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Abstract. The purpose of this paper is to obtain oscillation criteria for the differential
system

[y1(t) — a(t)y1(g()] = p1(t) f1(y2(ha(t)))
ya(t) = p2(t) f2(y3(hs(t)))
y3(t) = —p3(t) f3(yr(h1(t))), t€ Ry =1[0,00).
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1. INTRODUCTION

In this paper we consider the neutral differential system of the form

(S) [y2(t) = a(®)yr(9(1))]" = pr(t) fi(ya2(h2(?)))
ya(t) = pa(t) fa(ys(hs(t)))
y3(t) = —ps(t) fa(ya(ha (1)), ¢ € Ry =10, 00).

The following conditions are assumed to hold throughout the paper:
(a) pi: Ry — Ry, i =1,2,3 are continuous functions not identically equal to zero
in every neighbourhood of infinity,

/ pj(t)dt =00, j=1,2;

This paper was supported by the grant 1/5254/98 of Slovak Grant Agency.

879



(b) a: Ry — R is a continuous function satisfying |a(t)] < A < 1, where X is
a constant and a(t)a(g(t)) > 0 on Ry;
(c) g: Ry — R is a continuous and increasing function, g(f) < t on Ry and
Jim g(t) = oo;
(d) hi: Ry — R4 are continuous functions and tlgglo hi(t) =00, i=1,2,3;
(e) fi: R — R are continuous and nondecreasing functions, uf;(u) > 0 for u # 0,
i=1,2,3.
The asymptotic properties of solutions of systems with deviating arguments or
systems of neutral type are studied for example in the papers [1-12].
The purpose of this paper is to obtain oscillation criteria for the system (S). The
paper is a generalization of the results obtained in the paper [12].
Let tg > 0. Denote

fo = min{g(to),tigtf ha(t),i = 1,2,3}.
=to

A function y = (y1,y2,ys3) is a solution of the system (S) if there exists a to > 0 such
that y is continuous on [tg, 00), y1(t) — a(t)y1(g(t)), vi(t), i = 2,3, are continuously
differentiable on [tg, c0) and y satisfies (S) on [tg, c0).

Denote by W the set of all solutions y = (y1, y2, y3) of the system (S) which exist
on some ray [T,,00) C Ry and satisfy

sup{z ly: (t) } >0 forany T >T,.

A solution y € W is nonoscillatory if there exists a 1), > 0 such that its every
component is different from zero for all ¢ > T),. Otherwise a solution y € W is said
to be oscillatory.

Denote

hi(t

min{¢, h-(t)}, 1=1,2,3;
sup{s > 0,h(s) <t}, t>0,i=1,2,3;
B(t) =sup{s = 0,9(s) <t}, t=0;

7(t) = max{m (¢ )»72( ) vs(t), B(t)}-
For any y;(t) we define z1(t) by

(t)
7i(t)
(t)
) =

(1) 21(t) = y1(t) — a(t)yr(g(?))-
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2. SOME BASIC LEMMAS

Lemma 1. ([6, Lemma 1]|) Let y € W be a solution of the system (S) with
y1(t) # 0 on [tg,00), to = 0. Then y is nonoscillatory and zi(t), y2(t), ys(t) are
monotone on some ray [T, 00), T = to.

Lemma 2. ([6, Lemma 2]) Let y = (y1, y2,y3) € W be a nonoscillatory solution
of the system (S) and let tlim |z1(t)| = Lq, tlim lyi(t)] = Li, i = 2,3. Then
—00 — 00

(2) L1 < oo implies Lo= L3 =0.

Lemma 3. ([6, Lemma 4]) Let y = (y1, y2,y3) € W be a nonoscillatory solution of
the system (S) on [tg, 00), to > 0. Then there exist an integer ! € {1,3} and a t; > tg
such that for t > t1 either
(31) z1(t)y1(t) >0

y2(t)y1(t) <0
ys(t)y1(t) >0

(33) 2 (B)yi(t) >0
yi(t)y1(t) >0, i=23.

Remark. The case z1(t)y1(t) < 0 on [t1,00) cannot occur (see [6, Lemma 4]).

We denote by N 1+ or N;' the set of all nonoscillatory solutions of (S) which satisfy
(31) or (33), respectively. Denote by N the set of all nonoscillatory solutions of (S).
Then by Lemma 3 we have

N = N{UN;.
Lemma 4. ([6, Lemma 5])
I) Let y € N3 on [t;,00). Then
(4) ly1(t)] = (1 — N)|z1(t)| for large t.

