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VARIABLES OF FINITE VARIATION AND THEIR APPLICATION
TO AN IMPULSIVE HYPERBOLIC EQUATION
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Abstract. We give characterizations of the distributional derivatives Dl’l, Dl’O, DO of
functions of two variables of locally finite variation. Then we use these results to prove the
existence theorem for the hyperbolic equation with a nonhomogeneous term containing the
distributional derivative determined by an additive function of an interval of finite variation.
An application of the above theorem to a hyperbolic equation with an impulse effect is also
given.

MSC 2000: 26A99, 26A21

INTRODUCTION

The necessity of considering, in certain physical and technical problems, differen-
tial equations whose solutions may be discontinuous functions brought the develop-
ment of the theory of impulse differential equations.

The study of such equations was initiated by J. Kurzweil in [7, 8, 9].

In literature, different approaches to the investigation of such equations are known.
Paper [10] shows an approach consisting in the preassignment of values of impulses
of a solution by help of a family of operators acting in a state space. In the second
approach equations with distributional derivatives of functions with locally finite
variation as coefficients are considered (in particular, a linear combination of Dirac’s
deltas concentrated at different moments). The linear equation

T=Axz+b
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in the case when A is a function and b—a distribution is studied, for example, in [3,
11, 20]. The case when both A and b are distributions is investigated, among other
things, in [12, 14, 20].

Basic results, applications to the control theory and more extensive literature
concerning the ordinary impulsive equations can be found in [19].

The aim of the present paper is to generalize some theorems concerning the distri-
butional derivative of a function of one variable with locally finite variation as well
as the existence of a solution to an ordinary differential equation containing such a
derivative in the nonhomogeneous term to the case of functions of two variables and
a partial differential equation of hyperbolic type.

The definition of a function of two variables with finite variation (cf. [6]), equivalent
to that given by Hardy-Krause (cf. [2]), which we adopt in the paper, is analogous
to the definition of an absolutely continuous function of two variables from [18]. On
account of the fact that these definitions are based on the notion of a function of
an interval, characterizations of the distributional derivatives of functions with finite
variation are also based on the notion of a function of an interval.

In Chapter I we give certain facts from the theory of real functions. Some of
them, which can be found in monographs [13, 17|, are given without proofs. Those
which were not accessible to the author in literature are presented together with
their proofs.

In Chapter II we introduce the notion of functions with locally finite variation
and, next, give a characterization of the distributional derivatives DV1, D10 D01
of such functions. Theorems 2.3, 2.5 are analogues of Lemmas IV.1.1, IV.1.2 proved
in the monograph [3]. Lemma 2.2 is an analogue of the theorem on integration by
parts (in the sense of Lebesgue-Stieltjes) proved in the monograph [11].

In Chapter III we prove the existence and uniqueness of a solution to a partial
differential equation of hyperbolic type containing a function of an interval with finite
variation (or, equivalently, a distributional derivative of a function of locally finite
variation) in the class of functions with locally finite variation. Theorem 3.3 is an
analogue of Theorem IV.1.2 proved in the monograph [3].

The considerations included in the present paper and, in particular, Corollary 2.4
constitute the starting point for the investigation of impulse hyperbolic equations of
the form

0% 0z 0z
=Az+ B~ +C—+D"'A
0zxdy e ox + Cay * h
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where h is a linear combination Y ashs of two-dimensional Heaviside functions, that
S
is, functions of the form

1z >as ANy > ys,

0: otherwise

hs: (z,y) — {
where (zs,ys) for an arbitrary index s is a fixed point.

I. SOME FACTS FROM THE THEORY OF REAL FUNCTIONS (CF. [13, 17])

Let 2 = ]a,b] x ]c,d[ be an open interval (may be unbounded) contained in R?
and F' an additive real function of an interval, defined on the collection of all closed
bounded intervals contained in {2, having a finite variation on each of them.

The symbols g+, - will denote the measures determined by the upper variation
F7 of F and the lower variation F'~ of F, respectively.

The symbols A+, #r- will denote the o-additive algebras the measures pp+,
Lp-, respectively, are defined on.

It is known that if R is a closed bounded interval contained in 2 and (P, )nen,
(Rn)nen are sequences of closed bounded intervals contained in (2, such that

P, C Int R, RCIntR,,
Int P, — Int R, R, — R,

then

pps(Int R) = lim F1(P,),

n—oo
pp+(R) = lim FT(R,).
n—oo

Of course, equalities of this type can be written also for the measure determined by
the lower variation F'~ of F.

We will say that a function g is integrable on the set A C A p+ N M- with
respect to F' if g is integrable on A with respect to pup+ and pp-.

In this case, we shall adopt

/ng Zz/ngFJr_/ngF*-
A A A

An additive function F' of an interval will be called -continuous on {? if, for any
closed bounded intervals Py = [29, 23] x [?,49] C 2, P, = |27, 23] x [y}, yZ] C £,
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n € N, such that (P,)nen is /-convergent to Py (P, /" P), i.e.

ot <2y, neNn, lim x} = 29,
n—oo

i <a2%, neN, lim 2l = 23,
n—oo

n 0 : n _ ,0

Y1 <yi, neN, lim yi" =yy,
n—oo

n 0 : n_ .0

Yy <Yy, neN, lim yy =y,
n—oo

the equality
lim F(P,) = F(FR)

n— o0

holds.

