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VARIATIONAL EQUATIONS ALONG INTEGRAL CURVES
OF A PROJECTABLE SYSTEM OF VECTOR FIELDS

CATALIN TIGAERU, Suceava

(Received February 7, 1996)

There exists a rich literature on systems of connections and systems of vector
fields, stimulated by their importance in geometry and physis. In the previous papers
[T1], [T2] we examined a simple type of systems of vector fields, called parameter
dependent vector fields, and established their varionational equation.

In this paper we generalize the above equation to the projectable system of vector
fields. The material is organized as follows: in the first section the geometry of the
product bundle is presented. In the second we introduce the notion of derivative
along a direction and prove Theorem 1. The third section is devoted to Theorem
2, which represents the main result of the paper. Some examples are presented in
the last section. In a further paper we will apply the results in order to investigate
some special systems as strong systems, “nice” systems and systems of connections
generated by systems of vector fields.

1. THE GEOMETRY OF THE PRODUCT BUNDLE

(1.a) The vertical splitting. Let x: H — B, n: E — B be two fibred mani-
folds over the same base space B. We denote

(1.1) H®FE=H xg E={(h,e); x(h) =7(e) = x € B}.
One gets the following fibred manifolds:

pp: HOE — E, (h,e) — e,
pu: HOH — H, (h,e)—h,
p: H®FE — B, (h,e) — x.
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They are related by the relation
P=XOPH = TODPE.
Proposition 1. We have the following vertical splittings:

Vp=Vpe ®Vpx,
vaE:]‘]@lCXH‘/X7
Vopg=H®FE xgVm.

They are consequences of p = xy o py = wo pg. It is easy to verify that the last
two splittings are described by the followings isomorphisms:

(1.2) pe: Vpg — H® E xg Vy,
VpE 3 E (he) — ((hse), (Pr)s - E (he))

pr: Vpg — HOE xg Vr,
Vor 3 E ey — ((hhe), (pr)s - E (he))-

These splittings allow us to prolong a vertical vector field of x to a vertical vector
field of pg.

Let h € H be a fixed point and let = € V'x », be a vertical vector; then = induces
a vector field along the set

{h} x E, = p (h) where z = x(h),

which is vertical along pg at every point (h,e) € p;{l(h).
Indeed, if we set

(1.3) El(h,e) = ug' ((h,e),Epn)

we obtain a field of vertical vectors along pg, called the vertical prolongation of =. Let
us write the above consideration in coordinate expressions: let (U, x%), i =1,...,n,
be a coordinate chart on B; let (Xfl(U), x°, z“) be the adapted coordinate chart on
H and (7T_1(U),.'L‘i, ua) the adapted coordinate chart on E. Then, on the open set
X H(U) ® 7~1(U), we get the coordinate expression (T?,z% u®) with the property
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ft=EeVy, E=E- 8zf‘h, the one gets

(1.4) E(h,e) = E*- 02, .y, (h,e) € pg'(h).

(1.b) Connections of the fibred manifold pg: H ® E — E.

Proposition 2. Let 0: H xg TB — TH be a connection of the fibred manifold
x: H — B; we denote the vertical projector of o by

P,: TH — V.
Then the formula

) _ -1 1
(1.5) Pr=pug o (HlecalE XgP,)opy

represents a splitting of the exact sequence
0—-Vpg >T(H®E)—>H®ExgTE — 0.
Consequently, (1.5) represents the vertical projector of a connection

5: HOE xgTE — T(H® E).

The coordinate expression of o described as follows: if

o(h,02") = 02" + o (x, h) - 02" = §a’
then

(1.6) 7((h,€),02") = 67" = OF' + of(z,h) - 0Z°,

7 ((h,e),0u”) = ou".