IT) Let y € N on [t1,00).
i) Iftlim |z1(t)] = L1 > 0, then there exists an ag: 0 < ag < 1 such that

(5) ly1(t)| = aplz1(t)| for large t;

ii) if lim z(t) = 0 then litm inf |y1(t)| = 0, tlim yi(t) =0,i=2,3.

t—oo
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3. OSCILLATION THEOREMS

Theorem 1. Let the following conditions be satisfied:

(6) vy fi(zy) = Koyfi(x) fily) (0 < K = const.), i =1,2,3;
(7) hj(t), j =2,3 are nondecreasing functions;

(8) ha(h2(ha (1)) < t;

9 ds ) dt = oo;

) [ pn( [ mas)ar oo

(10) /7:(0 p3(t) f3 (/;;:t) p1(s)fa </0h2(8)p2(x) dx) ds) dt = oo;

)
« dt @ dt
(1) A(Mhmwﬁ<w A B RO) =

for every constant o > 0.

Then every solution y € W is either oscillatory or litminf ly1(t)] = 0 and
—00
lim y;(t) =0,i=2,3.
t—o0o
Proof. Lety € W be a nonoscillatory solution of (S). Then y € N;" U N5 on

[tl,OO).

A) Let y € N on [t1,00). Without loss of generality we suppose that y;(¢) > 0

>
for ¢ > ¢1. Then the function z1(¢) is nonincreasing on [y(t1),00) and tlim z1(t) =
— 00

L; < c0. From (2) we obtain
(12) lim y»(t) = lim y3(t) = 0.
t—o0 t—o0

We shall prove that tlim z1(t) = 0. Let tlim z1(t) = L1 > 0. Lemma 4 implies that
—00 —00

there exist a ty > v(t1) and a constant Cy = agLy such that y;(t) > Cy for t > to.

From (e) we get

(13) f3(y1(h1(t))) = Ca,  t >t3 =7(t2), where Cy= f3(C1)>0.

Integrating the third equation of (S) from ¢ to co and then using (13) we have

o)
yg(t) 2 Cg/ pg(s) dS, t 2 t3.
t

Then in view of (e), (6) and the last inequality we get

oo

(14) fa(y2(hs(t))) = K f2(Ca) fo (/h p3(s) d8>, t >ty =(t3).

3(t)
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Integrating the second equation of (S) from ¢4 to ¢t and then using (14) we get
t o)
y2(t) = ya(ta) + Kf2(02)/ p2(2)f2 (/ p3(s) dS) dz, t=>tg.
ta h3(z)
By virtue of (9), the last inequality implies for ¢ — oo that tlim y2(t) = oo, which con-
tradicts (12). Therefore tlim z1(t) = 0 and from Lemma 4 we have litm inf |y1(¢)| = 0.
— 00 — 00

B) Let y € N3 on [t1,00). Without loss of generality we suppose that y(t) > 0
on [t1,00). Integrating the second equation of (S) from ¢5 to ¢ we get

ya(t) — ys(ts) = / pa(5) Foys(ha(s))) ds, ¢ > ts = (t)

5

ha(t)
(15) ya(ha(t)) = /m(S)fz(ys(h?)(S)))ds, t >t =(ts).

ts

Using (e), (6), (15) and the monotonicity of f2(y3(hs(s))) we get

ha(t)
J1(y2(ha(t))) = K f1(f2(y3(hs(ha(t))))) f1 </ p2(s) d$>, t>tg.

ts

Integrating the first equation of (S) from tg to t and then using the last inequality,
we have

i ha(s)
16) =) > K /m(S)fl(fz(yg(hs(hz(S)))))fl(/ p2<x>dx)ds, -

ts

Using (8), (16) and the monotonicity of f1(f2(y3(t))) we get

ha(t) ha(s)
D alu) > KAGw®) [ peh ( [ dx) s,
te ts
t 2 t7 = ’)/(t(;).
In view of Lemma 4 there exists a tg > t7 such that

(18) yi(ha(t) = (1= A)z1((t)), ¢ =ty =(ts).

In view of (e), (6), (17) and (18) we have

19) (00 > Cofslh Gt o /:(t) min( [ " (@) ) as).

5

t >t9g where 03:K2f3((17)\)K)>0.
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Multiplying (19) by W((Z)s(t))))’ using the third equation of (S) and then inte-
grating from tg to ¢, we get

o yh(2)de

AT / pa(e)fs (/:(Z) PLs) (/:(S) pale)dr) )

t > tg. The last inequality for ¢ — oo gives a contradiction to (10) with (11). This

case cannot occur. The proof of Theorem 1 is complete. O

Theorem 2. Suppose that (6)—(9) hold and in addition

(20) fs(f1(f2(1))) =

o [ (e[ o))

where o <e < 1.

Then the conclusion of Theorem 1 holds.