Remark 1.1. It is easy to see that the -continuity of F' implies the following
continuity: if Py = [29,29] x [y9,99] C 2, P, = [27,25] x [y?,y%] C 2, n € N, are
closed bounded intervals such that

P <zy, neN, lim 2] = 29,
n—oo

<) N lim zf = 2

Ty < Ty, NEN, Im Ty = Ty,
n—oo

n 0 : n_ .0

yr <y;, neN, lim yi =y,
n—oo

n 0 : n _ ,0

y2 < yZa n e Nv lim yZ _yZa
n—oo

then
lim F(P,) =F(P).

n—oo

From the above definitions and the remark, one can directly obtain

Lemma 1.2. If an additive function F' of an interval has a finite variation
on a closed bounded interval P, then the /-continuity of F' in Int P implies the
/-continuity of F™ and F~ in Int P.

Now, we recall that the family J# of closed bounded subintervals of {2 is called
dense in (2 if any closed interval contained in {2 is the limit of a descending sequence
of intervals from 7.

We have

Lemma 1.3. If the family ¥ is dense in {2, then any closed bounded interval
contained in {2 is the limit of an /-convergent sequence of intervals from J¢ .
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Proof. The assertion follows directly from the fact that the density of the
family ¢ in (2 is equivalent to that of the set

{(al,ag,bl,bg) € R‘l: [al,ag] X [bl,b2] S e%/}

in the set
{(a1,a2,b1,b2) € R*: a1, as] x [b1,bs] € 2}

We will use the above lemma in the proof of

Lemma 1.4. Let F' be an additive function of an interval of finite variation on
each closed bounded interval contained in {2, /-continuous in {2. Then if

/goszO
Q

for any ¢ € 2(12) (2(2)—the set of test functions), then
F(S)=0

for any closed bounded interval S C 2.

Proof. Let f be any fixed function from the class C of all continuous (on {2)
functions with compact supports contained in (2. So, there exist a closed bounded
interval P C {2 and a sequence (¢n)nen, ¢n € 2(12), n € N, such that (¢,,) converges
uniformly to f on {2 and supp f C Int P, supp ¢,, C Int P, n € N. From this, on the
basis of [17, XI.3.9], we have

/de:/de:/ lim ¢, dF = lim on dF = lim pndEF = 0.

/Qfdum :/QfduF-

for f € C. This means, in view of the Riesz theorem (cf. [13, VIL.5.4]), that

Consequently,

Hp+ = Hp-
in the class of relatively compact Borel sets contained in (2. So, in particular,

pr+(Q) = pp-(Q),
pr+ (Int @) = pp- (Int Q)

for any closed bounded interval Q) C 2.

(1)
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Now, let R be an interval of continuity of F (and, consequently, of F* and F'~),
that is,

pp+(Int R) = F*(R) = pp+(R),
pp-(Int R) = F~(R) = pp-(R)
This means, in view of (1), that
F*(R)=F (R)

Since the family of intervals of continuity of F' is dense in {2, we get from Lemma
1.3 that any closed bounded interval S C (2 is the limit of an ”-convergent sequence
(Ryn)nen of intervals of continuity of . From this, on the ground of Lemma 1.2, we
have

F(S) = F*(lim R,) = lim FT(R,) = lim F~(R,)

n—oo n—oo n—oo
= F(lim R,)=F(9)

for any closed bounded interval S C 2. So, from the Jordan decomposition of F' it
follows that
F(S)=0

for any closed bounded interval S C (2. O

II. FUNCTIONS OF TWO VARIABLES OF LOCALLY FINITE VARIATION AND THEIR
DISTRIBUTIONAL DERIVATIVES

A function f: [a,b] X [¢,d] — R, where [a, b] X [c,d] is a closed bounded interval in
R?, is called an absolutely continuous function on [a, b] x [¢, d] (cf. [18]) if the functions
f(a,-), f(:,¢) of one variable are absolutely continuous on [c, d], [a,b], respectively,
and a function F, Jffy of an interval, associated with f and given by the formula

Fzzjfy(P = [z1,22] X [y1,92]) = f(22,92) — f(21,92) — f(22,91) + f(21, 1)

for P C [a, b] x[c,d], is an absolutely continuous function of an interval on [a, b] X [c, d].

In a similar way, a function f: [a,b] X [¢,d] — R is called a function of finite
variation on [a, b] X [¢, d] if the functions f(a,-), f(-, ¢) have finite variation on [c, d],
[a, b], respectively, and the function Fafy of an interval has a finite variation on [a, b] x
[c, d].
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Let 2 = ]a,b[ x ]Jc,d[ C R? be an open interval (possibly unbounded).
A function f: {2 — R is called locally absolutely continuous on {2 if it is absolutely
continuous on each closed bounded interval contained in f2.

Similarly, a function f: {2 — R is called a function of locally finite variation if it
has a finite variation on each closed bounded interval contained in 2.

Now, let (zo,y0) € {2 be a fixed point. The above definition directly implies
that a function f: 2 — R is locally absolutely continuous on {2 iff the functions
f(zo,), f(-,yo0) of one variable are locally absolutely continuous on |e,d[,]a, [, re-
spectively (i.e. they are absolutely continuous on each closed bounded interval con-
tained in |c, d[,]a, b], respectively), and the function ijy of an interval is absolutely
continuous on each closed bounded interval contained in f2.

Similarly, a function f: {2 — R is a function of locally finite variation iff the
functions f(xo,-), f(-,y0) of one variable are functions of locally finite variation on
Je,d[,]a,b], respectively (i.e. they have a finite variation on each closed bounded
interval contained in |c, d[, |a, b], respectively), and a function Fa{cy of an interval has
a finite variation on each closed bounded interval contained in (2.

It is easy to see (cf. [5, Th. 5.2]) that a function f of locally finite variation on {2
has at any point (Z,7) € {2 the following limits:

‘/f(a_:vy): hm_ _ f(xvy)a
(z,y)—(,9)
T>T, Y>y

N(Eg) = lim (),
(z,y)—(2,9)
>, y<y

@y = lim__ f(z,y),
(z,y)—(2,9)
T<Z, y<j

(z,9)—(2,9)
<, Y>Y

We say that a function f is -continuous at a point (Z,7) € 2 if
f@.9) =" (2.9

By the -continuity of f on {2 we mean the -continuity of f at any point
(z,9) € 2.

