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Abstract. We give an explicit description of a tensor norm equivalent on €(K) ® F to
the associated tensor norm vgp to the ideal of (q,p)-absolutely summing operators. As a
consequence, we describe a tensor norm on the class of Banach spaces which is equivalent
to the left projective tensor norm associated to vgp.

As far as we know there is no explicit description for the tensor norm v, associated
to the ideal P(, ;) of (g, p)-absolutely summing operators. The purpose of this note
is to define explicitly a norm equivalent to this one in the case of tensor products
of type €(K) ® F. As a consequence, we shall be able to give an easy and direct
definition of a tensor norm equivalent to the left projective tensor norm \vg,. The
key of our results is the connection on ¥'(K) spaces of Py ) with the ideal P, , of
(p, o)-absolutely continuous operators defined by Matter in [4] and the knowledge of
the tensor norm associated to P, ,, which was obtained by the authors in [3].

Throughout this note we use standard Banach space notation. The class of all
Banach spaces will be denoted by BAN. If £ € BAN, Bg will be the unit ball of £
and Jg will denote the canonical inclusion of E into E”. K will be always a compact
Hausdorff topological space and €(K) the Banach space of all scalar continuous
functions on K. If E € BAN, Bg: will be considered as a compact space with
the topology o(E',E). We define Ig: E — ¥(Bg') to be the canonical isometric
embedding. We refer the reader to [1] and [7] for all definitions concerning tensor
norms and operator ideals respectively. If 1 < p < o0, p’ is the extended real number
satisfying % + # = 1. (P,,II,) will be the normed ideal of p-absolutely summing
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operators on BAN. For every E € BAN, (z;) € EN,p € [1,00] and o € [0,1] we
define (changing ¥ by sup when p = o)

mp((z:)) = (i IIa:i||P)1/p

i=1

and

1-o

0po ((2:)) ;= sup (E(Km” VA= 4[| )1—1—,) 5

z'€Bgs

1. Definition. (Matter [4]): Let 0 < 0 < 1 and E,F € BAN. We say that

T e Z(E,F) is a (p, o)-absolutely continutous operator if there exist G € BAN and
an operator S € P,(FE,G) such that

1) ITzll < llzlI”lISz||'~ V= € E.

In such case, we put II, ,(T") = inf I1,(S)}~7, taking the infimum over all G and
S € P,(E,G) such that (1) holds. We denote by (P,,,,II,,) the normed ideal of
(p, 0)-absolutely continuous operators in BAN.

We have the following characterization of P, (% (K), F):

2. Proposition. Let F € BAN and let T € 4(¢(K),F). Then
T €Ppo(€(K),F)
iff there are C > 0 and a Radon probability measure A on K such that
(2) ITz|| < Cllzll” Ik (@)I'™7 V2 € F(K),

where Iy is the canonical map Ix: €(K) — Ly(K,\). In addition, 7y, (T) is the
infimum of numbers C for which (2) holds.

Proof. LetT € P, (€ (K),F). ThenthereisG € BAN and S € P,(¥(K)),G)
such that (1) holds. By Pietsch’s factorization theorem (see [7], 17.3.5), there is a
probability measure A on K and R € Z(Lp(K,)),G) such that S = RIg and
I1,(S) = inf||R|| over all R and A. Then (2) holds and infC < inf||R||*~° =
I1,(S)!~?. Taking the infimum over all S in (1), we have inf C < II, ,(T). Con-
versely, if (2) holds, the map S = CY(=9) [y € P,(F(K), Ly(K,\)) verifies (1)
and hence T € P, (¢ (K), F) and I1,, ,(T') < I1,(S)'~7 = C. Then the conclusion
follows. O
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The following result is due essentially to Pisier.
3. Proposition. For all F € BAN,1 < p< o and 0 € ¢ <1 we have

Pp,o(€(K), F) = Pz »)(¢(K), F).

Moreover,

l1-0

D (1—0')/
(e, (T) < T (T) < ( ) (o (T).

Proof. The inclusion Py, C P2 ,) and the first inequality are immediate
from theorem 4.1 of Matter in [4]. On the other hand, by theorem 2.4 of Pisier in [8],
every T € P(.z_ ,,)(€(K), F) verifies our proposition 2 and the second inequality.

a

It is well known that P(, ) (¢ (K), F)) does not depend on the parameter p (see [6]
and [8]). From proposition 3 we get

4. Corollary. Let F€E BAN,1<p<o00,0<o0<1landq= . Then for every
1< 1_,. =q, p,o((g(K)’F) sy,(‘f(K),F).
Moreover, if T > o there is a C > 1 such that I, . (T) < I, -(T) < CIl, .(T) for
every T € Pp-(C(K), F).