The connection 7 splits the tangent space T(H @ E) into the decomposition
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2. SYSTEMS OF VECTOR FIELDS

(2.a) The horizontal prolongation of a (p.s.v.f). We use the abbreviation
(s.v.f) for systems of vector fields and (p.s.v.f) for projectable (s.v.f). Let n: HOE —
TE be a (s.v.f) and let o be a connection of the fibred manifold xy: H — B.

We set
7: H& E — T(H & E),

n

(2.1) (h,e) = E((h,e),n(h,e)),

where & is the induced connection described by Proposition 2. The coordinate de-
scription of (2.1) is: if

n(h,e) = n'(h,e) - 0" + n*(h,e) - Ou™
then
(2.2) 7(h,e) = n'(h,e) - 0F" + n*(h,e) - "

where 67%, Ou” are described by (1.6).
We denote by n: S(x) — x(F) the sheaf morphism

S(x) > s —sex(E),
(2.3) s(e) = 77(8(7'('(6)),6)

(see [M-M] for details). The (s.v.f) is projectable if there exists a morphism
n: H—TB

such that the diagram
nHOE ————TF

| |

n:H——TB

commutes. According to [M-M], 5 is projectable if and only if n° € F(H). Let us
suppose 7 is a (p.s.v.f). Then its horizontal prolongation 7 has the property that it
projects onto the horizontal vector field ', n': H — T H, described by the following
diagram:

H

HXBTB

T

TH
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One gets locally the expression
(2.4) n'(h) = n'(h) - 6z' = n'(h) - (0a" + of(x, h) - 02°).

Let {p,: H®E — H@ E, t € R} be the one-parametric group of 7 and let
{p}: H— H, t € R} be the one-parametric group of 7’. Because 7 projects onto 7/,
one obtains that the diagram

P HOE HoFE
o5 l l
wp H H

commutes.

We may use this diagram in order to describe how an integral curve of " determines
a fields of integral curves of 7.

Let ho € H ,, = X !(z0) be a fixed point and let

t — ¢i(ho) = c(t)

be the integral curve of 1’ passing through hg. Let ey € E ,,, = 7 !(z0) be any point
and let

(2.6) t — B, (ho, e0) = (t)

be the integral curve of 77 passing through (hg, eg). The formula (2.6) determines the
family of integral curves of i) starting from every point of E ..
Let s € S(x) be an integral section of n which contains ¢(t), and let

{st: E—E, te R}

be the one-parametric group of the vector field s = 7(s). Let us denote the integral
curves of s which passes through ey by

(2.7) t — si(eg) = c(t).
Then we obtain the following decomposition of ¢(t):
(2.8) e(t) = (<(t),c(t)).

One can verify that (2.8) is independent of the chosen section satisfying the above
properties.
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(2.b) The derivative along a direction. Let n be a (s.v.f) and let E € x(H) be
a vertical vector field of the fibred manifold x. We call such a vector field a direction.
Let
{¢x: H— H, A€ R}

be the one-parametric group of =.

Definition 1. Let (h,e) € H ® E be a fixed point. By the derivative of 7 along
the direction = at the point (h,e) we mean the limit

(2.9 (01/0Z)(h, €) = Tim (1/3) - (n(h €) = n(Gr(R), ).

One notices that 7(h,e), n(¢{x(h),e) belong to T.E and so dn/0= does. If the
above limit exists at every point (h,e) € H @ E, then a new (s.v.f)

on/02: H®E —-TFE
called the derivative of n along the direction =, is well defined.
Theorem 1. Let n be a (s.v.f) and let Z € x(H) be a direction. Then the relation
(2.10) (PB)«,(he) - [ET, 0] = (90 /OE) (. e)

holds.

Proof. LetI': H®E xgTE — T(H @ E) be a connection of the fibred
manifold pg: H ® E — E. Locally, I" can be described by the formulas

[(02") = 07" = 02" +T%(h,e) - 92°,
L(0u®) = du® = ou® + T (h,e) - Ou®.