The fact that the ”-continuity of f on {2 implies the ,"-continuity of F, gy on {? fol-
lows at once from the definition of Fafy Moreover, from Remark 1.1 we immediately
have
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Lemma 2.1. If F is an additive function of an interval, /-continuous in {2,
then the function f¥: 2 — R given by the formula

F([zo,z] X [y0,9]), o ST AYo <Y,
FP(2ry) = F([z,20] % [y, y0]), x < xo ANy < Yo,
—F([zo, 2] x [y, y0)), zo <z Ay < Yo,
—F([z, 0] x [y0,]), <z AYo <Y,

where (x0,y0) € §2 is a fixed point, is ,/-continuous in {2.

The function f¥ described in the above lemma will be called the function of two
variables associated with F'. Of course,

.
Fl, =F

in £2.

Now, we shall prove a lemma which is an analogue, in the case of two variables, of
the theorem on integration by parts (in the Lebesgue-Stieltjes sense) proved in [13,
VIL.5.9] for functions of one variable.

Lemma 2.2. Let P = [p1,p2] X [q1,¢2] C 2 and let f: 2 — R, g: 2 — R be
functions of locally finite variation. Then, if one of the integrals below exists, the
other exits as well and the following equality holds:

/I U ate) D S~ A 0) (D) AT,

:/1 P(g/(wvy) —Nglpry) — o (@, @)+ 9(p1,q1)) dF,.
nt

Proof. Suppose that the first of the above integrals exists, i.e. the following
integrals exist and are finite:

/I U e) = J) = P\ (2.8) o FED) e

[ 07 ) = 5(@) = Pl ) - F D) s
and
[ 0n) = F@a0) = A (p29) £ 1(05) AF,
= Imp(f/(pz, 32) = f(Z q2) — [\ (p2,0) +. (T, 7)) dugrg, )+

*/Itp(f/(PWJz) N f(@ @) — A2, 0) +. f(Z,9) dprg,) -

152



Let us describe the following open set:
A={(z,y,,7) ER*: a<T<x<b c<y<y<d}.

Easy computations show that

/1 tP(f/(pQ,(D) =N (@ q) — A (p2.7) + (@, 9)) dpcrg, )+

= / </ XA d“(m@ﬁ)‘i“(%ﬁ - / (/ XAdWF{y)) dprrg,)+
Int P Int P Int P Int P

and

/1 . (f (2, 32) = f(Z,q2) — [ (p2,9) + (T, 7)) dpry,)-

= / </ XA dﬂ(Fl{y)Jr) dprg,)- */ </ XAdﬂ(Fl{y)> dprps y->
Int P Int P Int P Int P

where x4 denotes the characteristic function of the set A. So,

[tPU/@m@)—\f@ﬂﬂ—f\@m@+/f®fﬁdE%

= / </ XA dM(ng)+> dprrg, )+ — / </ XA dmpgy)) dpvpg,)+
Int P Int P Int P Int P

S T Y S T
Int P \JInt P i Int P \JInt P Y

Applying to each of the above components the Fubini theorem and reversing the
above argument, we get the assertion. O

We say that a distribution A on {2 is determined by an additive and -continuous
function F' of an interval of finite variation on each closed bounded subinterval of {2
if

Ap) = [ pdr
Q

for v € 2(12).

Such a distribution will be denoted by Af.

Now, we shall prove a theorem characterizing the distributional derivative D' A ¥
of the distribution A; determined by an ,“-continuous function f of locally finite

variation.

Theorem 2.3. Let (zo,y0) € 2 = Ja,b] X ]¢,d[ and let f: 2 — R be an /-
continuous and locally integrable function on (2. Then f has a locally finite variation
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on (2 iff the distributional derivative DV A ¢ of the distribution determined by f is
the distribution determined by an additive and ,"-continuous function of an interval
of finite variation on each closed bounded interval contained in {2 and f(xo,-), f(-, o)
have locally finite variations on |c, d|, ]a, b[, respectively. Then

Dl’lAf = Any

in {2.

Proof. Necessity. Let o € 2(£2) and let P = [a,b] x [¢,d] C £ be an interval

such that
o 0%

oy 0zxdy =0

on 02\[a,b] x [¢, d]. B -

Now, let us consider a closed bounded interval P = |a, E[ x |, E[ C {2 such that
P C Int P.

On the basis of Lemma 2.2, [17, XI.3.11] and the fact that the derivative aa—;é%
of an absolutely continuous function ¢ is equal a.e. to the derivative DFy, of the

function F, of an interval, we obtain

92 92
DM Ay = Ay <—@ ) :/ 2 (2,y)f(z,y) dz dy

dxdy o 0x0y
(’92@ o
= 920y —(x,y)f(z,y)dzedy = DFY (v,y)f(z,y)dzdy
Int P OF Int P
= |  DFf(ey)f (@y)dedy= | 7 (z,y)dFy,
Int P Int P

- / o(a.y)dFL + / Nf@y)dFs + [ (@ 2)dES,.
Int P Int P Int P

Furthermore, for an interval Q = [a,b] x [¢,d] C 2 such that Q C Int P, PcCntP,
we have

/ Nf(@y)dFE, = [ DF#,(e,9)™ £(@,y) dzdy
Int P Int P

62 — 82 _

// axa Y~ y)dxdy—/c \fay[ 950y (z,y)dzrdy
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Similarly,

(@, e)dFg, = 0.
Int P

So,
Dl’lAf((p) :/ Qo(x,y)dF;Zy :/ Qo(x,y)dF;Zy
Int P 9]

The arbitrariness of ¢ € Z(f2) and the fact that the ,-continuity of f implies the
/-continuity of ng yield the assertion.

