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0. INTRODUCTION

We consider the following one-phase Stefan problem SP := SP(ug,¥) for a
semilinear parabolic equation in the one-dimensional space: Find a curve (a free
boundary) z = #(t) > 0 on [0,7], 0 < T < oo, and a function v = u(t,x) on
Q(T) :=(0,T) x (0, 00) satisfying

Up = Upe +u' T in Qu(T) :={(t,x); 0<t<T, 0<x<(t)}
uw(0,2) =wug(z) for 0< x < Lo,

ugy(6,0) =0 for 0<t<T,

u(t,z) =0 for 0 <t <T and z > £(t),

() = —ug(t, L(t)) for 0<t<T,

£(0) = o,

S Ot b W N =
= D D D = —

~~ I/~
S i e

where a and fy are given positive constants and ug is a given initial function on
[Oa 60} .

The local existence and the uniqueness for solutions to the above problem S P were
already investigated by Fasano-Primicerio [7] and Aiki-Kenmochi [1, 5, 8]. Since there
are blow-up solutions of the usual initial boundary value problem for the semilinear
equation (0.1) in a bounded domain, by using comparison principle it is clear that
SP has blow-up solutions for a large initial data. In previous works [2, 3, 6] we
showed some theorems and numerical experiments concerned with the behavior of
free boundaries of blow-up solutions to one-phase Stefan problems with homogeneous
Neumann and Dirichlet boundary conditions. On global existence (see Theorem 1.2)
we obtained in [4] a solution to the problem SP on [0,00), an exponential decay of
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|u| o< (0,6(¢)) and boundedness of the free boundary ¢ for a small initial function wug
in the case a > 1.

The purpose of the present paper is to establish stability of a global solution to
the problem SP in the following sense: Let o > 1 and let {u, £} be a solution to SP
on [0, 00) such that there are positive constants L, M and p such that

L(t) < Lfort >0 and |u(t,z)] < Mexp(—ut) fort >0 and z > 0.

Then there exists a positive constant § such that if [ug —to|1r(0,00) < J, Wwhere p > 1
is a suitable constant, the problem SP(ig, %) has a solution {,¢} on [0,00) such
that the free boundary {/(t)} is bounded and |@(t)[ o (0,4(1)) decays in exponential
order. We note that the global existence and stability concerned with the problem
S P are not proved, theoretically, for 0 < a < 1.

1. THE MAIN RESULT

We give a precise definition of a solution to SP.

Definition 1.1. We say that a pair {u, £} is a solution of SP(ug, ¢y) on [0, 7],
0 < T < o0, if the following conditions are fulfilled:

(S1) w € WH2(0,T; L?(0,£4(t))) N L>=(0,T; W2(0,£(t))), and £ € W12(0,T) with
0<¢on0,T].

(S2) (0.1) holds in the sense of D'(Q¢(T)) and (0.2) ~ (0.6) are satisfied.

Also, we say that a couple {u, ¢} is a solution of SP on an interval [0,7"), 0 <
T’ < oo, if it is a solution of SP on [0,T] in the above sense for any 0 < T < T".

We introduce the following space in order to describe the class of initial functions
which satisfy the compatibility condition:

V ={(z,5); s>0and z € W"2(0,00) with z > 0 on [0, s] and z(y) = 0 for y > s}.

First, we recall the theorem concerned with local existence, uniqueness, compari-
son, continuation and regularity of solutions to SP.

Theorem 1.1. (cf. [1, Theorems 1.1 and 5.1] and [7, Theorem 1]) Let o > 0 and
(UO,éo) evV.

(i) Then there is a positive number T, such that the problem SP has one and only
one solution {u, ¢} on [0, Tp].

(ii) We assume that (ao,éo) eV, ly < by, up < g on [0,00) and ug # {g. Let
{u, 0} or {a,0} be a solution to SP(ug,ly) or SP(iy,), respectively, on [0,T],
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0 < T < oco. Then we have
(<0 onl0,T) and u < @ on Q(T).

(iii) If up € C([0,£o]) and uo,(0) = 0, then the solution {u, ¢} to SP(uo,%o) on
[0, T'] satisfies that u, is continuous on Q¢(T), us and us, are continuous on Q¢(T)
and ¢ € C1([0,T]).

