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Abstract. Given a Hilbert space H with a Borel probability measure v, we prove the m-
dissipativity in Ll(H ,v) of a Kolmogorov operator K that is a perturbation, not necessarily
of gradient type, of an Ornstein-Uhlenbeck operator.
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1. INTRODUCTION

Let H be a real separable Hilbert space and v a Borel probability measure on H.
We are given a linear operator A: ®(A) C H — H that we suppose to be the
infinitesimal generator of a strongly continuous semigroup e*4 on H, a linear operator
B € L(H) and a nonlinear Borel mapping F': H — H. We set C = BB*.

Let us introduce the function space £4(H) as the linear span of all real and
imaginary parts of functions on H of the form z — e/"®) where h € ®(A*) and
A* is the adjoint of A. It is well known that this space is dense in LP(H,v) for any
p=1l

We are concerned with the linear operator

Ko = Lo+ (F(x),C"?Dyg), ¢ € Ea(H),
where L is the Ornstein-Uhlenbeck operator
1
Le=3 Tr[CD?*p] + (x, A*Dy), ¢ € Ea(H).

685



In a sense this paper is a continuation of the paper [4]. The main difference is that
here we do not assume that v is absolutely continuous with respect to a Gaussian
measure.

Let us state our assumptions. Concerning A and C' we will assume

Hypothesis 1.
(i) There exists w > 0 such that

(1.1) (Az,z) < —w|z?, = € D(A),

(ii) Tr@ < +oo, where

+o0 .
Qx = / e1Cet xdt, x € H,
0

and concerning F' we will assume

Hypothesis 2.
(i) There exists a constant ¢ > 0 such that

(1.2) /H (I + [F(@)?) v(dz) < c,

(ii) for any ¢ € E4(H) we suppose

(1.3) / Kodv =0,
H

(iii) K is dissipative in LP(H,v), Vp > 1,
(iv) there exist a sequence (F,) C CZ2(H; H) such that F,(z) — F(x) v-a.e. and a
constant ¢; > 0 such that

/H |Fn(a:)\2 v(dz) < e;.

It is well known that the operator K is closable in LP(H,v) since it is dissipative
in it, as stated in (iii). Let us denote its closure in LP(H,v) by K,. Our goal is
to show that K, is dissipative on LP(H,v), p > 1 and that v is an infinitesimally
invariant measure for K,. The main result of the paper is Theorem 3.6, where we
show that K is m-dissipative on L!(H,v).
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2. THE ORNSTEIN-UHLENBECK SEMIGROUP

In this section we assume that Hypothesis 1 holds. Let C,(H) be the space of
uniformly continuous and bounded functions ¢: H — R. Moreover, for any integer
k > 0 let us define Cp x(H) as the space of all ¢: H — R such that the mapping

[T 1 C)
’ 1+ |z|*

belongs to Cp(H). We set

el = sup 12

PV %
zeH 1 + |x|k

Obviously one has Cp 1, (H) C Cp p+1(H).
Denoting by Ng, the Gaussian measure with mean 0 and covariance operator

t
Qix = / eSACeSA*xds, r e H,
0
let R; be the Ornstein-Uhlenbeck “semigroup”

(2.1) Rip(z) = /H gp(etAa: +y)Ng,(dy), ¢€Cor(H), k>0.

It is not difficult to show that for all ¢ > 0 and for all k¥ > 0, R; maps Cp 1 (H) into
itself, see [1]. Following [1]!, we define the infinitesimal generator L of R; through
its resolvent

—+o0
(2.2) A= L) to(x) = / e MRyp(x)dt, x€ H, A\>0.
0

Thus for any A > 0, (A\ — L)™' maps Cp,(H) into itself. Since the image of the
resolvent is independent of A\ we can set, see [1],

D(L,Cyr(H)) = (A= L) (Cox(H)), k=0.

As noticed in [1], R is not a strongly continuous semigroup on Cp, 1 (H) for any k > 0.
Let us denote by ¥ the maximal closed subspace of Cp ;(H) where R, is strongly
continuous, that is

X = {(,0 c Cb’k(H): }i_l)l(l]'Rth = in Cb’k(H)}.

! See also [2] and [7].
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To characterize Xy, it is useful to introduce an auxiliary family (G;) of linear op-
erators on Cp ,(H):

Guol@) = [ ol ) Noy (), € CoulH),
H
They are related to (R:) by

Rip(x) = (Geo)(ex), ¢ € Cor(H).