Proof. It follows from theorem 4.1 in [4], the fact that g(¢) = a'~°b° is an
increasing function on [0, 1] for 0 < a < b < o0 and the open mapping theorem. O

We have defined in [3] a family o, 4., of tensor norms on BAN which generalizes
the known tensor norms a,, of Lapresté (see [2] and [1]). In particular, choosing
v =0 and ¢ = 1 we get the following:

5. Definition. Let 1 < p < oo and 0 < ¢ < 1. The tensor norm d, , on BAN
is defined by

dpo(2; EQ F) := inf {6,,:0((zi))7r( Yi) | z= Zx, ®y1} Vze EQ®F.

l a

It is proved in [3] that d, , is the associated tensor norm to the deal Py .,
ie. (E®q,, F) = ,,‘,,(E,F) Hence

6. Corollary. If F € BAN, 1 < p < o, 0 < 0 <1 and q = &5, then
(¢(K)®a,, , F)' is isomorphic to P, (€ (K), F'), i.e. on €(K) ® F, the associated
tensor norm to Py p) is equivalent to d, ,

7. Definition. Let (%,U) be a normed operator ideal in BAN and E,F €
BAN. We say that T € % (E,F) has the extension property if there is T €
% (€ (Bg), F") such that JpT = TIg.
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Note that this definition is not coincident with the given one by Matter in [4]
section 5. We denote by Z***(E, F) the set of all operators T' € % (E, F) with the
extension property. It is easy to see that

UY(T)=inf{U(T) |T|e =T and T € %(€¢(Bg),F")}

is a norm in Z***(E, F).

When % is a maximal operator ideal with associated tensor norm a, we denote
by \% the maximal operator ideal associated to the left projective tensor norm \a.
The following characterization shows, in particular, that (% °**,U®*) is a normed
operator ideal in BAN and gives us an easy description of the ideal \%:

8. Proposition. The following are equivalent:
1) T € #°**(E, F)
2) Te\%(E,F)
3) There are a compact space K, a Radon measure p on I{ and operators R €
Z(E,Loo(K,p)) and T € % (Loo(K, 1), F"") such that JeT = TR.
Moreover U*Y(T) = \U(T) = inf | R||U(T), taking the infimum over all factoriza-
tions as in 3).

Proof. 1) = 2). This implication and the inequality \U(T') < U***(T') follow
from proposition 20.12 in [1].

2) = 3). Use again proposition 20.12 in [1].

3) = 1). Suppose that JrT admits a factorization as in 3). Since Lo (K, p) is
isometric to some € (W) where W is a compact Stonean space (see for instance the
section 3.10 of [1]), R has a norm preserving extension H € Z(€(Bg'), L (u)).
Thus U™Y(T) < U(TH) < |H||U(T) < |RIIU(T) and USX(T) < \U(T). g

9. Corollary. Let ¢ > p and o € [0,1[ such that ¢ = £-. For all E,F € BAN,
Py (E, F) is isomorphic to PX (E, F).

P

When % = Pp, we can determine explicitly the tensor norm associated with
%°** =\%. Given E,F € BAN, let o, be the norm on E® F

po(z, EQF) =dpo((Ig ®1dF))(2); ¢ (Be) ® F).
ap,o is a tensor norm in BAN as consequence of the following theorem:
10. Theorem. Given g > p, let o € [0,1] be such that ¢ = 2. Then
(E @, FY = P (B, F)
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i.e. o, , is equivalent to the tensor norm associated to ’P(Q;‘tp).
’ ’,

Proof. F Qa, F is a topological subspace of € (Bg) ®d, ., F. Then

(E ®a,,, F)' = (€¢(Br) ®a,, F)'[(E® F)* = Py (¥(Bp), F')[(E® F)*

where (E ® F)* is the orthogonal to E ® F in P, ,(€(Bg), F’). Let ||.||o be the
norm on P, ,(€(Bg), F')/(E® F)*. 1t is clear that every element T of this quotient
(" denotes the classes in the quotient) defines an unique operator T in Py} (E, F')
such that

I(T) < inf{Il,,(S)|S € T} = | Tlo.

Conversely, since there is a projection P from F'’ onto F’ of norm 1, every T €
Po3(E,F') has an extension S € Ppo(¥(Bg), F"). If To = PS, then To €
Ppo(€(Be), F')/(E ® F)* and | Tollo < Tp,o(PS) < Mpo(S). Hence [[Tollo) <
[I$%(T) and P, o (€ (Bg), F')/(E ® F)* is isometric with Pg%(E, F'). Corollary 9
gives the conclusion. O

11. Corollary. If ¢ > p € [1,00[, and o € [0,1[ is such that ¢ = ;£ then oy, ,
is equivalent to \vgp.
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