(iv) Let {u, ¢} be a solution to SP(ug,{y) on[0,T"),0 < T’ < oo, and let M be any
positive number. If |u(t, z)| < M for (t,x) € Q(T"), then the solution is extended in
time beyond T".

Remark 1.1. By Definition 1.1 and Theorem 1.1 (iii), for a solution {u, ¢} to
SP on [0,T], u, is continuous on the set {(t,z); 0 < < £(t),0 <t < T}, ur and vy,
are continuous on Q(T) and ¢ € C'([0,T]). Hence, applying the strong maximum
principle to SP we get the assertion (ii) in Theorem 1.1.

Throughout this paper, given the problem SP, we say that [0,7), 0 < T < 400,
is the maximal interval of existence of the solution if the problem has a solution on
the time-interval [0,7"] for every 7" with 0 < T’ < T and the solution can not be
extended in time beyond T'. Also, for simplicity we put

E(z,8) = /0S z(x)dz+s for (z,8) eV

and
V(M,L)={(z,s) € V; s<Land z(z) < M for 0 < z < s},

where M and L are positive numbers.
Now, we give a theorem concerned with the global existence of solutions to SP.

Theorem 1.2. (cf. [4, Theorem 1.2]) Let o > 1, (ug,fy) € V. Then for any
positive number M there exists a positive number §g = §(M, ) € (0,1] such that
if by < M, fofo ud,dr < M and f0£° uddx < do, then the problem SP(ug, ) has a
solution {u, ¢} on [0,00) satisfying

E(u(t), (1)) < {c + E(u(%)ﬁ(%))ﬁ} fort >

d
a|ux(t)|iz(07[(t)) § 0 fOI’ a.e. t> 0,

W=

)

DN | =

[u(t) Lo (0,e0)) < V2exp(—put)  fort >0,
where C' = C(a), = () and p1 = p(a, Lo, [uo| L= (0,¢,)) are some positive constants.
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For brevity we introduce the following set G := G(ug, fo; M, L, 1) for (ug, ) € V
and positive numbers M, L and u:

G(ug,lo; M, L, u) = {{u, £}; {u, !} is a solution to SP(ugp,¥p) on [0, 00) satisfying
e () 2(0,00)) < M, [u(t)|po<(0,00t)) < M exp(—pt)
and £(t) < L for t > 0}.

The next theorem is our main result on the stability of global solutions to SP.

Theorem 1.3. Let o > 1, (ug, ty) € V, let M, L and u be positive numbers and
{u, 0} € G(ug,%o; M, L, ). Then there is a positive number p; > 0 depending only
on « possessing the following property:

For any positive number M there exists a positive constant & such that for any

(i1, o) € V (M, M) with |ug — to|Lr1(0,00) < 0 and [y — lo| < & the problem

SP(ig, ) has a solution {@, 0} on [0,00) satisfying

0(t) < L and [@(t)| oo 0,4ey) < M exp(—fit) for t >0,

where M, L and [1 are positive constants depending on o, M, L, p, M and 6.

We will prove Theorem 1.3 in the following way. First, we give some useful inequal-
ities in Sobolev spaces and an ordinary differential inequality in Section 2. Secondly,
some properties of a global solution belonging to the set G(ug, fo; M, L, u) are shown
(see Section 3). Next, we obtain the following decay for v := & —w under the condition
by < fg and ug < Ugp:

()| Lo1 (0,000 < c(1+8)77 for ¢ >0,

where c and (3 are positive constants. Finally, we give the complete proof of Theorem
1.3 by applying Theorem 1.2.

