'. • 

P r o p o s i t i o n 6.6. Let g be a normal LD-system with cardinality n. Let c be its 

least constant element. 

i) If g has type 2 then there exists an integer h such that g is B(ph). 

ii) If g has type 1 and c • 1 = /i there exist an integer // and a selector P such that 

$isSP(B(ph)). 

P r o o f , i) We can assume // ^ 3. The only non-trivial pair of ^ c in g is {1. / / } . 

Since ~ c is « 0 , {l,n} is the only non-trivial pair of ^ p too. Applying the preceding 

lemma we obtain g = B(pit). 

ii) For 71 = 2, it is easy to see that t' is 5 | 1}(H(p 0)) . Let n he greater than 2. Since 

c(c-1) = 1, Lc is an automorphism of g and c is the unique constant of g thus stable. 

Let us show first tha t Lr is the transposition T(i,„)- We have c • 1 = 77, c(c • 1) = 1 

and cc = c. Since Lc is one-to-one, using the notations of the Proposition 2.3, we 

have, for all x G {2, . . . , c - } , ex ' { 2 , . . . , c - } . In addition, for all x in g. we have 

x • 1 = x • c(c • 1) = xc • x(c -1) = c • x(c • 1) = Or • c(c • 1) = ex • 1. But, we have 

x -I = x + 1 for x in {2,. . . , c~ }. Therefore, we get x • 1 = T + 1 = ex • 1 = ex + 1. so 

ex = x and Lc = T(i,u)- The return of g is 2 since // • 1 = (c • 1)1 = (c • 1) • c(c • I) = 

(c • l )c • (c • l ) (c • 1) = c • c(l • 1) = c(c • 2) = c • 2 = 2. Now, define a relation = on 
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{1 «} by 

X = u <^=> < 
\ o r {x,y} Q{l,n} 

and show it is a congruence. The relation = is an equivalence relation since it is a 

partition of {1 / / } . We have to sliow it is compatible with the product. Fix a. b 

in g satisfying a = b. For all x in g 

• if a = b we have xa = :rb, ax = b:r then xa = xb and ax = b.r, 

• if {a.b} C {1,//} and a.± b 

if x < c we have xn = x(c • 1) = xc • (x • 1) = c(:7- • 1) = x • 1, since L c is T(^n), 

then T • 1 = J;?I, 

if .r = r we have en = c(c • 1) = 1 and c • 1 = n then {cn,c -1} C { l , n } so 

c • 1 = C / / , 

if x = n = c • 1 we have //// = (c • l ) (c • 1) = e(l • 1) = c • 2 = 2 = 1 • 1 = n • 1, 

since the return is 2, then // • 1 = ////, 

since the return is 2, we have // • 1 = 1 • 1 which implies nx = 1 • x for all x ^ 1 

so nx = 1 • x. 

This proves that = is a congruence. Moreover, the only non-trivial pair is {!,//}, 

thus there is // — 1 equivalence classes for = . In g/ = we have c - l = c - l = / 7 = l . 

Therefore, g/ = admits 1 as return. Tims, g/ = is a LD-system p/t for an integer 

//. In addition, n is equal to 2'' -f 1. Let gr = B(pft). From Lemma G.2, the only 

non-trivial pair of £^y is {!,//}• By construction the return of g' is 2, there is a 

unique constant c = n — 1 and we have 

// if x = 1 or x = H. 
c * ./• = 

.r if 1 < :/' < 71. 

Thus, in g; the relations ~p t , ~ r and = coincide. Moreover, g' satisfies the definition 

of the normal LD-systems of type 2. Apply the operator S to g' with P = {1 // — 

1}. The only change between the table of g; and the table of Sp(g ' ) is the value of 

c * (c * 1) which becomes 1. This proves 5p(g ' ) = g. • 

L e m m a 6.7. Let g be a normal LD-system of type 3 oi' 4 T\iIIi cardinality n ^ 3. 

