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Abstract. Let T be an operator acting on a Banach space X. We show that between
extensions of T to some Banach space Y D X which do not increase the defect spectrum (or
the spectrum) it is possible to find an extension with the minimal possible defect spectrum.

Let X be a Banach space. Denote by B(X) the algebra of all bounded operators
in X. For T € B(X) denote by R(T") and N(T) its range and kernel, respectively.
Denote by 0,(T) = {A € C: T—\is not bounded below} and o5(T) = {A € C: T—X
is not onto} its approximate point spectrum and its defect spectrum, respectively.
Both o, (T) and o5(T) are compact subsets of the complex plane. The approximate
point spectrum as well as the defect spectrum contain the boundary of the spectrum.
If we consider any extension S of T to a larger Banach space ¥ D X then the
spectrum of S contains the approximate point spectrum of 7. It was shown in [3]
and [5] that the spectrum of an extension can be made the smallest possible, i.e.
there exist a Banach space Y and an operator S € B(Y') such that T = S|X and
o(S) =o:(T).

First we study how the defect spectrum of an extension of a Banach space operator
can be reduced. The situation is different than in the previous case because for any
Banach space operator there is some extension which is onto. But it is natural to
consider extensions S of T' with the defect spectrum contained in the defect spectrum
of T. We describe which subsets of the complex plane are the defect spectrum of
some extension S of T under the assumption o5(S) C o5(T"). We also solve the same
problem under another condition o(S) C o(T).

The research was partially supported by grant no. 119106 of the Academy of Sciences,
Czech Republic, 1991 Mathematics Subject Classification 47A20, 47A10
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Then we consider a general case. We show for which pairs Fj, F> of subsets of the
complex plane there is an extension S of T such that 0. (S) = Fy and 05(S5) = F>.

The author would like to thank V. Miiller for the fruitful discussions about the
subject.

Let K be a compact subset of C. We shall denote by K = {A € C: [p(\)| <

sup |p(z)| for every polynomial p} the polynomial convex hull of K. It is well known
zeK
that the polynomial convex hull of K is equal to the complement of the unbounded

component of C\ K. Thus K C 9K.

Lemma 1. Let K, L be compact subsets of the complex plane C. If K = L then
OK C L and 9L C K.

Proof. Assume that there is A € K — L. Find ¢ > 0 such that the open
disc D(),¢) is disjoint with L. As A € 8K, we have that (C — K) N D(), &) =
(C—L)ND(A,é) is non-empty. Thus (C—L)UD(), ¢) is open, connected, unbounded
set disjoint with L and therefore contained C — L. Hence A€ C— L =C — K and
this is a contradiction. The second inclusion follows from symmetry. O

Lemma 2. Let X be a Banach space, let A € L(X). Then

Proof. Follows from the fact that do(A) C 0.(A) C o(A) and do(A4) C
o5(A) C o(A). O

Lemma 3. Let Y be a Banach space, let X be a closed subspace of Y. Let
TeL(X),SeL(l),SX=T. Then
(1) o5(S) C 75(T) implies 05(T) C os(S),
(2) o(S) C o(T) implies Oa(T) C o5(S).

Proof. As T is the restriction of S to X, we have o,(T) C 0,(S). Using
Lemma 2 and the assumption o5(S) C 75(T) we obtain

5(T) = 6,(T) C 5:(S) = 55(S) C 55(T) = 5(T).

Thus we have shown that &(T') = 75(5) and we can apply Lemma 1.

(2) Let A € 00(T). The boundary of the spectrum of T is contained in the
approximate point spectrum, so that A € 0,(T) C 0,(S) C o(S). There exist
complex numbers A, (n € N) converging to A and A\, € C —o(T) C C— o(S5). Thus
A€ do(S) C o5(9).

We shall need the following lemma (cf. [1]). O
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Lemma 4. Let ) be a bounded, non-empty, open subset of C. Then there exist
a Hilbert space H and an operator Sq € L(H) such that
(1) o(Sq) = Q;
(2) 00 C a5 C O
(3) there exists hg € H such that (g,ho) # 0 for any A € Q and any non-zero
g € N(Sq — \). Moreover N(Sq — ) # {0}.

Proof. Put Q* = {z € C: z € Q}. Denote by H the Bergman space of all
square-integrable functions in Q* with respect to the planar Lebesgue measure. For
f,g9 € H the scalar product is defined by

(7—9*/f g(z)dzdz,

where A(Q*) is the Lebesgue measure of the set Q*. This scalar product makes H
into a Hilbert space. Define the operator M on the Hilbert space H by

(M[)(2) = 2f(2).
Asfor fe H

1
A(2%)

we have M € L(H). Fix A € Q*. There exists ¢t > 0 such that D(\,t) C Q*, where
D()\t) is an open disc with the centre in A and radius ¢. Let f € H. Consider
the expression of f as a power series converging in the disc D(A,t), ie. f(z) =

o)
> an(z—A)". Let 0 < s <t. Then
i=0

2
A = 5y [ JeF @R dzdz < (sup [21) 1,
Q* zeQ*

2
dzdz

o

m= [ EPad= |13
/ /2n
g2n+2

2 s 0O
rdrde = 271/ Z|an|2r2”+1 dr
0 o
JKZ\%@ —

Thus for 0 < 2e < t we have

an(z — A)"

o0
a r’e'"?