At the end of this section we introduce some notation. In order to avoid surplus
confusion for notation we write the set of positive constants, a, M, L, u, M and L
as (D). Since a > 1 we can take numbers satisfying

1+« P1 1 1 m
> 2 , } d - <<=,
p1 max{ Jrozoé_1 an 1+0z+2 o 5
1 N1+«

(11) <_ - _) - ]- +50,

ro 2/ pm
:Pﬂ"o
Po 5

Clearly, we obtain that 1 < pg < p; and 0 < rg < 2. These numbers play an
important role in our proof.
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2. AUXILIARY LEMMAS

At the beginning of this section we list some useful inequalities in Sobolev spaces
(cf. O. A. Ladyzenskaja, V. A. Solonnikov and N. N. Ural’ceva [10, Chap. 2, Theorem
2.2]): Let d be any positive number. Then

d 2(a=r) . d s
2 = » 2(g=r) pr r+2
(21) /0 uPT dz < (%) (), 12(0.4) </0 ws dx)
for u € W%(0, d) with u(d) = 0,

where p > 2, a >0, ¢=2(p+a)/p and r € (0,9);

d

(2.2) |u|£2(0,a) < ﬁ\uz\fdz(o,d) for u € W2(0, d) with u(d) = 0;
2
q+2\" i Tk
23 I < (5)7 el ol

for u € W2(0,d) with u(d) = 0,
where ¢ > 1.
The first lemma is concerned with an ordinary differential inequality.

Lemma 2.1. Let a, b and p be positive numbers, 0 < r < 2 and let z be a
non-negative absolutely continuous function on [0,T], 0 < T < oo, satisfying

d .,
az(t) + az%(t) < bexp(—pt) forae te€0,T].
Then there is a positive constant No = No(a, b, r, u) such that

(2.4) 2(t) < No(1+ 2(0))(1 + aBt)"5  for any t € [0,T],

2r

77’"

where 3 = 5

Proof. Let N; be any positive number and
P(t) = Ni(1+aBt)"/?  for t € [0, 7).

By elementary calculation we obtain that

d 2+7r 27
) = ¥(t) +ag— 2= (1)(=(t) — ¥(?))

- _rt2
27

< bexp(—put) — a(N7™" — Ny)(1+ apt)

for a.e. t € [0,T7.

139



Hence, we take a positive number Ny > 1 such that

(2)F (14 _;55_;{1))) < (NET - Ny,

and put N1 = No(1 + 2(0)).
Therefore, we have
d 247 27

a(z(t) — () + 45— T’L/ﬂ*"' ) (z(t) — () <0 for a.e. t € [0,T].

Using Gronwall’s argument we see that

(0~ 0(0) < (:(0) ~ ) exp{ - / v ar
<z(0)— N1(142(0)) <0 foranyte[0,T].

Thus, we get (2.4). O

Lemma 2.2. Let p > 1 and d > 0. We suppose that u € W?2(0, d) with u,(0) =
0, u(d) = 0 and u > 0 on (0,d). Then (u?/?), € L*(0,d).

Proof. It is sufficient to show that there is a function f € L?(0,d) such that

d d
(2.5) —/ uP/?n, de = / fndx  for any n € C5°(]0,d)]).
0 0

Let n € C§°([0,d]). Then there is a positive number ¢ such that supp(n) C [e,d — €]
so that u > § > 0 on [e,d — ] for some positive number §. Clearly, we have

d d—e p d—e >
f/ up/andx:/ (uP/?)ynda = 5/ uzu? tnda.
0 € €
d
‘—/ uP?n, dz
0

p d—e 1/2 d 1/2
< —(/ |t |* Ju|P2 dx) </ n* da:) .
2 € 0
Here we note that

d—e d—e 1
(2.6) /E |tz ?[u|P~2 dx :/E um<p_ 1up*1)mdx

1 d—e
*E umupfl dx +
€

Hence,

i 1{ugg(d — )P Hd — ¢) — up(e)uP~1(e)}.
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Letting ¢ | 0 in (2.6), in virtue of continuity of u, on [0, d] we obtain that

d—e 1 d
lim |um|2|u\p*2dx:f—/ UgrpuP ™t de,
el0 Jo p—l 0
that is,
d
] [ el < Claluaay  for any € G5 ((0.4),
0

where C' is a positive constant.
Immediately, we conclude that there is a function f € L?(0,d) satisfying (2.5). O

3. PROPERTIES OF A GLOBAL SOLUTION

In this section we show some estimates for a global solution to SP. First, we recall
some useful equations for a solution to SP.