Sufficiency. Assume that the distribution D' Af is determined by an additive
/-continuous function F' of an interval of finite variation on each closed bounded
interval contained in {2, and f(xo,"), f(*,y0) have locally finite variation on |c,d],
Ja, b[, respectively. So,

@) DUAs(e) = [ pdr

Let fF: 2 — R be the function of two variables associated with F' (cf. Lemma 2.1).Jj
Since

fF(w0,) =0,  fF(og)=0, FI =F

we assert that ¥ has a locally finite variation on £2. It is -continuous on the basis
of Lemma 2.1. Consequently, from the proved part of the theorem we have

F
Q DMAgr(e) = [ Ry,
for p € 2(12). Equalities (2) and (3) give
Dl’lAf,fF =0

in £2. Now, using [1, 4.5.2], we conclude that, for any open bounded interval I =
Ji1,ia[ X ]j1, j2[ such that I C §2, there exist functions g: I — R, h: I — R locally
integrable on I, such that

DA, =0

in I,
DYA, =0

in I and
flzy) — fF(2,9) = g(z,y) + h(z,y)

for (z,y) € I. The fact that the above equality holds for all points from I follows
from the proof of [1, 4.5.2].
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Moreover, from [1, 4.3.2] (see also [16]) it follows that there exist locally integrable
functions of one variable §: ]i1, o[ — R, h: |j1,j2[ — R such that

9(z,y) = g(x)
for a.a. (x,y) € I,
h(@,y) = h(y)
for a.a. (z,y) € I. Thus
(4) fla,y) = f7 (@, y) +g(z) + hly)

for a.a. (x,y) € I.

To complete the proof, we shall show that Fa{cy =Fin [.

Let P = [z1,x2] X [y1,y2] C I and P, = [z, 2%] X [y}, y5] C I, n € N, be intervals
such that P, /' P and the vertices of P,, n € N, belong to the set (of full measure)
on which equality (4) is satisfied (it is easy to see that, for any interval P, one can
choose a sequence (P, ),en satisfying the above conditions). We have

F;z]:y(P) = f(w2,y2) — f(21,92) — f(x2,91) + f(z1,91)
— lim (FF (a5, 08) + 3(a3) + Flu3) — 7 (@ 0) — 3(a?) — Rlu)

— @z 1) = g(x5) = hy?) + 1 (21, 97) + g(a) + h(yi))

So, from the assumptions of the theorem and the fact that, for any closed bounded
interval P C {2, there exists an open bounded interval I such that P c I C I C {2,
it follows that the function f has a locally finite variation on (2. O

The above theorem directly implies
Corollary 2.4. A distribution A is determined by an additive /-continuous in {2
function of an interval of finite variation on each closed bounded interval contained in

2 iff it is a derivative of order (1,1) of a distribution determined by an ,-continuous
function of two variables of locally finite variation in (2.

On the basis of Theorem 2.3, one can easily characterize the derivative D! A of
a distribution determined by a locally absolutely continuous function. We have

Theorem 2.5. Let (z9,yo) € 2 =]a,b[ x ]c,d] and let f: {2 — R be a function
/-continuous and locally integrable on (2. Then the function f is locally absolutely
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continuous on (2 iff the distributional derivative D! A ¢ of the distribution deter-
mined by f is the distribution determined by a locally integrable function, and
f(zo,), f(-,y0) are locally integrable on |c,d[, ]a, b, respectively. Then

Dl’l/lf =A 824

dxzdy

in 2.

Remark 2.6. In the paper [18] it was shown that a locally absolutely continuous
function f has an integral representation of the form

x pryY T Y
f(x,y):// z+/ z1+/ ?+c
oY Yo xo Yo

for (x,y) € §2, where I: 2 — R is locally integrable on 2 and I': ]a,b[ — R,
I2: ]e,d] — R are locally integrable on ]a,b[, |c,d[, respectively. On the basis of

2
this fact, the existence a.e. on {2 of the classical partial derivatives %, %, a{l{{y is

proved.

Before we give a characterization of the derivative D1°A; of the distribution
determined by a function f of locally finite variation on (2, we shall examine this
derivative in the case when f is a locally absolutely continuous function on 2. So,
integrating by parts and using the integral representation of an absolutely continuous
function, one can easily show that

Dl’o/lf = A%

in {2, where % is the classical partial derivative of f.

Now, notice that if we put
of
Fl(P):= /P 5 O Y) drdy
for closed bounded intervals P C {2, then

0
D*0a5() = [ ()5t w9) dody

=/ w(x,y)DF{(x,y)dxdy=/ o(z,y)dF].
(93 (93

Thus, in this case, we can treat the derivative D94 as the distribution determined
by an absolutely continuous function Fa{c of an interval. This function of an interval
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can be represented as follows:
Y2 rr2 af Y2

FP =lovaa) x ) = [ [ G wdedy = [ (Fa) - fer)dy
Y1 Jx1 ox Y1

for closed bounded intervals P C (2.
The above facts constitute the prerequisite for determining the partial derivative
DY A; in the case when the function f has a locally finite variation on (2.

Theorem 2.7. Let f: {2 — R be a function of locally finite variation. Then
,0 —
DYOA; = Aps

in {2, where
Y2
Ff (2] ¢ lval) = [ (Fa0) = S, dy
Y1
for [.131,.132] X [yl,yg} C f.