Proposition 2.1. Let ¢ € Cp(H). Then the following statements are equiva-
lent:

(i) tlirr(l)Rtgp = in Cp 1 (H).
(ii) tlirr(l) p(ett) = ¢ in Cy . (H).
Proof. We first show that for any ¢ € Cp 1 (H) we have
(2.3) lim Gup = ¢ in Cyi(H)
Let ¢ € Cpi(H) and set ¥(z) = p(z)/(1+ |z¥). We may assume that ¢ €
C{(H).Then we have

Gip(x) — p(x) = /H [+ [+ 9"z +y) — (1 + J2[*)e(2)] N, (dy).
Consequently,

|Gep(x) — p(@)] /‘1+Ix+yl

-1 Ng,(d
om0l o [ 1 ol N ()

1l /H 1yl No (dy).

Therefore (2.3) follows.
We now prove that (i) = (ii). In fact we have

lp(e2) - p(@)] < lp(ea) — Guole )] + [Rup(x) — o(a)].

So (i) = (ii). The converse can be proved similarly. O
Remark 2.2. Since for any @), = ") we have
—1/2(Q:h;h)

Rt‘Ph =€ PetA* ps

it follows that R; maps £4(H) into itself. Properties of the space £4(H) follow also
from the results in [3] and [10].
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Corollary 2.3.
(i) Ea(H) C D(L,Cox(H)) forall k > 1,
(ii) £a(H) C X1, and consequently,

1
(2.4) Lo = 5 Ti[CD%g] + (z, A" Dy), ¢ € Ea(H).

(iii) If ¢ € Eo(H), then we have Ly € Xs.

Proof. Taking in account the definition of £4(H), we need only to prove the
corollary in the case of the functions sin[(x, h)] and cos[(zx, h)]. Moreover, since the
proof for the cosine function is just the same as for the sine, we are reduced to make
the proof only for ¢y, (x) = sin[(z, h)]. Hence we have

(2.5) Lo = —% sin[(z, )] [BI? + cos[(z, b)) (z, A*h),

which yields (i). Let us prove (ii). We have

on(ez) — op(x)  sinf[(e"*x, h)] — sin[(z, h)]

1+ |z B 1+ |z
Consequently,
[on () — on ()] < (2, A" h) — (2, )] < il et h — .
1+ || 1+ || 1+ |z|

This implies
|ion(ez) — pn ()]

lim su =0,
t—0 weg 1+ |z
and so ¢, € X1 by Proposition 2.1.
Finally, (iii) follows by a similar argument, when taking into account (2.5). O

2.1. Approximations by exponential functions.

This subsection is devoted to the study of a kind of approximations of functions
of Cp(H), and moreover of @(L,Cb(H)), by functions of £4(H), which we need in
the sequel.

These approximations are not possible by using simple sequences, but k-sequences,
k € N, that is sequences {¢n} = {¢n,,...n.} depending on k indices. We say that
{¢n} is convergent to ¢ if

lim ¢, = lim ... lim @, .. (x) =¢(z), =€ H.

n—oo n]p—oo N —00
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Lemma 2.4. For any ¢ € Cy(H) there exists a 3-sequence (¢rn) = (¢ny,ns.ns) C
Ea(H) such that

(2.6) lim ¢, (z) = ¢(x), Ve H,
n—oo

and

(2.7) lenllo.0 < [lellb,0-

Proof. Let ¢ € Co(H) and let (P, )n,en be a sequence of finite dimensional
projection operators on H strongly convergent to the identity. Then for each ny € N
there exists? a sequence (¢n, ny)nsen C E(H) such that

lim Pni,n2 (58) - @(Pnlx)? z € H,

ng —00

and

[Pn1,ms (2)] < [0 ( Py )| < l06,0-

Now set
(pnl,n2,n3($) = Pnq,no (’Il3(7’L3 - A*)_lx)a x € H.

Then ©n, = Pnymams C Ea(H), lim ¢, (x) = ¢(z), Vo € H, and

“pnhnz,ns(‘r)‘ :|@7L177L2 (n3(n3 - A*)_lx)’ < H‘Pm,nz |570 < H‘p Ib,O-

Therefore the 3-sequence (@n, ny.ny) fulfils (2.6) and (2.7) as required. O
Now we want to show that any function ¢ € @(L,Cb(H )) can be approximated

pointwise in the graph norm by functions in £4(H) with uniformly bounded norm.