There exists an integer h such that g / ~ 0 = Z?(p/t). 

P r o o f . Let c be the least constant of g. From Lemma 5.3, c'(c' • 1) ^ 1 for 

all constant ry, otherwise g cannot be of type 3 or 4. Assume g has type 3 and 

let l) = g / ~ p . The LD-system f) is a left LD-system since it is a quotient of g. 

From Lemmas 2.4, 3.3, 5.2 and the hypothesis, one can see that the number of 

equivalence classes for « 0 is c • 1 = c -f 1 ^ 3, the only constant of fj is c and 

T(T • 1) = c(c • 1) = c- 1 = T • 1. Moreover, we have c- 1 = {c • 1}. Then the 
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cardinality of f) is c • 1 = c • T. Since we have c(c • \) ^ T h is normal of type 2, and 

using Proposition 6.6, rj is H(p/t) for an integer h. 

Now, if g has type 4 and if there is an x > 1 which is not a constant element, 

using the same argument as above, we can prove that li is B(pk) for an integer //. If 

all x > i are constant then h is t which is B(p0). Z! 

P I o o f of T i l e o r e m 6.1. Let g be a normal LD-system with underlying set 

{1 n}, 1 as a generator and return r = n • 1. Let c be its least constant. If g has 

type I or 2 the Proposition 6.6 gives the result. If it has type 3 or 4 we can assume 

n ^ 3 since t = B(p0). Then using Lemma 6.7, g/ ^ = B(pit) for an integer h. We 

have to rebuilt g from B(ph). The case of type 3 or 4 is similar. From the injectivity 

of Lr and Lemma 2.4, for all .r, y in {2, n} we have T~0 */ <=-r- \x - y\ = kc. 

with k = 0 or k = 1 if g has type 3 and k satisfies Ac < // if g has type 4. Since 

-^p and ^c coincide on {2 //} from the Proposition ~>.7, the equivalence classes 

of ~ 0 are given by 

( {1} n'.r - 1, 

x = I {c- 1} li .r = c- 1. 

i {'/ £ g V ^ "̂. ;(/ — t" = ti'i I ii' x r {2 c}, 

where A: = 0 or k = 1 if g has type 3 and k satisfies Ac < // if g has type 4. Let 

(/ = card(g) — card(p^) and g' = Bd(pk) (i.e. apply <l times the operator B to p/ L 

Let * denote the product of g'. Since the normal LD-systems are stable under B. g 

is normal of same cardinality as g. From the construction of g' and Lemma 6.2. we 

deduce that 

l) if g has type 3 then there is a unique constant c. we have c * (c * 1) = c * i and 

c * 1 ^ { l , n } , thus, g' has type 3, 

ii) if g has type 4 then there is a constant c' such that c' * (cf * 1) = c' * 1. if c is 

the least constant of g' then c (^ { l , n } , thus, g' has type 4, 

iii) the equivalence classes of « 0 / are given by 

H I } if.r = l, 
.F = < {c * 1} if x = c * 1, 

I {y € g: // ^ -c, 2/ - -c = fcc} if ./' G {2,. . . , c } , 

where k = 0 or k = 1 if g has type 3 and k satisfies kc < n if g has type 4. 

Therefore, ^ g and « g / coincide. If xy ^ x * i/ then the two values belong to 

the same equivalence class. We can pick a selector P such that xy represents its 

equivalence class. Let s = Sp(g') and denote its product by •. The return of 5 is r ' , 

return of g', and for all couple (,r, y) of s2 such that (;r, y) ^ (n, 1) we have x^y = xy. 