Remark 2.8. The function Fg described in the above theorem is, of course,
additive and has, by virtue of Jordan decompositions of a function of an interval and
a function of two variables of finite variation (cf. [6]), a locally finite variation on 2.

Proof of Theorem 2.7. Let o € 2(§2). We shall show that

—Af(x,y)g—j(wvy)dwdyz/QsO(wvy)dFJ-

Let intervals P = [a, b] X [c, d], @ be such that

e P is the interval of continuity of Ff|q,
e PCIntQ CQC (2,
e suppp C Int P.

On the basis of [13, 1.6.7, 1.6.8], we get

DY A4 (p) = —Af / f(z, y (z,y)dzdy

:/f<x,y)ﬁ(x,y)dxdy:_/ (/ fan2 xy)dx) ”
/(/ J(@,y)daiple ))d /c(/a @(w,y)dzf(:c,y))dy
- [([ etevptesten)
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where the symbols fab f(z,v)deo(z,v), fab o(z,y)dy f(z,y), for a fixed point y €
[c,d], denote the Riemann-Stieltjes integrals of the function f(-,y) with respect to
the function ¢(-,y) and of the function ¢(-,y) with respect to the function f(-,y),
respectively.

Now, let us consider a sequence (2, )nen of partitions of the interval P such that
the partition &2, is obtained by the partitions of the interval [a, b] into n equal parts
and of the interval [c,d] into n? equal parts. Let us choose a subsequence of this
sequence that is indexed by the powers of the number 2. So, the partition &1 is
a subpartition of &7.

Using [13, 1.5.3], we state that, for sufficiently great indices k and any y € [c, d],

[Sk(y) = S(y)| < var f(, y) < var Ff, +varf(.c)

where
S(y) = / o(x,y)de f(x,y)

and
ok
Sk :Zgo({f,y)(f(xf,y)—f(xf_l,y)), gk [ Ti— Dfﬂ
1=1

for k € N are the approximative sums for S(y) corresponding to the partitions
a=af <azf <...<ak =0bof the interval [a,b] into 2¥ equal parts. The symbols
varigy f(+, ), varp Fg{y denote the variations of f(-,¢) on [a,b], and of Fg{y on P,
respectively.

In view of the above, we have

d d d
[ sway= [ jim sy = tim [ sy

(2%)? yl

:;}E{LZ/ Zcp{z,y (@f,y) = f(2i1,9)) dy
j=1 yg 1 3=1
(2%) ok y

= dim 35 [ el et - sk o) dy

where c =yl <yf < ... < yé’“ﬁ = d is the partition of [c,d] into (2¥)? equal parts.
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Moreover,

/ pla,y) dF] = / o(z,y)dF] = (R - 5) / o(z,y) dF] o
(e} [a,b] X [c,d] la,b] X [c,d]

(25)? 2*

= lim Y Y (el IF ([2f 1, =f] % [y 1. v)])
=1 i=1
(25)? 2*

= hm ZZ@fzaCJ /k (f(vay)_f(xf—lvy))dy
] 1 i=1 Yi—1

where CJ’-“ € [y;-tl,yﬂ and the symbol (R — 5) f[a’b]x[c’d] o(x,y) dFf|q denotes the
Riemann-Stieltjes integral of the function ¢ with respect to the function F |o of an
interval of finite variation on Q.

So, if L is a Lipschitz constant for ¢ and M the boundedness of f on [a, b] X [c, d],
then

‘/Qf(x,y)a—@(x,y)dxdy/QQO(»’U,'y)ng’

k

< lm ZZ/ P(eh,y) — p(eh, N y) — Flaky)ldy

k—oo

7j=1 =1
< lim Zz/y’ Lly - ¢t2M dy
= k—oo ) . k !
j=1 i=1 Yj-1
yP
. / k k
<jim 23 [ o -l
j=1 i=1 Yj-1
(zk)2 2k
_ . k k2
= ZLMkILH;O Z Z lyi —yi-l
]:1 i=1
(2F)2 ok lyk —yb |
=2LM hm ZZWJ *y] g — 2l |%
] 1 i=1 ‘xz - i_1|
(2k)2 2k
— : k k k w oy lled] 2k
=20M Jim 303 Ilef - ol < b — vl G g
]:1 i=1
|[e, d]]

1 1
=2LM lim —|[a,b] x [¢,d]| = 2LM|]c, d]\Qinm — =0,

[[a, b]] k—oo 2F 2k
which completes the proof. O
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In an analogous way one can prove that
01 4.
D> Ay = A v

where
xr2

F ([, 0] X [y1,30]) = / (f(.2) — Flo,y)) da

xr1
for [.131,.132] X [yl,yg} C 1.
To conclude the considerations of this part of the paper, we shall prove the fol-
lowing

Theorem 2.9. If(xg,yo) € 2 =]a,b[x]c,d[, and f: 2 — R is an /-continuous
function of locally finite variation such that the functions f(xo,-), f(-,y0) are left-
hand continuous, then the function F; of an interval is /-continuous.

Remark 2.10. In the proof of the above theorem we shall use the notion of
a nondecreasing function of two variables (cf. [6]). We recall that a function f:
[a',b]x[¢/,d'] — R is nondecreasing if the functions f(a’,), f(+,¢’) are nondecreasing
functions of one variable on [¢/,d'], [a/, ], respectively, and the function ng of an
interval is additive and nonnegative.

Proof of Theorem 2.9. To begin with, we notice that the assumptions
of the theorem imply the left-hand continuity of f(zx,-), f(-,y) for any = € ]a,b],
y € lc,d[. Indeed, let x € |a,b], y € |c, d] be such that o < x, Yo < y. If (Yn)nen is
a sequence such that y, < y and nli)n;o Yn = Y, then from Remark 1.1 we have

F@y) = f@,yn) = Ff,([r0, 2] X [yn,y]) + f(x0,y) — f(20,yn) — 0.

n— oo

In the remaining cases, the reasoning is analogous.