As in (2.1), we can prolong 1 to the horizontal vector field
nW:H®FE —T(H®®E)
with the coordinate expression
nt(h,e) =n'(h,e) - 07 +n*(h,e) - 6T".

Let {C)T\: He®FE — H®E, A € R} be the one-parametric group of the vertical
prolongation ='. Then it acts as

C;:(ha 6) = (C)\(h)a 6),
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where {{n: H — H, XA € R} represents the one-parametric group of E € x(H).
Consequently, the differential of C)T\ satisfies

() wcr(y.e) - O2' = 'y,
(Ve cany.e) - QU = du, o
and
(CI)\)*,((A(h),e) -0z =Yh,e) € Vpg (he)-

One obtains

EL ") (hee) = lim (1/2) - (1" (hy€) = (1) 0" (G (). )

= Tim (1/3) - (T((hy€),n(hs €)) = T ((hy €),n(Gr (), €)) )

A—0
+ 1im (1/2) - (T((y€),n(Gr(B), €)) = (L) -1 (Ga(), €)).
The first limit is equal to
L((h,e), (9n/OZ)(h,e))

as we can see from Proposition 1. We shall prove that the second limit represents a
vertical vector along pp: H® E — F.
One has

(CI)\)* . ’I’]F(C)\(h)7 6) = (CI)\)* . (,'71 . ('9331 + 7704 . aua + Ff : aZCL + Fg ' aza)
=11 (Ca(h),€) - 0zl o) + 0™ (Qr(B), €) - Oulf )

+ (Te(GaR) ) +TE () e)) - Y (hye)
= Ui(C/\(h)a €) '833f(h,e) +n® (Cx(h), e) 'a“fl(h,e)

+ a vertical vector

= I‘((h, e),n(¢(h), e)) + a vertical vector

(exn)e)

This implies that the vector

(/) - (T ) n(a(B), €)) = (L) 0" (Ga(h),e))

belongs to the vector space Vpp (). Because Vpg 1, ) is a closed set, we conclude
that

tim (1/) - (T ((h, ), n(Ga (). €)) = (¢ )« - 1" (Ga(h). e))

belongs to Vg (n,e)-
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Hence, because of the property of the connection I', one obtains

(pE)*,(h,e) . [ET, 77F] = (pE)*,(h,e) : F((h’ e)’ 877/85(h’ e)) = (377/55)0% e)'

This concludes the proof.
Theorem 1 allows us to compute the local expression of the derivative along a
direction. Let = € x(H) be a direction with the coordinate expression

E(h) = E%(=z, h) - 02°.
Then, according to (1.4), one has
(211)  (9n/0Z)(h,e) = E*(h) - ((0n'/0z")(h,€) - Oa’, + (On* /02%)(h,€) - Du).

The above relation leads to the following conclusion: the derivative along a direc-
tion depends only on the value of the direction at the point. O

3. THE VARIATIONAL EQUATION OF A (P.S.V.F)

(3.a) The evolution map. Let r € S(m) be a section; we set
r': H- E,
rl(h) = r(x(h));
then r! becomes a morphism between the fibred manifold H and E.

Proposition 3. Let hy € H be a fixed point. Then there exist
— a real number € > 0,
— a fibred neighborhood Uy of hg
— a map
¥: (—e,e)x Uy —-HGE

with the property

(31) 7*,(t,h) -0t = U(V(ta h))a
7(0,h) = (h,r'(h)).

Proof. By a continuity argument, we can see that the map

(3.2) 7t h) =By (h,r' (1))
is well defined on a neighborhood of (0, ho) € R x H and satisfies (3.1). We call the
map 7 the evolution map. O
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Corollary 1. Let E € Vx5, be a vertical vector and let us denote
eo =11 (ho) = 7(20).
Then the relation
(3.3) Ve (tho) " 2 = (@) s.(hoseo) - E' (ho, €0)

holds for every t belonging to the set (—e,e) C R.