Lemma 3.1. (cf. [9, Lemma 5.1] and [4, Lemma 2.1]) Let (ug, %) € V and let
{u, ¢} be a solution to SP(ug, ) on [0,T],0<T < co.

(1) We have
d w o
(3.1) EE@@),@@)):/O WO ) Ao for ace. £ € [0,T].

(2) For a.e. t € [0,T] we have

1 1d 1 d .
(3:2) [us(t)[720.00)) + i\él(t”?’ + §E|u$(t)|%2(0,é(t)) = “—QEW@) iLa(o,z(t))-

The following lemma guarantees a decay for u,.

Lemma 3.2. Let M, L and p be positive numbers, (ug, %) € V and {u,l} €
G (uo, o; M, L, p1). Then there are positive constants Ly and p1 such that

[uz(t)| 22 (0,0¢)) < L1exp(—puit) fort > 0.
Proof. By the argument in the proof of [9, Lemma 5.2] we have

£(t) 1d [4® 1
(3.3) / U (B Ugg(t) doe = ——— lug () > de — =|¢'(t)]®  fort > 0.
0 2 dt J, 2
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Also, from (0.1) we see that

o) 0
(3.4) /0 Ut () Uy (t) dz = /0 (Uge(t) + u1+a(t))um(t) dz
£(t) 14¢9)
_ /0 ()2 (8) dar — (1 + a)/o () (ua)2(t) dz for ¢ > 0.

It follows from (3.3), (3.4) and (2.2) that

£(t)

1 4o 2 / 3 1 2
35 lwOF a0+ g [ e oR

(3.5)
1d o ) l(t) ,
<1d |%m|M+W®P+/ tga(1)[? dz
0 0
£(t)
<(I+a)M® exp(—ozut)/ lug (t)|>dz  for t > 0.
0

Here we can take a positive number ¢ such that (1 + a)M® exp(—aut) < for

~ 8L2
t > tyg. Consequently, for ¢ >ty we have

and hence

£(t) ) 1 £(t) )
/0 |ug (t)]° da < exp{fm(t - to)}/o |uz (to)]” de.

On the other hand, (3.5) implies

d £(t)

£(t)
S P dr <21 —i—a)M"‘/ s ()2 da
0

By Gronwall’s inequality, we have

£(t) t
/0 lug (t)]? dz < exp{ (1+a)M“t0+4L2 } exp{—m}mogﬁ\%z(o’eo) for ¢t € [0, to).

Therefore, putting

1

Ly :exp{2(1 + )M %ty + 4L2}\u0m\L2(0 ) and pu; = 12

we get the assertion of the lemma. O
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The following lemma shows the decay of ¢/, which is a key for the proof of Theo-
rem 1.3.

Lemma 3.3. We suppose that the same assumptions as in Lemma 3.2 hold and
1 < g < 4. Then for some positive number (1o = po(u, q), we have

/ 10/ (1)]7 exp(piot) dt < oo,
0

Clearly, the above fact implies that

/ [0'(t)]? dt < oo.
0

Proof. Let L; and p; be positive constants defined in Lemma 3.2. According
to (2.3) and Lemma 3.2, we see that for any ¢t > 0

|e’()\Q—|ux( o) -
20, exp(——mt)Wm( )|C£/22(0 o(t))

and hence

’ Mlq 2 H1g
(3.6) @)1 exp(52t) < Cluaalt) 20,000 + Cexp(—12t),

where C' is a suitable positive constant.
By using (3.5) and Lemma 3.2 again, we have

14 [

()
1 2 2
5 dr |ug (7)] d$+/0 |ttge (7)) de

£(T)
< (14 a)M® exp(—aur) / |u, (7)|* dz
0
< (1 4+ )M*L3 exp{—(ap +2u1)7} for 7 > 0.

Integrating this inequality over [0,¢], 0 < t < oo, we obtain that

£(t) t o pl(T)
/ |u$(t)|2dx+// i (7)[2 da d
0 0 0
Lo

t
< (1+a)M"L%/ exp{—(a,u—i—Qm)T}dT—i—/ lugz|? dz for t > 0.
0 0

Adding to (3.6), we conclude that [, |¢/()|? exp(uot) dt < co where pg = 24, [0

143



4. ENERGY INEQUALITIES

The purpose of this section is to establish the following lemmas concerned with
global estimates for the difference @ — u of solutions to SP.