Now, let (P,)nen be a sequence of intervals P, = [z}, 5] x [y}, 95 C 2 /-
convergent to an interval Py = [29,29] x [y9,%9] C £2, and Q = [a,b] x [¢,d] C £2 an
interval such that P, C IntQ, n =0,1,....

Since the function f|g has finite variation on @, therefore, using the Jordan de-

composition (cf. [6, Th. 4]), we have

f|Q(x7y) = g(-’lf, y) - h(.’I},y)
for (z,y) € Q, where g, h are nondecreasing functions of two variables on (). These

functions are given by the formulae

9(e.9) = 9 (@) + () — 57(@,0) + (FL o) (a,2] x [e:u),

h(z,y) = b () + h*(y) + %f(d, o)+ (Ff,lo)~([a,2] x [¢,y])
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for (z,y) € Q, where

f(2,0) = g'(2) - ()
for x € [a,b],

fa.y) =g*(y) — h*(y)
for y € [¢,d] are the Jordan decompositions of f(-,¢), f(a,-), respectively. The left-
hand continuity of f(-,¢), f(a,-) implies (cf. [13, 1.4.1]) the left-hand continuity of
g',ht, g%, h%. So, on the basis of Lemma 1.2, the functions g: Q@ — R, h: Q — R
are /-continuous. Also, if M is the boundedness of f on @, then the fact that a
nondecreasing function of two variables is nondecreasing with respect to each variable
separately directly yields

, (
+AM () — y7) + AM (y3 — v5) + (9(23, 49)
— 9(a5,9)) + (h(e3.98) — hla.38) — 0

and the proof is completed. O

III. ON THE EXISTENCE OF A SOLUTION OF A PARTIAL DIFFERENTIAL EQUATION
OF HYPERBOLIC TYPE

Let P = [a,b] x [c,d] be a closed bounded interval contained in R?. Denote by

BV(P)— the set of all functions of two variables of finite variation on P,
BV{ (P)— the set of all functions from BV(P) that are /-continuous on ]a,b] x ]¢, d]
and f(a,") =0, f(-,c)=0
BVFI(P)— the set of all additive functions of an interval of finite variation on P,
BV ([a,b])— the set of all functions of one variable of finite variation on [a, b].

It is well known that the space BVFI(P) with the norm
|- lsvri(p): BVFI(P) > F Vng € RS
and the space BV([a, b]) with the norm
I 1BV (aen: BV(la,b]) 3 f = [f(a)] + [‘lflé’ll}if € Ry
are complete.
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Using these facts, one can prove in an elementary way that BV(P) with the norm
711 = 17 (o o)l + var £ (w0, ) + var f(-,yo) + var FY,,

where (x0,y0) € P is a fixed point, is complete and, consequently, the space of
functions f of finite variation on P, -continuous on |a, b] x ]c, d] and satisfying the
conditions f(zg,:) =0, f(-,y0) = 0 with the norm

— f
||f|| - Vngmy

is also complete.
Now, let 2 = ]a,b[ x J¢,d[ C R? be an open interval (possibly unbounded) and
(x0,y0) € 2—a fixed point.
Let us consider the equation
0%z 0 0z

4
=Ar+BZ + 0=
Say ~ A7 3x+C8y+G

()
in {2, with the boundary conditions

)

0, -
Z('v yO)

z(x

6 0
(6) 0.

where G is an additive -continuous function of an interval of finite variation on
each closed bounded interval contained in {2, and A, B,C € R.

By a solution of problem (5)—(6) we mean a function z: 2 — R of locally finite
variation, /-continuous, satisfying boundary conditions (6) and such that

(7) DY A, = AA, + BDY A, + CD"' A, + Ag

in (2.
This equation, in view of Theorems 2.3 and 2.7, is equivalent to

(8) AF;y = Apa- +AFTJ?Z +AFyC‘z + Ag

in {2, where
FA%(P) = / Az
P

for closed bounded intervals P C f2.
On the basis of Lemma 1.4, equation (8) is equivalent to

(9) F,=F¥+FPF+FC" + @
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in £2, i.e.
z Az Bz Cz
Fp,(P)=F"*(P)+ F*(P)+ F,/*(P) + G(P)

for closed bounded intervals P C (2.
The above equation with boundary conditions (6), in view of additivity of the
functions appearing in it, is equivalent to the following system of equations:

F;,=F“4+FP+F*+ G

in [zo, b[X [yo, d[,
F;,=F%+FPF+F" 1+ G

in [.%Q,b[X]C, yO]’
F;,=F%4+FPF+FZ 4G

in ]a, zo] X [yo, d],
F;, =F%4+FPP+FC*+ @

in Ja, 0] x ], yol,
with boundary conditions (6).
To find a function z: {2 — R of locally finite variation, -continuous, satisfying
boundary conditions (6) and the above system, it is sufficient to find the following
functions:

e an -continuous function z;: [xg,b[X[yo,d[— R of finite variation on each
closed bounded interval contained in [z, b X [yo, d], satisfying boundary con-
ditions (6) and equation (9) in [xo, b[ X [yo, d],

e an -continuous function z9: [xg,b] X ]¢,y0] — R of finite variation on each
closed bounded interval contained in [xg, b[ X ]¢, yo|, satisfying boundary con-
ditions (6) and equation (9) in [xg, b] X ]¢, yo),

e an -continuous function zs: ]a, zg] X [yo, d[ — R of finite variation on each
closed bounded interval contained in ]a, 2] X [yo, d[, satisfying boundary con-
ditions (6) and equation (9) in ]a, o] X [yo, d[,

e an -continuous function z4: ]a, zg] X J¢, yo] — R of finite variation on each
closed bounded interval contained in |a, o] X |¢, yo], satisfying boundary con-
ditions (6) and equation (9) in ]a, o] X ]c, yo),

and then put them together.