Proposition 2.5. For any ¢ € @(L,Cb(H)) there exist a 4-sequence (p,) C
Ea(H) and C(p) > 0 such that for all x € H we have

(2.8) Jim g, (2) = @(x),  lim Lo () = Le(z),
and
(2.9) ilelg{ |@”(x)1|ijf”(x) } < C(p).

2 For example, first we can approximate ¢y, by functions with support contained in squares
larger and larger, for each of which we can use multiple Fourier series; then we can apply
a diagonal procedure.
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Proof. Set f = ¢ — Ly and let (fn) = (fr1.ne.ms) C Ea(H) be a 3-sequence
fulfilling (2.6) and (2.7) (with ¢ replaced by f). Setting @, = (1 — L)~ f,,, we have

lim ¢, () = p(a), Ve H,

n—oo
lim Ly, (z) = Lp(x), Yz € H,
and
lenllo.0 < [ fllb0 < ( 0);
[ Lenllo,0 < (ll@lls,0 + [|Lellb,0)-
Next, set for any M, N € N
L N
Pn,M,N (T Z > e IRy et ),
M=o
so that
ln,m,n ()| < | fllo
and
N M
Lo, m,n( ZZ TR, ey Lfn ().
MiHo

Now, by Corollary 2.3 it follows that Lf, € X5 so that R;f, is continuous on ¢ in
the topology of Cp 2(H). Therefore for any n = (n1, ng, ng) we have

1
lim
M,N—oo er 1+ ‘.’13‘2

+oo 1 N M
/ e RiLfu(w)dt =72 > D e IR, o Lfu(a)| = 0.

h:l k=1

Therefore for any ¢ € (0, 1] there exist M., N such that

|Lgn(@) = Lonar. v (@) < e(L+[af*), o€ H.

Consequently,
i Lo, ar.. v (%) = Lign (@),
and
|Lon,n., N (2)] < [Lpn(@)] + (1 + [2]*) < 2| fllo + |-
Now the conclusion follows easily. O
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In a similar way we prove

Proposition 2.6. For any ¢ € D(L,Cy1(H)) there exist a 4-sequence (¢,,) =
(On1.ma.ms.ms) C Ea(H) and C(1, @) > 0 such that for all z € H we have

(210)  lim ¢n(z) = ¢(z), lim De,(z) = De(z), nhjgc Ly () = Lo(z)

n—oo n—o0
and

l¢n (@)] + [Don(z)| + |Lpn(2)|
11 |z

(2.11) sup{

x€H

} < C(1, ).

Proposition 2.7. Assume in addition that C~' is bounded. Then for any
¢ € D(L,Cy(H)) there exist a 4-sequence (@) C Eo(H) and C(p) > 0 such that for
all x € H we have

(2.12) lim p,(x) = ¢p(x), lm De,(x) = Dp(z), RILH;C Ly, (x) = Lo(x)

n—oo n—oo

and

o (@)] + [Depn ()] + [ Lipn ()| }

upE < C(p).

(2.13) sup{

z€H

Proof. Let ¢ € D(L,Cy(H)). By Proposition 2.5 we know that there exist a
4-sequence (p,) C E4(H) and C(p) > 0 such that (2.8) and (2.9) hold. Moreover, if
C~! is bounded then R; is strong Feller and, for any k£ = 0,1, ..., there exists c; > 0

such that
DR f(x)|

1+ |x|*
By the Laplace transform we obtain

[D(\— L)~ f(2)] < Vel f

1+ |z|*

< th71/2||f||b,ka kio,]—a

lo.e, k=0,1,...

Now set ¢, — Ly, = fn. Then we have

[Don ()]
1+|.’1?|2 ~ TECZ”f”b,Z
Since
[£llo.2 < lonlls.2 + 1 Lenllo,2;
the conclusion follows from (2.8) and (2.9). O
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3. M-DISSIPATIVITY OF K; ON L'(H,v)

Proposition 3.1. For all p € £4(H) we have

o 1
(3.1) /Hchcpdu:fE/H|C’1/2Dcp|2du.

Proof. In fact, if ¢ € E4(H) then we have p? € £4(H) and
K(¢%) = 20K¢ +|C'/? Dy|’.