Lemma 4.1. Let (uo,Zo),(ag,fg) € V, let M, L and u be positive numbers,
{u, 0} € G(ug, o; M, L, 1), and let {i, ¢} be a solution to SP(iig, %) on [0,T], 0 <
T < 0o. Moreover, we suppose that £y < éo, ug < o on [0,00) and iy Z ug. Then
putting v = 4 — u we obtain that for t € (0,T] and p € [po, p1] (see (1.1))

d i) iid
4.1 — t
@y 5[ v

T (O o
< {—01+c2é<t>2 F([ )T R0k 0

p—1
p+1

i(t) v /i
+ Cs exp(—aut) / VP (t) do + Col' (t) P31 (/ vP(t) dw) )
0 0

where C7 and Cy are positive constants depending on «, pg, p1 and M.

Proof. For simplicity, we put H(t) = L3(0,(t)).

First, by Theorem 1.1 (ii) we have v = @& —u > 0 on Q4(T). The difference of
(0.1) and (0.1) taken u = 4 is multiplied by v?~* for p € [po,p1]. Then Lemma 2.2
is applied to get

d 2(t)
(4.2) s vP(t) dx

i(t)
= p/ v ()P (t) da
0

o(t) £(t)
= [ () 8O0 Ode—p [ ) a0 0 da

0
2(¢)
— 1) /0 ()2 ()6P2(6) A + pl! ()P~ (1, £(1))

0(t)
ip / (@40 () — o (1)L (1) da

_ (1)
2D [0 e pt ()0 1,00

0(t)

+p2°(1+ a)/o (WPT(t) + u*(t)vP(t))dx  for t € (0,T].
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We note that
(4.3) atte —ulte <291 4 ) (T 4 vu®).

From (2.1) and Holder’s inequality it follows that

m&Lfmwww¢m43+ﬂ2W“»w%m(KmWWwwf

e
el

@ 2 b2 2 prn\2 & 2
< (5 + 2) |(0P/2) (1)) £(0)* 7 ( /0 WP (t) dx) for ¢ € (0,7].
Also, according to (2.3) we have

(4.5) pl'(t)vP~L(t, £(t))
2(p—1)

< pél (t) |,UP/2 (t) |Locp(07z(t))

p—1 p—1 p—1
<257 Pl ()(2)e (8)] iy | (0P 0]

< 2(p—1)
p

[

p—

p+1

o 2(t)
OO + GIEOF ([ rwar) T e 0.1
0

where C), is a positive constant depending only on p.
It follows from (4.2) ~ (4.5) that

e

q i@ oy a £(t) 1 ) )
G v feavainr ([T e wa)” a0
0

0

[

P

p+1

i) o ()
+ Cy exp(—apt) / WP(£)dz + Col (1) 7255 ( / (1) dx)
0 0

for t € (0,T] where

2(po — 1 2
Cr= 2= aey = oo, (2+2) +a)+2mi+a)M + max C,
D1 Do Po<PKP1
This is the conclusion of the lemma. O

Lemma 4.2. Let By and Bs be positive numbers. We suppose that the same
assumptions as in Lemma 4.1 hold. Moreover, we suppose that for p € [po,p1]| and
te (0,7],0<T < oo,

a o . i)
@0 g [ e < = Bol0B g ) + Brexpl-apt) [ v (1) s

=

p—

2p i) FEsY
b B (1) < / o (t) dx) .
0
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Then there is a positive constant C3 depending on «, pg, p1, 4, M and L which
satisfies

i) Zo
(4.7) / vP(t)dr < Cs </ vP(0) dz + 1) for p € [po,p1] and t € [0,T.
0 0

Proof. For simplicity, we put

it
F,(t) = /0 vP(t)dz  for p € [po,p1] and t € [0, T7.