Let us consider, for example, the first of the above problems. In the other cases,
one proceeds in an analogous way.

To ascertain the existence of a unique solution of equation (9) in [z, b[X [yo, d[, sat-
isfying boundary conditions (6), it is sufficient to state the existence, for sufficiently
great numbers n € N, of a solution of equation (9) in the set [z, b — %] X [yo,d — %],
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satisfying boundary conditions (6). Equation (9) in the set [zo,b — ] x [yo,d — %]
is equivalent, in view of the additivity of the functions appearing in it, to

F},(P) = FA*(P) + FP*(P) + F{*(P) + G(P)

for intervals P C [z0,b— 1] x [yo,d — 1] of type P = [zo, x] X [yo, y]-

n
The above equation can be written as

(10) Z x y 72 x yO -z any) 7Z(x0ay0)

fA// Z+C/ z(s,y) fzsyo))ds+B/ (z(z,t) — 2(zg,t)) dt + I(z,y)
for (z,y) € [x0,b— 2] x [yo,d — L], where

l(z,y) = G([o, z] X [y0,y])

is an /-continuous function of finite variation on the interval [zo,b— 1] x [yo,d — 1],
satisfying the conditions

Taking into account boundary conditions (6), we can write equation (10) in the form

(11) z(x,y)A/x:/yjz+C’/g:z(s,y)ds+B/yjz($,t)dt+l(x,y)

for (z,y) € [x0,b— L] x [yo,d — L].

So, finally, to show the existence of a unique solution of equation (5), satisfying
boundary conditions (6) in the class of functions z: 2 — R of locally finite variation
on {2 and -continuous, it is enough to prove, for any n € N, the existence of a
unique solution of equation (11), satisfying boundary conditions (6) in the class of
functions z: [zo,b— 1] x [yo,d— 1] — R of finite variation on [zo,b— 1] x [yo,d — L]
and -continuous on ] g, b — %] X ] Yo, d — %] . Of course, we can replace the interval
[20,b— %] X [yo,d — £] with P =[0,1] x [0, 1].

The existence of a unique solution of the equation

(12) z(x,y)A/:/OyzJrC/Oxz(s,yo)derB/oyz(x,t)dt+l(x,y)
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for (z,y) € P, satisfying the boundary conditions
(13) ’
0
in the class of functions z: P — R of finite variation on P and -continuous on
]0,1] x ]0, 1], is equivalent to the existence of a unique fixed point of the operator
A#: BV{ (P) — BV{ (P),

(%ﬂz)(x,y):A/Ox/oyz—l—C’/owz(s,y)ds—f—B/Oyz(x,t)dt—i—l(a:,y).

We have

Theorem 3.1. There exists a positive integer k such that the operator % =
H o...0H is a contraction.

Proof. Notice that if z € BVO/ (P) is a nondecreasing function or a nonincreas-
ing function (i.e. nondecreasing with the sign minus), then

”ZHBVO/(p) = |HZH|BVO/(P) = Vngalzzl = F;LZ‘(P) = ‘Z(l, 1)|
Moreover, if z € BV (P), then

z2(z,y) = F,((0,2] x [0,9]) = (F7,) " ([0, 2] x [0,4]) — (£7,)~([0,2] x [0,])
= Zl(x’y) - Z2($,y)

for (z,y) € P, where

are nondecreasing functions of two variables satisfying boundary conditions (13) and
such that

2l ) = var 3, = (F2,)H(P) + (F3,) " (P)
=2z1(1,1) + 22(1,1).
Now, let us define the operator

H: BV{ (P) — BV{ (P),

(H //Z+0/ (s, Y0 ds+B/(mt)d
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Of course,

Hr=Hz+1

for z € BV{ (P).

Using the induction principle one can show that, for k > 2, (z,y) € P and w, z €

BV{ (P),

0 0

where ©1 =y, Oy =x, D1 = B, Ds =C.

Now, let us fix an even number k£ > 2. We have

|72 = A wlgyg (py = 1H2 = Hwllgy e p) = [H = = w)lgyg p)
= [H*((z = w)1 — (z = w)2) |y (p)
= [[H*((z — w)1) — H*((z — w)2)

2
< D IEMGE = @)y )
i=1

levy p)

2
< (max{]Al 1Bl [C1)* 3 IE* (2 — )|y, )

i=1
where

H((= *w)i)(ff,xy) )
- /0 /oy(zw)i +/0 (2 —w)i(s,y) d5+/0y(zw)i(:c,t)dt
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for (z,y) € P and

2
Z I = D)l ) = DUz =) (1)
2 1 1,1 1 1 pl
<G, f e %lmé—n!/o/o(
1<sl;[1]5<2k+1
1 1
+% O(wa) (1, t)dtJr% (z —w)i(s,1)ds
41\ o 2 1 Lot
;( )Z: P o, G
< S RIS 1,1
\;(m(Z* w)i(1,1) + m(sz)i(, )

> (kjl)?@(z —w)i(L1))

=1

1 2k-+1 " k41, 1
i (WT-ME( )2 b v

14+ 2k+1 + 3k+1

<— 2= wlgy - (p-
T 2
Since
14+ 2k+1 +3k+1
E_ 1) k:o
(5 -1
the proof is complete. O

Thus, in view of the general contraction principle, we state that there exists a
unique solution of equation (12), satisfying boundary conditions (13) in the class of
functions of finite variation on P and -continuous. This means, as was shown, that
the following theorem is valid:

Theorem 3.2. There exists a unique solution of problem (5)—(6) in the class of
/'-continuous functions of locally finite variation on {2.