Then integrating both sides with respect to v and using (1.3), the conclusion follows.
O

Since, by definition, £4(H) is a core for K, (3.1) implies that the linear operator
Dc: EA(H)CQ(KQ)—}LZ(H’]/;H)’ QO_}Cl/ZD(p,

is continuous and consequently can be extended to all D(K>). We denote again by
D¢ the extension. By Proposition 3.1 we get

Corollary 3.2. For all ¢ € ©(K3) we have

1
(3.2) /Kg(p(pdl/:*—/ |Dcopl* dv.
H 2 Ju

Let us now consider the problem
(3.3) dX, = (AX, + CY2F,(X,)) dt + BdW;, X,(0) = =.
Since F,, € CZ(H), problem (3.3) has a unique mild solution that we will denote

by X, (t,x), see e.g. [5]. Moreover, X, (t,z) is differentiable with respect to = and,
setting 0" (¢,z) = DX, (t, z)h, we have

(3.4) %ng(m) = Ay (t,2) + CV2DE, (Xo(t, )l (t.2), ' (t.2) = h.

Now we consider the equation

(3.5) Xpn — Lipn — (Fy(2),CY2Dyy) = f.
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Lemma 3.3. Let f € C}(H) and A > 0. Then equation (3.5) has a unique
solution ¢, € D(L,CL(H)) NCL(H) given by

“+oo
(3.6) on(z) = / e ME[f(X,(t,2))]dt, ze€H.
0
Proof. Let f€C}(H) and
+oo
on(2) :/ e ME[f(Xu(t,2))] dt.
0
Clearly ¢, € C}(H) since |n/(t,z)| < et *Fullo and we have
LR h
(Dipn (), h) = / ME[(DF (Xt 7)), 0 (1, 2))] .
0
Let us prove that ¢, € ©(L,Cy(H)). Set
¢
Z(t,x) = e + / e=)AB AW (s),

0

so that

t
Xn(t,x) = Z(t,x) —|—/ e(t_s)AC’l/QFn(Xn(s,x)) ds, t>0.
0

For any h > 0 we have

%(RMPn(w) - %"n(x))
- %[E[% (Z(h,x)) — pn(z)]
_1 o [ g $,2)) ds | = onl(z
hE{@n<Xn(h, -/ O E (Xn(s, ))d) ol )]
_ %[E[% (Xn(h,)) = on(@)]

==

EKD%(Xn(h,x)),/h eh=DACL2E, (X, (s, 1)) dsﬂ + o(h).

0

As h — 0 we find that ¢, € ©(L,Cy(H)) and
Lpn = Apn — <Cl/2Fn7D(Pn>~

If f € C}(H) we prove, by proceeding in the same way as above, that ¢, €
D(L,CL(H)). O
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Lemma 3.4. Let ¢ € D(L,C}(H)). Then ¢ € D(K;) and

(3.7) Kip = Lo+ (F,CY?Dy).

Proof. By Proposition 2.6 there exist a 4-sequence () C Ea(H) and M > 0
such that

e(z) = ¢(z), Dor(z) — Do(x), Lok(z) — Le(z), =€ H,
and

lon(@)| + [Der(x)| < M, |Lop(z)] < M(1+|z?), € H.
It follows that

Kipp(z) — Lo(z) + (F(z),CY2Dy(x)), =€ H,
and

| K1onk(@)] < M1+ |2]?) + M|F()|[|C*2]].
Now the conclusion follows from (1.2) and the dominated convergence theorem. O

Lemma 3.5. Let f € C}(H) and A > 0. Then the solution ¢, to (3.5) belongs
to D(K1) and we have

(3.8) Kip, = Lo, + <Fn(37)a Cl/QD(Pn)'

Proof. By Lemma 3.3 we have ¢, € @(L, C;(H)) and by Lemma 3.4 we know
that ¢, € ©(K1). Thus the conclusion follows. (]

Theorem 3.6. K is m-dissipative on L'(H,v).

Proof. Let f € C2(H) and let ¢, be the solution to (3.5):
Aon = Ly — (Fy(x),C2Dgy) = f.
Then Lemma 3.5 yields ¢, € ©(K;) and

Kip, = Lo, + (F(x), C’l/ZDgon>.
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Therefore
(3.9) Mon — K1pn = f+ (Fp(2) — F(z),CY%Dy,,).