Proof. We can rewrite the relation (3.2) as the diagram

UyCc H

HoFE

HoFE
for every t belonging to (—¢,¢). It is easy to check that
(id X 7)o - 2= E'(ho, €o).

This concludes the proof. O

(3.b) The variational vector along the integral curve of s. One notices
that the curve

t— T(t, ho)

is nothing else but the integral curve of 7 starting from (hog, eg). Let us suppose 7 is
a (p.s.v.f). According to (2.8), one gets

E—3(t, ho) = o(t) = (¢/(1), ().
Then, because of (3.3), one obtains a vector field along ¢(t), denoted by
7(E): [elt)] — T(H & )
and defined by the relation
(3.4) J(E) (@) = (T tho) - E = @e)w(honeo) - E' (hos €0)-
According to the decomposition (1.7), one gets
(3.5) TE)(e(t) = T' @) () + 7T (3)(e()

— —_ —h —_ _
where J'(E) € V Pg sy and J (E)(c(t)) € Hpp s
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Definition 2. Let o be a connection of the fibred manifold x: H — B and let
E € Vx.n, be a vertical vector. Then the variational vector field induced by o and
E along the curve c(t) = st(hg) is the field

J(B): [c(t)] — TE,
(3.6) J(E) = (pB)wz - T (E)(E(1)).

(3.c) The variational equation of a (p.s.v.f). Let
i@ [¢®)] - TH
be the vector field defined by the relation
(3.7) JE(C®) = (@)oo - B
Then j(E) splits into the decomposition
JEE®) =i"E( W) + FFE(CW),

where j"(Z)(c/(t)) € HX o) 3°(E)('(t)) € VX,r(0)-

We set

(3.8) E(C(t) = P, -j(E)(C (1) =i E)(C®).
Theorem 2. The formula

(3.9) [s,7(®)] (c(t)) = (@n/0Z)(c(1))

holds.

Proof. First, we prove that the relation

(+) P, TE)(e) = 7' @) = (E(¢®))

holds. Taking into account (2.5) and the expression of py!, one gets
P J(E)(@(1) = pp' o (jd, xnPs)oput {(Z0)snoco) - E' (hos o)}

5o () e), P j(E) )

{( wwﬂ

=@@wDWu»
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Along the set (—¢,¢) x {ho}, one has
[0t,E] = 0.
Thus, one obtains

(F) ey - [04,E] = [7, J(F)] (2(t)) = 0.

Consequently, one obtains

and so

Applying (pg)« on both sides of the equality and taking into account Theorem 1
and (%), one obtains

[s, J(2)] (c(t)) = (9n/9Z)(c(t)).

This concludes the proof. O

4. EXAMPLES

(4.a) Parameter dependent vector fields. Let M be a manifold; we set

H=R"xM — M, N z) — =z,
E=M—M, T — T.

Then a (s.v.f) is a map
X:R™ x M — M, (\z)— X(\z)eT,M.

In the paper [T1] we called such a (s.v.f) a parameter dependent vector field. It
models the classical theory of the differential equations depending on parameters.

We notice that the integral sections are the constants.

Consequently, if A\ € R™ then it induces the vector field

A: M —TM, Mz)=X(\2).
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The reader can verify that the formula (3.9) has the form

(4.1) A I(E)] () = (0X/05) ((a)).

The above relation is nothing else but the variational equation of the differential
equations depending on parameters.

(4.b) The geodesic flow. An example of a parameter dependent vector is the
geodesic flow of the principal frame bundle B(M) of the manifold M. Let 6 be the
canonical form and let w be a connection form on B(M). Then, if £ € R™ is a vector,
there exists only one standard horizontal vector field

B(€): B(M) — TB(M)

defined by the relations

We define the parameter depending vector field
(4.3) B: R" x B(M) — TB(M),

Bl&.w) = BO) = 3¢ Ble(u),
i=1
where we denote by e, ..., e, the canonical basis on R™ and set
E=(&....€m).
A direction (vertical vector) 2 € x(R™ x B(M)) can be written as
E=Z(¢& u) - Oey.