Let r = Rr(s) and denote its product by o. The LD-system r is a left LD-system 
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with return r such that , for all couple (x,y) 7- (n, 1), we have x o y = xy. Then r 

coincides with g and we obtain g = Rr(Sp(Bd(ph)))-

To prove the unicity, assume t h a t we try to construct a normal LD-system g of 

cardinality n from the LD-system p m with 2 m ^ n. Then the value of d is determined 

In- the equation 2 m + d = n and, therefore, it is unique. Each selector P determines 

all the values of the table but tliose in the first column. Therefore, to each selector 

corresponds a family T of tables which only differ by the first column. The values 

from 1 to /? - I are fixed since a normal LD-system is a left LD-system. Hence, the 

tal >les of T only differ by the value of the return which is the value of n • 1. Therefore, 

the choice of a return r determines a unique table of this family. Then the choice of 

the three parameters J, r and P determines a unique table. • 

Let us consider the following tables. 

1 2 3 4 5 6 
1 2 4 4 4 4 4 
0 3 4 3 4 3 4 
3 4 4 4 4 4 4 
4 5 4 3 4 3 4 
5 6 4 4 4 4 4 
6 3 4 3 4 3 4 

1 2 3 
1 2 2 2 
2 3 2 3 
3 2 2 2 

1 2 3 4 5 6 
1 2 6 6 6 6 6 
2 3 6 5 6 5 6 
3 4 6 6 6 6 6 
4 5 6 5 6 5 6 
0 6 6 6 6 6 6 
6 5 6 5 6 5 6 

1 2 3 4 5 6 
1 2 4 4 4 4 4 
2 3 4 3 4 3 4 
3 4 4 4 4 4 4 
4 5 4 3 4 3 4 
5 6 4 4 4 4 4 
6 5 4 3 4 3 4 

Table 6 Tab Table 8 Table 9 

Let g be the normal LD-system of Table 6. This is a normal LD system of type 4, the 

cardinality is 6, the return is 3, the least constant is 2 (the constant column of least 

indice) and the equivalence classes of the congruence ^ 0 are {1}, {2,4,6}, {3,5}. 

The table of g / ~ 0 is Table 7, which is the normal LD-system B(p\). We apply 

successively 3 times the operator B and we obtain the normal LD-system H4(pi) of 

Table 8. In this LD-system the equivalence classes of the congruence « # 4 ( p i ) are 

{1}, {2, 4, 6}, {3, 5}. They are identical to equivalence classes of the congruence « 0 . 

Taking P equal to {1,3,4}, we obtain the LD-system S P ( H 4 ( p i ) ) of Table 9. Now, 

taking 5 equal to 3, we obtain the LD-system H3(5p(H4(pi))) of Table 6, which 

coincides with g. 

To finish we prove, now, the periodicity phenomenon for normal LD-systems. 

L e m m a 6.8. Let g be a normal LD-system with cardinality n ^ 3 and return 

r ^ 2. Assume g = Rr(Sp(Bd(p7n))) for suitable d, P, r and m. Then the least 

constant of g is 2 m and we have for all 1 ^ x ^ 2 m and integer k, 0 ^ k ^ 2 m —1/2». (x), 

x(vyn (x) + k) 
• { ; 

(k)v2,n(x) if(k)U2,n(x) Ф 1, 

vTn(x)l if(k)U21n{x) = 1. 
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P r o o f . For k = 0 there is nothing to do since (()),.,„, (ti.) is v2n,(x). Then let 

k ^ 1. By construction the cardinality of g / ~ g is <• • i = o + 1 = 2 m + 1 whore 

o is the least constant element of g. Hence, we have c = 2 m . Moreover, since1 

/v2,M(2m) is 2 m , Lemma 2.4 gives the result for c = 2'". Now. let x be between I 

and 2 m — 1. Consider the case of a LD-system H(/(p„j. Lot * denote the product 

of p m . Assume we have v2n,(x) + k ^ 2 m . If neithoir {k)l/lin {x) nor /v2,„ (.r) is I 

then in p m we have ./• * (v2„,(x) + k) = x * (£),,,...(.) and this still holds in B,!{pni) 