Obviously, we obtain

COFEE 0 < 20 + PR E R () fort e [0,T).
P p+1 p+1 P ’

Hence, (4.6) implies that for p € [po, p1]

d 2p 2p
T Fp(t) < Caexp(—aut) By (t) + Call ()71 + Ca|€' (1)1 Ep(t) - for t € (0,77,

where Cy = B1 + Bl(
Since 1 < 5 +1
above inequality we get

p1—1
po+1 + P0+1)

< 4, hence by applying Lemma 3.3 and Gronwall’s argument to the

F,(t) < (F,,(0)+04/00o /|74 dt)exp(/ooo Jo(t) dt> for t € [0, 7],

where J,(t) = Cy exp(—aut) + C4|£’(t)\%

Thus, the lemma has been proved. O

Lemma 4.3. Let M and L be positive numbers. Then under the same conditions
as in Lemma 4.2, there are positive constants Cs and Cs depending only on (D) such
that

i(t) fo 2-rg
(4.8) / WP (1) da < 05(1+ / WP1(0) dx>(1+06t) 5 forte0,T],
0 0

where 1( is a positive constant defined by (1.1).
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Proof. For brevity, we put F(t) = fw) vP1(t)dx for t € [0,T] and note that

f(f °yPo(0)dz < MP°L. According to (2.1) and the previous lemma, we infer that

22-rg) 2(2-rg) e(t) ?44-2
1) < 2755 |0 /2),(0)] o ( / ku)dx)
0

(2—r 4 2(2—rg)
<25 (O (NP | 4 1)) 77 (0P /2, (1t Ole”  forte(0,7),
and hence
1 2r
(07 2)a () By > F(t)=  fort € (0,T).

A(C5(MPo L + 1)) T
We note that

_2p1_ py—1
[’(t) Pt P(t) Pt

pr—1 /N —2PL_ —1
< ——V ()T F(t)ex t) + ex (7 t) for t € (0,71,
PP (8 expluot) + ~— exp o (0.7
where 1o is the positive constant defined in Lemma 3.3, and 1 <501 < 4.

Therefore, by adding the above inequalities together to (4.6), We have

d
dt

S R(t) < — K F(£) 550 + Kol (1) 77 F(t) exp(juot)
+ Ky exp(—puat) + Ko F(t) exp(—pust) for t € (0,77,

where K7, Ko, o and ug are suitable positive constants.
For simplicity, we put

J(t) = Kg(\é’(t)h’zl’%l exp(uot) + exp(—pust)) and ®(t) = F(t) exp <— /0 J(T) dT).

It is clear that

d 2+rg 27y ¢
E@(t) + K1®(t)2=70 exp 3 / J(1)dr | < Kyexp(—uat) fort e (0,7
=70 Jo

and

d 2470
720+ K1®(t)70 < Kyexp(—pust) for t € (0,T].

By Lemma 2.1 we obtain that

B(t) < No(1+ 8(0))(1 + 1 E1t) 71 for t € [0,T),

where 31 = 22_”’0 and Ny = No(K71, Ka,ro, pt2) > 0.

T
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Consequently, this implies that
1 oo
F(t) < No(1+ F(0))(1 4+ 81 K1t)” 1 exp </ J(7) dT) for t € (0,7);
0

since 1 < 2p1/(p1 — 1) < 4, the integration in the above inequality makes sense. We
get the assertion of Lemma 4.3. O

At the end of this section, we give a global estimate for E(i(t), {(t)).

Lemma 4.4. We suppose that the same assumptions as in Lemma 4.3 hold. Then
there exists a positive constant C7 depending only on (D) which satisfies

p1Bo

(4.9)  E(a(t),0(t)) < 07{E(a0,f0) + (/Oéo vP1(0) dx) o + 1} for t € [0,T7,

where [3y is a positive constant defined by (1.1).

Proof. For simplicity, we use the same notation as in the proof of the previous
lemmas and put

E(t) = E(u(t), £(t)) and E(t) = E(a(t), {(t)).