The above theorem implies
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Theorem 3.3. There exists a unique solution of equation (5) satisfying the
boundary conditions

(14)

where ¢: Ja,b[ — R, ¢: ]¢,d[ — R are left-hand continuous functions of one variable
of locally finite variation and ¢(xo) = ¥ (yo), in the class of ,/-continuous functions
of locally finite variation on f2.

Proof. LetZz: {2 — R be an /-continuous function of locally finite variation
on {2 such that

2~ o~ ~
9% _ gz BE L 0P gy pAervo FP? 4+ FCY
dxdy or oy
and
Z(x0,) =0,
z<'7y0) = 07

where ¢ = ¢(x9) = ¥(yo).
It is easy to see that the function

z: 23 (x,y) — Z(z,y) + p(x) + Y(y) — ¢

is a solution of equation (5) satisfying the boundary conditions (14).
The uniqueness of this solution follows from the uniqueness of z. The proof is
complete. 0

Example. Let us consider the equation

0%z 0z 0z
1 — = - - 3 3
(15) 0zxdy et ox + y +6(Z»Z)

in 2 =10,1[ x ]0, 1, with the boundary conditions

(1 ) 1; 0<y<3,
2\ 59 ) =
(16) 2 2; i<y<l,
< 1) 1; 0<x<%,
zlx, =) =
2 0; i<z<l,
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where 6(§ 3) is Dirac’s delta concentrated at the point (%, %)
474
It is easily seen (cf. also [4]) that
_ pl1
dg.9) =P A
in 2 with s 5
1; Scr<l, 3<y<l,
h: 25 (z,y) — 4 4
0; otherwise

(a Heaviside function). Since h is an ”-continuous function of locally finite variation
on §2, Theorem 2.3 yields that D14, = AF;fy in {2, where

Fp ([21, w2] % [y1,2]) = h(w2,y2) — h(z1,y2) — h(z2,y1) + h(z1,91)
Rt 3cap<l, 3<y <1,
0; otherwise

for [x1,x2] X [y1,y2] C £2.

So, we may write equation (15) in the form (5) with G = Fa’}y being an additive -
continuous function of an interval of finite variation on each closed bounded interval
contained in {2. Consequently, Theorem 3.3 implies the existence of a unique solution
of (15) satisfying boundary conditions (16), in the class of ,"-continuous functions
of locally finite variation on 2.

References

[1] P. Antosik, J. Mikusiriski, R. Sikorski: Theory of Distributions—the Sequential
Aproach. Elsevier Scientific Publishing Company, Amsterdam, Polish Scientific Pub-
lishers, Warsaw, 1973.

[2] J.A. Clarkson, C.R. Adams: On definitions of bounded variation for functions of two
variables. Trans. Amer. Math. Soc. 35 (1933), 824-854.

[3] A. Halanay, D. Wezler: Qualitative Theory of Impulsive Systems. Moscow, 1971. (In
Russian.)

[4] I. Halparin: Introduction to the Theory of Distributions. University of Toronto Press,
Toronto, 1952. (In Russian.)

[5] T.H. Hildebrandt: Introduction to the Theory of Integration. Academic Press, New
York-London, 1963.

[6] D. Idczak: Functions of several variables of finite variation and their differentiability.
Annales Pol. Math. 60 (1994), no. 1, 47-56.

[7] J. Kurzweil: Generalized ordinary differential equations. Czechoslovak Math. J. 8 (1958),
no. 83, 360-388.

[8] J. Kurzweil: On generalized ordinary differential equations with discontinuous solutions.
Prikl. Mat. Mech. 22 (1958), 27-45.

[9] J. Kurzweil: Linear differential equations with distributions as coefficients. Bull. Acad.
Pol. Sci., ser. Math. Astr. Phys. 7 (1959), 557-560.



(10]

V. Lakshmikantham: Trends in the theory of impulsive differential equations. Proceed-
ings of the International Conference on Theory and Applications of Differential Equa-
tions, Ohio University. 1988.

A. Lasota: Remarks on linear differential equations with distributional perturbations.
Ordinary differential equations (Proc. NRL-MRC Conf. Math. Res. Center, Naval Res.
Lab., Washington, D.C., 1971). New York, Academic Press, 1972, pp. 489-495.

J. Ligeza: On distributional solutions of some systems of linear differential equations.
Cas. pro Pést. Mat. 102 (1977), 37-41.

S. Lojasiewicz: An Introduction to the Theory of Real Functions. John Willey and Sons,
Chichester, 1988.

R. Pfaff: Generalized systems of linear differential equations. Proc. of the Royal Sci. of
Edinburgh, sect. A 89 (1981), 1-14.

W. W. Schmaedeke: Optimal control theory for nonlinear vector-differential equations
containing measures. SIAM Control 8 (1965), no. 2, 231-280.

L. Schwartz: Théorie des Distributions I. Paris, 1950.

R. Sikorski: Funkcje Rzeczywiste I. PWN, Warszawa, 1958.

S. Walczak: Absolutely continuous functions of several variables and their application
to differential equations. Bull. Polish Acad. Sci. Math. 35 (1987), no. 11-12, 733-744.
Z. Wyderka: Linear Differential Equations with Measures as Coefficients and Control
Theory. Siles. Univ. Press, Katowice, 1994.

Z. Wyderka: Linear differential equations with measures as coefficients and the control
theory. Cas. pro Pést. Mat. 114 (1989), no. 1, 13-27.

Author’s address: Institute of Mathematics, University of L6dz, Poland.

171



		webmaster@dml.cz
	2020-07-03T11:32:42+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




