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Abstract. Calculus for observables in a space of functions from an abstract set to the
unit interval is developed and then the individual ergodic theorem is proved.
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1. INTRODUCTION

We will consider a measurable space (2,.7), where Q € . and .% is the family of
all measurable functions f: @ — (0,1). In our quantum mechanics model ([5], [3])
there are two basic notions: state and observable.

A state is a mapping m: & — (0, 1) satisfying the following conditions:

(i) m(lq) =1.
(ii) If f,g,h € F, f =g+ h, then m(f) = m(g) + m(h).

(i) f f,e F (n=1,2,...), fo /[, [ €F, then m(f,) / m(f).

Of course, by a theorem of Butnariu and Klement ([1]) there is a probability measure

p: & — (0,1) such that
m(f) = / fdu
Q
for all f € %, hence our model coincides with the classical one. On the other hand,

the notion of an observable gives a new point of view, new possibilities and new
problems.
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An observable is a mapping z: B(R) — . (where #(R) is the o-algebra of all
Borel subsets of R) satisfying the following conditions:

(i) z(R) = 1q.
(ii) If A,B € B(R), AN B =, then z(AU B) = xz(A) + z(B).
(iii) If A, € Z(R), A, C Apy1 (n=1,2,...), then

(08 - Y ota

n=1

As an example of an observable a random variable on a probability space (2, .7, u)
can be considered. If £: Q — R is a random variable, then z: B(R) — %, defined
by the formula 2(A) = Xx¢-1(4), is an observable.

Let m: % — (0,1) be a state, x: B(R) — .# an observable. Then the composite
mapping m; = moz: B(R) — (0,1) is a probability measure. This notion corre-
sponds to the notion of the probability distribution pe: Z(R) — (0, 1) of a random
variable &: (Q, .7, 1) — R. Indeed, p¢ is defined by the formula

pe(A) = p (€71(4)) -

On the other hand (in this classical case)

ma(A) =m (2(A)) = m (xe-1(a))
= /QXg—I(A)du = (§71(4)).
By help of the probability distribution m, the mean value F(x) can be defined.

Namely, in the case of a random variable £: @ — R the mean value E(§) is defined
as the integral fﬂ &dp. But by the integral transformation formula we have

B©) = [ ean= [ tancto.

Therefore we define

E(x) :/[thmx(t),

if the integral exists. In this case we say that the observable x is integrable.

There are some results concerning the probability theory for observables and states
in the fuzzy quantum model (e.g., the strong law of large numbers in [4]). In this
paper the individual ergodic theorem will be formulated and proved.
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2. FORMULATION

First we recall the classical ergodic theorem ([9], Th. 1.5). Let (X,0, P) be a
probability space, T: X — X a measure preserving transformation (i.e., A € 0 =
T7Y(A) € 0 and P (T7'(A)) = P(A)), let {&: X — R be an integrable observable.
Then there is an integrable observable £* such that the following conditions are
satisfied:

(i) E(§) = E(£).
n—1 .
(i) lim & 3 £oT"=¢* P-almost everywhere.
nTee T i=0
We have defined the mean value of an observable. We must define a state pre-
serving transformation, operations with observables and the m-almost everywhere
convergence of a sequence of observables.

A mapping 7: % — % is called an m-preserving transformation if the following
conditions are satisfied:

(i) 7(1a) = 1.

(ii) If f,g.h € F, f = g+ h, then 7(f) = 7(g) + 7(h).

(iii) If fo € F (n=1,2,...), f€F, fn / [, then 7(f) / 7(f).
(iv) 7(f)-7(9) = 7(f - 9) and m(7(f)) = m(f) for all f,g € F

By a theorem of [7] for every observables z,...,x, there exists a mapping h,,:
PB(R") — Z satisfying the following conditions:

(i) hn(R™) = 1q.
(i) If A, B € B(R"), AN B =0, then (AU B) = z(A) + x(B).
(iii) If A; € B(R"), A; C Aip1 (1 =1,2,...), then

() = Vs

(iv) hp(A1 X ... x Ap) =21(A1) - ... - 2 (Ay) for every

Aq, .. A, € B(R).

The function h,, is called the joint observable of observables x1,...,x,. By the
help of the joint observable h,, some operations can be defined. If g: R® — R is a
Borel measurable function, then we define a mapping g(z1,...,z,): B(R) — F by
the formula

g(z1,...,2n)(A) = hy (gfl(A)) , Aec B(R).
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The motivation is the following. If (&1,...£,) = U is a random vector then
9(&1,...,&) = goU is a random variable and

(goU) M (A) =UT" (971(A4)).

In the general situation U~': Z(R") — . induces the joint distribution h, (A4) =
XU—1(A)-

Finally, we shall define the m-almost everywhere convergence of a sequence of
observables. If (y,)n is a sequence of observables, we say that limsupy, exists, if

n—oo

there exists an observable § such that

m(p((oe.t)) = Jim Jim, szzm</\ ACE)

for every t € R.
We say that liminf y,, exists, if there exists an observable y such that
n—oo =

m(y((—oo,t))) = lim lim lim m<\+/1 yn((—oqt— 1>)>

p—00 k—00 1—00 ek p
(VA Von((-o=t=1)))
p=1k=1n=~k

for every t € R.
We say that a sequence (y,), of observables converges m-almost everywhere to

an observable y, if limsupy, = § and liminf y,, = y exist and
n—oo n—o00 =

m((y(—o0,1))) = m((F(=00,1))) = m((y(—oc, 1))

for every t € R.
The main result of the paper is contained in the following theorem.