S g g2n+2
Joore | ( f(2)PP dzdz oomle) _ n§0|an 2nt2 <L
. 2dzdz T om(2e) X ge)2nt2 4
fQ 2| (2¢) z |an|2(;)1+2

611



and therefore

1] epaas [ o, M daz < [ 1serazaz

*

Hence
100 =011 = 5o [ 1= DsE)Fazaz
> S0 o [~ VIR as:
> A(i;) /Q*\D(m 1 (2)2dzdz

3e?
>

2 s _ 3% e
> B oGP dzds =

Set Sq = M*. We have shown that M — X is bounded below for A € Q*, so that

for u € Q the operator Sg — u = (M — [i)* is onto. For A\ ¢ Q* it is clear that

(M= N71f)(2) = (2= AN)"Lf(2) (f € H). Thus (Sq — ) = (M — \)* is invertible

for \ ¢ Q.

We have proved that ¢(Sq) C Q and 05(Sq) C 9.

Denote by hg the function equal identically to 1 on Q*. Let A € Q2 and g €

N(Sq — ) = N((M — X\)*), g # 0. Any function f € H can be written in the form

FE=FN) oL

£ = LR 345,

z—=A

As the analytic function (f(z) — f(\))(z — A\)~! is also in H, the first term of the

latter sum is in R(M — X) = (N(Sq — A))*. Thus we obtain (g, f) = (g, f(A\)ho) =

F(N) (g, ho) and (g, ho) # 0, otherwise g € H+ = {0}. Further, if f € > a,(z — \)"

n=0

in D(A\,t) and 0 < s < ¢ then

m(s)

A(2%)
< 2

N2 = 2 <
PO = Jaof? < 50 < =

112

Thus f — f()\) is a non-zero bounded linear functional vanishing on R(M — \) =
(N(Sq — A))* and consequently N (Sq — )) is non-trivial. Hence Q C o(Sq) C , so
that 0(Sq) = Q and 9Q C 05(Sq). This completes the proof of (1), (2) and (3). O

Lemma 5. Let Z be a Banach space, D € B(Z), K > 0. Let M be a subspace
of R(D) such that M is dense in Z and for any y € M there exists x € Z satisfying
Dz =y and ||z|| € K||y||. Then D is onto.
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Proof. Define the bounded operator Dy: Z/N(D) — Z by Do(z + N(D)) =
Dzx. Define the operator C: M — Z/N(D) by Cy = D~y + N(D). As ||Cy| <
K||yl||, we can extend C to an operator from Z to Z/N (D), which we denote by the
same symbol C. For y € M we have DoCy = Do(D 'y + N(D)) = y. If z € R(D)
then there exist elements y,, € M converging to z. As the sequence y, = DoCy,
converges to DyC'z, we obtain z € DyCz € R(D). Thus R(D) is closed, dense in Z
and therefore D is onto. O

Proposition 6. Let X be a Banach space, let ) be a bounded, non-empty
open subset of C. Then there exists a Banach space Z and operators Sq € B(Z),
A: Z — X such that

(i) o(S0) =0,
(ii) 0Q C o5(Sq) C 09,
(ili) A(N(Sq —A)) = X for any \ € €.

Proof. Let H be a Hilbert space, Sq be an operator and let hy be an element of
H satistying conditions (i)—(iii) of Lemma 4. Denote by Zy = X ®, H the algebraic
tensor product of X and H. Define the norm on Z; by

n n
[El inf{Zmn kil xi € X, by € H, szi@)hi}.

=1 i=1

Let Z = X®H be the completion of Zy. It is not difficult to show that Z is a Banach
space. Define the operator Sq on Zj by

i=1 i=1

This definition is correct and

n n
> wi @ Sahil| < [1Sall D il - 1Rl
i=1 i=1

Thus we can extend 5‘5 to a bounded operator on Z which we shall denote by the

same symbol 55
Let A € Q, i.e. Sq — A is onto. There exists K > 0 such that for any h € H there
is g € H satisfying (Sq — A)g = h and ||gH < K- ||h||. Let z € Zp, € > 0. Find

elements x; € X, h; € H such that z = Z x; @ h; and Z lz: |l - [[hil] < (14 ¢€)| =]l
Choose g; € H such that (Sq — \)g; = h and llg:]] < ||h ||. Then

Z—sz(@h —sz ® (Sa — A SQ_ <Z$z®gz>
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and

i @ gi

lewz\l lgill < KZIIwzll 1]l < K (1 +€)]]-

Thus Sq — \ is onto by Lemma 5.
If A ¢ 0(Sq) then (Sq — A)~! = ((Sq—A)"1), i.e. A ¢ 0(Sq). Define the operator
A: Xo — X by
(Z 2 ® hy > Z(hi, ho) .
i=1