It follows from (3.1) with help of (4.3) that

d
— — E(t))
(B~ B)
£(t) £(t) L £(t) o
(14 a {/ o (1) dar + (/ ol ) dx)m(/ W (h) dx)m}
0 0 0
£(t) 1 £(t) o £(t)
‘14 ) / o) dr + —— o) dr + —— ur T (t) da
1+ 1+
a [(t 1;10( ~ 1+ao o
{ < VP ( )dx) 0t) "+ 5 aMH'a exp(—(1 + a)ut)}

< KsF(t) 7 B(t)™ 5 + Ksexp(—(1 + a)ut) for t € (0,7,

where K3 = 2%(1 + o) (22 + 2 M'"*), and hence

a+1 14—a
d -~ ~ lta g
<aE(t))E(t) :
1 ~ ~ 1+a ¢ d
< K3F(t) 7 + KsB(t) 7 Yexp(—(1 + a)ut) + B@t) 7 'S E(t)  for t € (0,T]



Moreover, since 1};”—1‘1 -1<0, (EAJ(t))I;r_la_1 (E(t))lz_la_ and %E(t) > 0, we see

that

N

(4.10) L i(E(T) n) < KsF(r) 7 + K3B(0) 7 exp(—(1 + a)ur)

d 1ta
1TQE(E(T) 7)) for T e (0,T].

Integrating (4.10) over [0,¢], 0 < ¢ < T, we conclude that

P (B(e) " — E(0) )

1+«

t
D1 ( 1+a 1+ ) 1+
< Eit)»n —F P K F P1
1+ (t) (0) V)R /0 (T) ar

t
+K3E(0)1PL171/ exp(—(1 + a)ur)dr for t € [0,T].
0

Hence, it follows from Lemma 4.3 that

_(+)(2=rg)

t 14« 1+a oo
/F(T)J—l d7<{05(1+F(0))}:_1/ (14 Cer)” 2o dr
0 0

<{c5(1+F(0))}13—1‘“/ (1+Cer) ' Podr  for t € [0,T].
0

Therefore, it is easy to check that (4.9) holds. O

5. STABILITY OF GLOBAL SOLUTIONS

First, we shall prove Theorem 1.3 in case the following condition (*) holds:

(%) Lo < Lo, ug < G on [0,00) and ug Z .

Proof of Theorem 1.3 under the condition (x). Let {,¢} be a solution of
SP (i, £o) on [0,T1], 0 < T} < o0, 6 € (0,1] and v := @ —u. We assume that
f(fo vP1(0) dx < & and fo < Lo+6. Since the function t — f(f(t)
there is a positive constant 15 < T} such that

vP1(t) dz is continuous,

o) .
/ vP (t)de < 26 and £(t) K L+2=: Ly fort e [0,Ts)]
0
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Lemma 4.1 implies that
d [(t) 1ta
pP1

S v <=0+ CalL) T 1
0

i)
+ Cy exp(—ayt) / vP(t) dz
0

-

b

» 2(t) pFI
+ 026/(75)% (/ vP(t) dx) for t € (0,T5] and p € [po, p1]-
0

We choose a positive number d; such that

9_ lta

Co(L2)*™ 71 (201) 77 <

ﬁ
2 )
and clearly, for § < d; we have

d 0] .
1 —
(5.1) dt/o WP (8) dt
Ciy pr2 2 0 »

< - 7|(v )z (1) L2(0,0()) + Cs exp(fa,ut)/o vP(t) dx

i) e
+ Col' (1) </ VP (t) dx) for t € (0,T»] and p € [po, p1]-

0

By virtue of Lemmas 4.3 and 4.4, for § < d; we have

0] .,
(5.2) / vPr(t)de < My (1+6)(1 + Mgt)fzmi'oo for ¢ € [0, T3],
0
B(a(t), 6(t)) < Mi(1+ 6754 for t € [0, T3],

where M, and M, are positive constants depending only on (D).
It follows from (3.2) that

~ ~ 2 ~ [e3
‘Ux(t) 22(0’57(,5)) < ‘uox‘ig(ojo) + H—OZ|U(t) it+a(0,f(t)) for t € [OaT2]>

and hence with the aid of (5.2) there is a positive constant M3 depending on (D)
such that

[ ()] 120,00y < Ms

<
(5.3)
[0()] e (0,it)) < M3

} for ¢ € [0, T3]
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Also, putting o(t) = E(a(t), /(t)) — E(u(t), £(t)), we have