Theorem 1. Let x be an integrable observable, T an m-preserving transforma-
tion. Then there is an integrable observable x* satisfying the following conditions:
(i) E(z*) = E(x).
n—1
(i) £ 3 7Pox — z* m-ae.
i=0
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3. PrROOF

The main idea of the proof consists in the construction of a probability space and
an application of the classical individual ergodic theorem.

Let ,,(n = 1,2,...) be the observable defined by the formula x, = 7"~! o x. Let
N be the set of all positive integers, ) = J C N, J finite, J = {j1,...,jr}. Then we
define a probability measure Py: %(R’I) — (0,1) determined by the formula

PJ(Al X ... X Ak) :m(le(Al) 'l'jk(Ak)),
Aq,y..., Ap € B(R). Tt is not difficult to prove that the family
{P;; JCN, J#0, J finite}

is a consistent system of probability measures. That is, if J; C Jo, J1 # 0, Jo is
finite and 7, j, : RI72l — RI/1l is the projection, then

Py (A) = Py, (73} ,(4)

for every A € Z(RI/11). Therefore the Kolmogorov theorem is applicable. Denote
by ¥ the family of all cylinders B C RV, i.e. the sets of the form

le(A) = {(a:n)n, (Tjys-.-,xj,) € A},

where A € Z(RV!), J # 0, J C N, J finite and 7;: RY — RIY! is the projection.
If o(7) is the o-algebra generated by ¥, then there exists exactly one probability
measure P such that

P (r7'(4)) = Ps(4)
for every w1 (A) € 7.
Proposition 1. Let T: RY — RV be the transformation defined by the formula

T ((tn)n) = (Sn)n, where s, = tp41 (n=1,2,...). Then T preserves the probability
measure P, i.e. P(A) = P (T~*(A)) for every A € o(¥).

Proof. It is sufficient to prove the equality P(4) = P (T~'(A)) for sets
of the form A = 7;'(B), where B is the product of k = |J| sets of Z(R). Let
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J:{il,...,ik},B:BlX...XBk, Jli{i1+1,...,ik+l}. Then

P(T Y (A)) =P(T" (7;'(B1 x ... x By)))
=P(T" ({(sn)n; Si € B1,...,8i, € Bi}))
=P({(tn)n; tiy+1 € B1,.. ., tiy+1 € Bi})
= Py, ({(tiy41, -+ tip+1); tiy41 € Br, ... ti41 € Bi})
=m (zi+1(B1) - xzml(Bk))
=m(r" (w(Bl)) " (x(Br)))
:m(T“—1 (w(Bl)) rie=t (x(Bk)))

O

Proposition 2. Let &,: RY — R be the projection defined by the formula
&n ((ti)i) = tn. Then for every n € N, &, is a random variable, P(ggl(A)) =

m(zu(4). A€ B(®) and P({(w)ii 1 3 &) <t}) =m((3 X a:) (oe.1).

i=1
teR.
Proof. If A€ A(R), then & 1 (A) = {(t:)i; tn EA}—ﬂ'{n}(A)E“//CU(“//),

hence &,: RN — R is a random variable. Moreover,

P(&71(A) = P({(t:)i; tn € A}) = P (v} (4)
= Py (4) = m (24(4)).

Finally, let J,, = {1,...,n}. Then

p({i et <)) = ({15}
mohn<{(u1,...,un); %guz < t})

n
If we put g(uq,...,u,) = % > u;, then by definition
i=1

1
—E i =9g(x1,...,x0) =hpog !,
n
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hence

P<{(Ui)i§ %i&(U) < t}) = P9 ((—00,1)))

i=1

n—1
Proposition 3. There exists an observable x* such that % > Tthox — x* m-a.e.
i=0

Proof. We have proved that & : RY — R is a random variable (with respect to
o(¥)) and & and z have the same probability distribution defined by the formula

Pe,(A) = P (¢71(A)) = m (21(A)) = m (2(A)) = ma(A).

Since z is integrable (i.e. fR t dm,(t) exists), & is integrable, too. Therefore, by the
individual ergodic theorem, there exists an integrable, invariant random variable £*
such that

1 n—1 )
- Y GoT' - ¢ Pae.
i=0
Of course, &1 o T = & 41, hence

1 = .
(%) o= ij — & P-ae.
Jj=1
Theorem 3 of [8] states that P-a.e. convergence of the sequence (g,({1,...&n)),
implies m-a.e. convergence of the sequence (g, (z1,...,2,)), to an observable z*

and
P({u e RV: lirrisupgn (&1(w), ... &n(u)) < t})

= m(limsupgn(xl, . ,xn)(foo,t))

n—oo

=m <lirninfgn(x17 . ,xn)(—oo,t)) = m(x* ((—00,1)) )

n—oo

for every t € R. Put
1 n
gn(ulv cee 7un) = " Z;uz
i

Then by () and Proposition 2 we have

n—1 n
1 ; 1 .
— E T OxX = — E T; — T m-a.e.
n < n <

=0 =1
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Proposition 4. Let x* be the observable introduced in Proposition 3. Then x*
is integrable and E(x*) = E(x).

Proof. Since & is an integrable random variable, by the individual ergodic
theorem £* is integrable, too and

E(&) = E(),
P ({u; € (u) < }) :P<{u; 1imsupl§gl o T (u) < t})

n
nee =0

for every t € R. By Theorem 3 of [§]

Mgw ((—oo,t)) = m(a:* ((—oo,t)))
=P({u; &(u) <t}) = Pe ((—00,1)).

Therefore mg» = Pe-. Since also m, = P¢,, we have

E2) :/[thmx(t) :/Tth& — B(a) = B(e)
:/thPf*(t):/tdmx*(t) _ B,

R
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