by construction. If tv2„, (./•) is 1 then (k);,nni{x) is 1 for all k and in p m we have 

x * y = x * z for all 1 ^ y ^ z <C 2 m . Therefore by contruction, in Bd(prn) we 

have :/: • 2 = xu for all u ^ 2. In particular v2„, (x) + /,• is at least 2. Thus, we have 

x(v2n, (./•) + A:) = T • 2 = x(l 1) = T(zv2„,(.r) • 1). Now if we have (k),,_„l(,.;, = 1 and 

v2n, (x) / 1 then we have either k = 1 or k = uv2n,[x) + 1 j> 2. In the first case we 

have x(v2n,(x) + 1) = x(v2„, \x) • L) since v2„, (./•) is less than 2m + J, the cardinality 

of Hf/(pm). For the second case, in p,H we have x * (///'•_.., (./•) + 1) = ./• * \v2n, (x) + i 

and v2n, (;/:) + 1 ^ 2 . Then still by contruction, in W'ip,,,) we have ./•(/'_..•. (x) + A ) = 

./•(/v2n, (./:) + 1), hence, we have ./•(/;_».. (x) + k) = ./•(/••_- (./ ) + 1) = x(v2,>, (./•) • I). For 

v2n,(x) + A: > 2 m , by construction there exists a unique 2 ^ y ^ 2 m satisfying 

xy = x(v2n,(x) + A:) and such that y — (v2», (x) + k) is a multiple of 2 m . Let // = 

v2n,(x) + /i, we have v2„,(x) •+- A = u27n + /v2<n (.r) + />. Since /;_». (T) divides 2"'. we 

have (k)U2m{x) = (v2„,(x) + /,'),,,„(,) = (u2m + /v2„o,,) + //).,_,„(.) = (h)L,2„l{x) . Sn. 

we obtain j:(iv2.r, (;/•) + A') = c{v2.» (x) + //) and, from the preceding, the result follows. 

Now if we apply 5 . all equalities of the type xy = . / : . 1 < // ^ z, in Bd(pnl) still 

hold in SP(Bd(pm)). If k is I) then we have the result since (O).,,,.,. {.r) = v2;,{x). If 

k is at least 1 then we have v2,<, (x) + A: > 1 and v2„,(x) • 1 > 1. Therefore, wo can 

conclude. For the operator /? we have the result since it only changes the return, 

thus, none of the products .///. // > 1. H 

P r o p o s i t i o n 6.9. Let g be a normal LD-system wth cardinality n ^ 3 and return 

r ^ 2. Assiniie g = I?,.(S/'(B'/(pm))) for suitable <l / ' . r and m. The values of r 

and of the products xy. for x in {1 , . . ., 2 m } and y in {2 v2„, (x) + 1}. completely 

determine the table of g. 

P r o o f . Since g is a left LD-system, all values in the hist column but the one of 

the return are determined. The previous lemma proves that for all x in {1 2'" j 

the values of the products xy are determined by the values of the products xy with 

y in {2, . . ., v2„, (x) + 1}. Now. by construction for all // > 2'" there exists a unique 

x ^ 2 m such that yz = xz holds for all z > 1. • 
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C O N C L U S I O N 

The normal LD-systems have the same periodic behaviour as the LD-systems p/,. 

Moreover, the least constant element of a normal LD-system g is a power of 2, which 

is the cardinality of the LD-system p/, from which g is built. Thus, the normal 

LD-systems are ' 'natural" extensions of the LD-systems p/,. 

To mention some natural open questions, we would mention the conjecture that 

the relation ^ is a congruence for any monogenic LD-system (and not only for the 

left ones), an assertion that has been verified for all LD-systems with cardinality ^ G 

(there are 1221 non isomorphic such systems), and the more informal conjecture that 

nil monogenic LD-systems can be constructed from the p/. in some sense (see [7] and 

[S] for further result on this question). 
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