Proof. Lety € W be a nonoscillatory solution of (S). Then y € N;" U N5 on
[t1,00). As in the proof of Theorem 1, we get two cases: A) and B). In the case A)
we proceed in the same way as in the proof of Theorem 1. Consider now the case
B). In this case the inequality (19) holds. Using (20), (19) implies

(22) fs(yl(hl(t)))2C3y3(t)fs(/hl(t)p1(s)f1< /ch(S)pg(x)dx> W) ez

te

5

Raising (22) to (1 — &)th power we obtain

(23) [Cays(t)] 72 {fg </h1(t)p1(s)f1 </h2(s)p2(x) dgg) ds>:|(1€)

te ts

< [flnm@)]" 7, >t

Lemma 4 together with (6) implies that there exist a t19 > t9 and a constant
C4 > 0 such that

(24) f3(y1(ha(t)) = Cu, = tao.
Now (24) implies

(25) s (@) < Csfsln(m(®), ¢ > o,
where C5=C,° > 0.
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Combining (23) with (25), we get

(26) [Cays()] 7 {f?, </’“(t) (5)f </thz(s) (o) dx) dsﬂ (1-2)

te 5

< Cs fs(y1(ha(t))), t= tao.

. . (e—1)
Multiplying (26) by p3(t) [Csys(t)]

from t19 to t and then using the fact that y3(t) is positive and decreasing, we have

/:0 p3(2) {fs (/:(t) pi(s)fi </:2(S) p2(z) dx) ds)] e dz

< Cs5(C5) D (7 [ys(t0)]” < 00, t > to,

, using the third equation of (S), integrating

which contradicts (21). Therefore the case B) cannot occur.
The proof of Theorem 2 is complete. O

Theorem 3. Suppose that (6), (9), (11) hold and in addition

(27) ha(t) > t,  ha(t) < t;

(28) / :(0))p3(t)f3 ( / ':()) m(s)h ( [ i) dx) ds) at = oo,

where h(t) = hi(t) = min{t, hi(t)}.

Then the conclusion of Theorem 1 holds.

Proof. Let y € W be a nonoscillatory solution of (S) on [t1,00). Further,
proceeding in the same way as in the proof of Theorem 2 we consider only the
case B). Using (27) and the monotonicity of f1(y2(t)) on [t1,00) the first equation of
system (S) implies

(29) 21(t) 2 i) filya(1), t>th

Analogously to (29) we have

(30) Ya(t) = p2(t) f2(ys (1), £ =7(t) = o

Lemma 4 together with (e) and (6) implies that there exists a t5 > ~y(¢1) such that

(31) fs(r(m (@) = Co fs(z1(ha(t))), ¢ =13,
where Cs = K f3(1—\) > 0.
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Using (31) and the monotonicity of f3(z1(t)) on [t5,00) the third equation of (S)
implies

(32) y3(t) < —Ceps(t) fa(z1(h(1))), =15
In view of (29), (30), (32) we modify the system (S) to the form

3
)
() = p1() f1(y2(1))
(
(

21 ) (t
(8" ys(t) = p2(t) f2(y3(1))
y3(t) < —Cops(t) fa(21(h(1))), t=>15.

System (S*) yields

(33) 20> [ ) film)ds 134
and
(34) 0> [ ) e s>

In view of (e), (6) and the monotonicity of f2(ys(z)) on [t3,00), from (34) we have

(35) A6 > KARnEA ([ m@)de). s>
Combining (33) with (35) we get

(36)  u()>K p1<s>f1<f2<y3<s>>>f1( /

* *
t3

S

pa(x) dw) ds, t>t3.

Using (e), (6) and the monotonicity of f1(f2(ys(s))) on [t5,00) we obtain

1) S h0) > el el s [ :(” min( [ ploydn) s ).

t >t =7(t5),  where C;=K?f3(K)>0.

Multiplying (37) by #jﬂ((y?()t))))’ integrating from t3 to ¢, using the third inequality
of (8*) and (11) we get

CoCr /t t () f ( /t *h(z) pi(s) < /t j pa() dx) ds) d

3 2 2

é/ys(t3)L<oo t >t}
w(y f3(f1(f2(2))) ’ ’

which contradicts (28) and therefore the case B) cannot occur. The proof of Theo-
rem 3 is complete. O
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Theorem 4. Suppose that (6), (9), (20), (27) hold and in addition

0 h(t) s (1—-¢)
(38)/“%0))173(0 {f:& (/y(o) p1(s)f1 (/0 pa(z) dx) ds)] dt=00, 0<e<1,

where h(t) = hi(t).

Then the conclusion of Theorem 1 holds.

(1]

We can prove Theorem 4 analogously to Theorem 2 and Theorem 3.
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