This definition is correct and

n

Z(hza hO

i=1

IIhoHZ [lill - [|Pl-

Thus we can extend A to a bounded operator from Z to X which we shall denote by
the same symbol A. Let x € X, A € Q. By Lemma 4 there is a nonzero g € N(Sq—\)
such that (g,ho) = 1. Then @ g € N(Sq — A) and A(z ® g) = (g, ho)x = x. Thus
A(N(Sq — ) = X. O

Consider an operator 7' € B(X). By Lemma 3 the defect spectrum of any exten-
sion S of T to a larger Banach space Y such that o5(S) C o5(T)(c(S) C o(T)) con-
tains 9o (T') (0(o(T)). Let F' be a compact subset of C such that 05(T) C F C o5(T)
(00(T) C F C o(T)). We show that it is possible to find a Banach space Y D X
and an extension S of T to Y such that 05(S) = F(os(S) = F and o(S) C o(T)).
In particular, Y and S can be constructed such that the defect spectrum of S is the
smallest possible, i.e. 05(S) = 00(T)(05(S) = 0o (T)).

Theorem 7. Let X be a Banach space, T € B(X). Then
(i) for any compact subset F' of C, 0o(T") C F C 05(T), there are a Banach space
Y containing X and an extension S of T to Y such that o5(S) = F,
(ii) for any compact subset F' of C, do(T) C F C o(T'), there are a Banach space
Y containing X and an extension S of T to Y such that o5(S) = F and o(S) C
o(T).

Proof. (i) Denote by € the interior of o(T"). If Q is an empty set then set
Z = {0}. Otherwise by Proposition 6 there are a Banach space Z and the operators
Sq € B(Z), A: Z — X such that 0(Sq) = 0, 05(Sq) = 82 and A(N(Sq — A)) = X
for A € Q. Set Yy = X ¢ Z. If Q is non-empty then define the operator Sy on Yy by

So(z @ z) = (Tr+ Az) @ Saz,
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otherwise we set Sy = T'. It is easy to see that for A\ € ) we have Sy — A is onto and
that Sp — A is invertible for A ¢ Q. Find a normal operator N on the Hilbert space
Uy with o(N) =05(N) =F. Set Y =Y, & {5 and define S € B(Y) by S =S, & N.
Then 05(S) = F and (i) is proved.

For the proof of (ii) denote by Q2 the interior of o(T"). The rest of the proof is the
same as in (i). O

Remark 8. In the case when X is even a Hilbert space it is easy to see that the
space Y in the previous theorem can be also constructed as a Hilbert space.

Lemma 9. Let A be an operator on a Banach space X. Then do,(A) C 0s5(A)
and 0o5(A) C o(4A).

Proof. Letpu € 0o,(A). Then there exist elements y,, converging to u such that
A— iy, is bounded below. If u ¢ o5(A) then A—p, is onto and consequently invertible
for n large enough. But then p € do(A) C 05(A) and this is a contradiction. Thus
u € o5(A). The second inclusion can be proved similarly. O

Theorem 10. Let X be a Banach space, T € B(X). Let Fy, F» are subsets of
the complex plane. The following conditions are equivalent:
(i) there exist a Banach space Y containing X and an extension S of T to Y such
that 0,(S) = F1 and 05(S) = F»,
(ii) the sets Fy, Fy are compact, 0Fy C F», 0Fy C F1, 0.(T) C F1, o(T) C B,

Proof. (i) = (ii). Clearly Fy, F; are compact. By Lemma 9 we have 0F; C F
and 0F, C Fi. Further we have 0,(T) C 0,(S) = F1, so that by Lemma 2

o(T) C 5(T) = 65(T) C 5x(S) = 55(S) = Fy.

(ii) = (i). By [3] or [5] there exist a Banach space Xy D X and an operator Tp
such that T'= Ty| X and o(Tp) = 0(To) = 0.(T). Denote by Q the interior of F;. If
) is an empty set then set Z = {0}. Otherwise by Proposition 6 there exist a Banach
space Z and operators Sg € B(Z), A: Z — X such that o(Sq) = Q, 05(5q) = 09,
AN(Sq — X)) = X for A € Q. Set Yy = X & Z. If Q is non-empty then define
So € B(Yy) by

So(z @ z) = (Tox + Az) ® Saz,

otherwise set Sy = Ty. Then
0x(S0) C ox(To) Uox(Sq) C FLUD C Fy.

615



Further,

05(S0) C OQU[(C\T) M a3(Ty)] C 0QU[(C\ Q)N Fi]
0QUOF; C OF, C Fs.

By Proposition 6 there are a Hilbert space W3 and an operator S; € B(W7) such
that 0,(S1) = 0(S1) = intFy and 05(S;) = 9(intFy) C OF, C Fy. Similarly there are
a Hilbert space W5 and an operator So € B(W53) such that os5(S) = 0(S2) = intFy
and 0, (S2) = d(intFy) C 9F» C Fy. Find a normal operator N € B({3) with

o(N)=0,(N)=0s(N)=0F, UOF>.

Set Y =Yy oW1 &Wo Dby and S = Sog D S1 D So® N. Then 0'71—(5) = I} and
0'5(5):F2. U

Remark 11. The same as Remark 8.
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