2(¢)
G4) o= [ @@ - @)

2(t)
<291+ «) /0 (1T (t) + v(t)u®(t)) dz

< 2%(1 + ) (M5 + M“ exp(—aut))p(t) for t € (0,Ty].
Consequently, by using Gronwall’s inequality we infer that
o(t) < (0) exp(Myt) for ¢ € [0, T3],

where My = exp{2%(1 + o)(M$ + M*)}.
Moreover, we observe that

£(t)
(5.5) /0 oP () de < MY (t)

< MY p(0) exp(Mat)

éo R
= M;lil (/ ”U(O) dz + ¢y — Eo) exp(M4t)
0

MY LYY 4 ) exp(Mat)

<
< Mj exp(M4t)51/p1 for 6 < 61 and t € (0, T3],

where Ms = M~ (Ly /P + 1).
It follows from Theorem 1.1 (iv) that we can extend the solution {@, ¢} to [0, T5)
for some T3 > T5. Now, we take positive numbers 0 < d3 < d2 < d; and T such that

9_ lta - C
C2L2 P (3(52)1’1 < 71,
2—r
2M: (1 + MyTp) ™ To < 26,
9_1lta Cl

CaL, T{2]\/[5 exp(M4T0)(253)1/p1}ﬁ < -

We suppose that fOEO vP1(0)dz < §5. Noting that Ms exp(M4T0)6?1)/p1 > 03, if neces-
sary we choose M5 > 1 again. Now, if there is a positive number to € (0,Tp) such
that

1

a1 £(to)
M5 exp(M4Tp)o5* < / VP (to) dz < 2Ms exp(M4Tp)d3",
0
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then the inequality (5.1) holds for ¢ € (0, %] and p € [po, p1], and hence by virtue of
1

(5.5) we get the inequality f(f(t‘)) VP (tg) dz < My exp(MyTp)d2" . This is a contra-
diction.
Therefore, the following inequality holds:

£(t) 1
/ VP (t) de < My exp(M4Tp)d3*  for t € [0, Tp).
0

Similarly, {@,¢} is the solution on [0, 7] and in virtue of (5.2) we have

4(To) ,
/ Upl(To) d.’1,‘< 2M1(1+M2T0)7TO0 < 252
0

[(tl

Furthermore, if there is a positive number ¢; > Ty such that 25, < [;* " vP* (t;) dz <

302, then this is a contradiction to (5.2). Hence, we conclude that

£(t) -
/ vPr(t) dz < 2Mi(1 + Mat)” T for t > T,
0
‘ﬁf(t)|L2(0,Z(t)) g M3 for ¢ 2 0,
E(a(t),(t)) < 2M;  for ¢t > 0.
Therefore, Theorem 1.2 implies that Theorem 1.3 is valid under the condition (x).
Finally, we give the complete proof of the theorem.
Proof of Theorem 1.3. First, we put X = LP1(0, c0),
up1 = minfug, o }, up2 = max{ug, to}, o1 = min{éo,éo} and fgg = max{éo,éo}.

Let {u1,?1} and {us,¥f2} be solutions to SP(uo1,%01) and SP(ug2,%o2) on [0,T1]
and [0,T5], respectively. Putting T3 = min{77,75} it is clear that {u1,l3} €
G(uo,EO,M L,p) and |uge — wo|lx < |Go — wolx, u1 < u, @ < uz on Q(T3) and
0y < 4,0 < 0y on [0,Ts),

u(t) —a(t)]x

ur(t) — ua(t)|x

<
< Juz(t) —u(t)|x + [u(t)|x + [ur(t)]x-

By the above argument there is a positive number ¢ such that if [uo—uoz|Lr1 (0,¢05) < 9
and £y < Loz < Lo + 9, hence {ug, l3} is the global solution to SP and satisfies
Z2(t) < 2M1 for ¢ 2 0,
27
u(t) — up(t)|x < 2My(1+ Mgt)™ Fo0  for t > T.

Therefore, if [iio—to| s, (g 7,) < 6 and [0o—Lo| < 6, then {a, ¢} satisfies the required
conditions. g
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