Let & € R™ be a fixed point; then the relation (4.1) combined with (4.3) leads to
the formula

(4.4) [B(&), J(B)] = (&(u) = ZEZ (& (u),u) - B(ei) (& (w)),

where [t — ft(u)] represents the integral curve of B(&y) starting from w.
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We have proved in [T2] that J(Z) projects onto a Jacobi vector field along the
geodesic determined by B(&p). This is the reason why we call (4.4) the lift of the
Jacobi equation to the frame principal bundle.

(4.c) The system of horizontal projectable vector fields. Let 7: £ — B
be a fibred manifold endowed with the connection

v: ExgpTB —TE.
The lift of a vector X , € T, B is defined as follows:
X! =9((e,x),Xs), mle)=um,

as is well known.

Consequently, we obtain a (p.s.v.f), devoted
v: TBxpE—TFE
and described by the relation
(4.5) V(X pe)= X" e T.E.

Let o be a general connection on 7' B; then 7 is a connection of the fibred manifold
pe: TB® FE — E and so one obtains

¥: TB®E - T(TB® E),
F(Xp,e) =7((X 0,e), X1).

The projection of ¥ along pg is nothing else but the lift of X with respect to the
connection o. So one obtains

v': TB — T(TB),
V(X)) =02, X2).

Let X, € TB be fixed and let & € Vx , be a vertical vector in X ;. Then,
according to (3.9), one obtains the equation

(X", J(E)] (c(t)) = (97/IZ) (c(t)).

The above equation has a simple form. Let (x%), i = 1,...,m be a local coordinate
chart of B and let (2*,u%), « =1, ..., n be an adapted chart of E. The adapted
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chart of H = T'B becomes (x%,47), j = 1,...,m. The connection v is described by
the relations
’7(678.’17?1/,) = axfa + ’Yza(e) . au,oé = 6wfe'

Then, if Z = Z7 - 917, one obtains
(X", J(2)] (c(t)) = E - 62

where we set
E(d(t) =E/ (1)) - ai?c,(t).
Let us suppose we have defined an adapted covariant derivative on the fibred
manifold F, denoted V.

Proposition 4. The vector field J(Z) is a Jacobi field along the geodesic c(t) if
and only if the following relation is fulfilled:

(4.6) Vo oz X" + Vxn0v/0Z = 0.

Proof. One has
VxnJ(E) = Vi X" —T(X", J(E)) = 9v/0E.

Deriving this relation with respect to V and taking into account that X" is parallel

along c(t), one obtains
VxnVxnd () + Q(J(E), X") X" + Vi T(J(E), X") =V oz X" + Vxndy/OE,

We have denoted by €2 and T the curvature and the torsion tensors with respect
to V (see [K-N] for details). O

References

[D] T.Van Duc: Sur la geometrie differentialle des fibres vectoriels. Kodai. Math. sem. rep.
36 (1975), 349-408.
[K-N] S. Kobayashy, K. Nomizu: Foundations of Differential Geometry. J.W.Interscience, Vol.

I, 1963, Vol. 11, 1969.
[3] L. Mangiarotti, M. Modugno: Connections and differential calculus on fibred manifolds.
Application to field theory. preprint, 1989.
[T1] C. Tigderu: Parameter dependent vector fields. An. Univ. “ALI.Cuza”, Iasi, XXXVII,
1, (1991), 119-112.
[T2] C. Tigderu: The lift of the Jacobi’s equation of the principal frame bundle. An. Univ.
Timisoara, XXXI, 1, (1993), 133-142.

Author’s address: Universitatea “Stefan cel Mare”, str. Universitatii, nr. 1, Suceava,
wd. 5800, Romania.

596



		webmaster@dml.cz
	2020-07-03T11:45:59+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