Taking into account 3.2 we obtain
1
)\/ goidqu—/ |01/2D<pn\2du:/ fgondVJr/ @n(Fp — F,CY2Deyy,) dv.
H 2/u H H
Moreover, in view of 3.6, ||[¢nllo < A7 f]los
2 1 1/2 2
A pidv+ = | |CY Dy,|" dv
H 2/u
1 1
<M+ 508lo [ 1B = FIICY2 Dy
A A H
<tz r [ievzpe,ravs s [\, - F2a
< SIfIG+ | enl"dv+ S Iflo | [Fn— FI7dv.
A 4 Jy A H
Consequently, there exists a constant M; independent of n and such that
/ |CY2 D, |2 dv < M.
H

It follows that
lim (F,(z) — F(z),CY2Dgp,) =0

in L'(H,v) and so
lim A, — K@ = f.
Therefore the closure of the image of A — K contains CZ(H) and so it is dense in

LY(H,v). Now the conclusion follows from a classical result due to Lumer and
Phillips. O

4. GRADIENT SYSTEMS

We assume here, in addition to Hypotheses 1 and 2, that A is self-adjoint and
commuting with C. In this case the Ornstein-Uhlenbeck semigroup R; is symmetric.
We will denote by 1 the Gaussian measure Ng of mean 0 and covariance operator Q).
Moreover, we recall that for any ¢ € ©(L) and any 9 € Wé’Z(H, u) the following
identity holds:

1
(4.1) | Levdu=—3 [ ©Dg.c2D)an
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We are given a probability measure v of the form
v(dz) = o(z) p(dx),
where o fulfils
Hypothesis 3.

(i) 0>0, o€ LY (H,p) |z|?0€ L (H,p)
(i) o€ W5 (H,p) and o € W5 (H, p).

We notice that under Hypothesis 3 we have
(4.2) CY2Dlogo € L*(H,v; H).

In fact,

Ol/ZD 2
/|C’1/2Dlogg|2du:/ @@:4/ |CY2D /o] dp.
H H o H

We set 1 1
U=-Jlogo, F=-C"*DU=_C"’Dloge.

We are going to show that Hypothesis 2 is fulfilled.
(i) follows from (4.2) and the assumption |z|?0 € L*(H, p).
(ii) is established by the following Proposition:

Proposition 4.1. Under Hypothesis 3 we have

(4.3) / Kodv =0, ¢e&a(H).
H

Proof. We have
/k@dl/:/ Lgpgdu—/(C’l/QDU,Cl/2Dgp>dy.
H H H

However, in view of (4.1) we have

1
[ tootn=—3 [ (¢*2Dac g ap = [ (©2DU.CYD) ar,
H H H

and the conclusion follows.
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(iii) follows from the following Proposition:

Proposition 4.2. Under Hypothesis 3, K is symmetric. Moreover,
o 1
@ [ Eowdr=—3 [ (€PDp. DU, ot Eath).
H H
Proof. Forall p,¢ € E4(H) we have
| Gowar= [ Lowedu- [ (pv.c2Dgva.
H H H
However, ¢ € Wé’Q(H, v), and so by (4.1) we have

1 1
/I{(ch)wgdu:j /H<Cl/2Ds0,Cl/2Dw> du*§/H<Cl/2Dso,Dlog9> du,

and the conclusion follows easily O

Remark 4.3. By Proposition 4.2 it follows that K is dissipative in L%(H, p).
By [6] it follows that K, is dissipative in LP(H,v) for all p > 1.

Finally, to prove (iv) we need suitable approximations for F. To this end it is
convenient to introduce the Sobolev space W12(H,v), in which Dy, the partial
derivative in the direction ey, is closable.

We need the following integration-by-parts formula.

Proposition 4.4. Assume that Hypotheses 1, 2 and 3 hold. Let ¢, € E4(H),
h € N. Then we have

@) [ Dupwdr == [ wow)dvs 5 [ apvav2 [ pun0)an

Proof. In fact we have
/ (Drp)pdv = / (Dnp)bodp.
H H

Since o € WH2(H, 1) we have

1
/H(Dh%@)wd’/_/H(Dh%@)T/JQdM_/HQODh(¢Q) du+)\—h/Hxhw/)dv,

and the conclusion follows. O
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Proposition 4.4 implies, by standard arguments, that the mapping

D: E4(H) C L*(H,v) — L*(H,v; H)

is closable; we denote its closure again by D.

Let us define the space W12(H,v) as the subspace of L?(H,v) consisting of all

functions ¢ € ©(D) such that

/ |Dy|? dv < +o0.
H

Now, since U € W2(H,v), there is a sequence (Ux) C E4(H) such that

Uy — U in L*(H,v), DUy — DU in L?*(H,v;H).

Hence we can apply the previous results.

(1]
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