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Abstract. Let X be a quasicomplete locally convex Hausdorff space. Let T be a locally
compact Hausdorff space and let Co(T) = {f: T — C, f is continuous and vanishes at
infinity } be endowed with the supremum norm. Starting with the Borel extension theorem
for X-valued o-additive Baire measures on 7', an alternative proof is given to obtain all
the characterizations given in [13] for a continuous linear map u: Co(T") — X to be weakly
compact.

MSC 2000: 47B38, 46G10, 28B05

1. INTRODUCTION

Let T be a locally compact Hausdorff space and let Cy(T') be the Banach space of
all complex valued continuous functions vanishing at infinity in 7', endowed with the
supremum norm. Then its dual M (T') is the Banach space of all bounded complex
Radon measures p on T with the norm given by ||u|| = var(p, Z(T))(T). Let X be
a locally convex Hausdorff space (briefly, an lcHs) which is quasicomplete and let
u: Co(T) — X be a continuous linear map. When X is complete and T is compact,
Grothendieck gave in Theorem 6 of [6] some necessary and sufficient conditions for u
to be weakly compact. As observed in [14], Grothendieck’s techniques, contrary to
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Remark 2 on p. 161 of [6], are not powerful enough to extend his characterizations
when T is a non o-compact locally compact Hausdorff space.

In [13], using the Baire and o-Borel characterizations of weakly compact subsets
of M(T') as given in [12], we obtained 35 characterizations for the continuous linear
map u: Co(T) — X to be weakly compact, where X is a quasicomplete lcHs. These
include the characterizations mentioned in Remark 2 on p. 161 of Grothendieck [6]
and in Theorem 9.4.10 of [5], whose proof as given in [5] is incorrect without the
hypothesis of o-compactness of T' (see [14]). In [13] we also obtained a theorem on
regular Borel and o-Borel extensions of X-valued o-additive Baire measures on T’
(briefly, the Borel extension theorem) and Theorem 5.3 of Thomas [16] (dispensing
with the technique of reduction to the metrizable compact case) as a consequence of
these characterizations.

The Riesz representation theorem was used in [9], [10] to obtain the regular Borel
and o-Borel extensions of a complex Baire measure on 7. The paper [13] can be
considered to be its analogue for X-valued Baire measures on T with the Riesz rep-
resentation theorem being replaced by the Bartle-Dunford-Schwartz representation
of weakly compact operators, since the Borel extension theorem for such Baire mea-
sures was deduced there from the characterizations of weakly compact operators on
Co(T).

On the other hand, the regular o-Borel extension of positive Baire measures on T’
was used in Halmos [7] to derive the Riesz representation theorem for positive linear
forms on Cy(T). In this context the following question arises: Is it possible to obtain
all the characterizations given in [13] for a continuous linear map u: Co(T) — X to
be weakly compact, starting with the Borel extension theorem for X-valued Baire
measures on 17?7 Recently, in our joint work with Dobrakov ([4]), combining the
Borel extension theorem with the first part of Theorem 1 of [13] and Lemma 1 and
Theorem 2 of [6], we answered the question in the affirmative when ¢y ¢ X and X
is a quasicomplete lcHs (namely, Theorem 5.3 of [16]). In the present paper, we also
answer the question in the affirmative for arbitrary quasicomplete lIcHs X and for
this, along with the Borel extension theorem, we use the quoted results of [13] and
[6], Lemmas 1-7 of Section 2 below and Theorem 1 of [11]. Thus the present paper
can be considered to be the vector analogue of the treatment of Halmos [7].
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2. PRELIMINARIES

In this section we fix the notation and terminology. For the convenience of the
reader we also give some definitions and results from literature.

In the sequel T will denote a locally compact Hausdorff space and Cy(T) the
Banach space of all complex valued continuous functions vanishing at infinity in 7',
endowed with the supremum norm || f||7 = sup,c7 | f(t)].

Let ¢ () be the family of all compacts (compact Gss) in T. By(T), B.(T)
and Z(T) are the o-rings generated by 5, £ and the class of all open sets in T,
respectively. The members of By (T) (B.(T), B(T)) are called Baire sets (o-Borel
sets, Borel sets, respectively) of T. Since a subset E of T belongs to %.(T) if and
only if E is a o-bounded Borel set, the members of %.(T") are called o-Borel sets.

M (T) is the Banach space of all bounded complex Radon measures on T with
their domain restricted to %(T). Thus each pn € M (T') is a Borel regular (bounded)
complex measure on Z(T') and has the norm given by ||u|| = var(u, Z(T))(T). For
i€ M(D), |ul(E) = var(u, Z(T))(E), E ¢ #(T).

We recall the following result from [12, Lemma 1].

Proposition 1. For p € M(T),

|M|380(T)(') - var(p|%0(T),,%’0(T))(.)

and

‘MH@C(T)(') = Var(u|%c(T),%c(T))(.)_

A vector measure is an additive set function defined on a ring of sets with values
in an IcHs. In the sequel X will denote an IcHs with a topology 7. Let I' be the set
of all 7-continuous seminorms on X. The dual of X is denoted by X*.

The strong topology 3(X*, X) of X* is the locally convex topology induced by the
seminorms {pp: B bounded in X'}, where pp(z*) = sup,cp|z*(z)]. X** denotes
the dual of (X*, 8(X™*, X)) and is endowed with the locally convex topology 7. of
uniform convergence in equicontinuous subsets of X*. Note that (X*, 5(X*, X)) and
(X**,7.) are lcHs.

It is well known that the canonical injection J: X — X** given by (Jz,z*) =
(x,z*) for all z € X and x* € X*, is linear. Identifying X with JX C X** one has

=Te|y =T

Te|JX |X

Definition 1. A linear map u: Co(T) — X is called a weakly compact operator
on Co(T) if {uf: || fllr < 1} is relatively weakly compact in X.
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The following result (Corollary 9.3.2 of [5], which is essentially a consequence of
Lemma 1 of [6]) plays a key role in Section 4.

Proposition 2. Let E and F be IcHs with F' quasicomplete. If u: F — F is
linear and continuous, then the following conditions are equivalent.
(i) w maps bounded subsets of E into relatively weakly compact subsets of F.
(i) uw*(A) is relatively o(E*, E**)-compact for each equicontinuous subset A of F™*.
(iii) u™(E*) C F.

The following result is due to Theorem 2 of [6], which is the same as Theorem 4.22.1
of [5].

Proposition 3. Let A be a bounded set in M (T'). Then the following assertions
are equivalent.
(i) A is relatively weakly compact.

ii) For each disjoint sequence (U, ){° of open sets in T,
1

lim sup |p(Uy)| = 0.
n HEA

(iii) For (Uy) as in (ii), limy, sup,,c 4 [p/(Un) = 0.
(iv) Let e > 0.
(a) For each compact K in T, there exists an open set U in T such that K C U
and sup,¢c 4 |pu|(U \ K) < ¢; and
(b) there exists a compact C such that sup,,c 4 |p|(T'\ C) < e.

For each 7-continuous seminorm p on X, let p(x) = ||z|lp, = € X, and let
X, = (X, |Illp) be the associated seminormed space. The completion of the quo-
tient normed space X,/p'(0) is denoted by X,. Let I,: X, — X,/p~1(0) C X,
be the canonical quotient map.

Let . be a o-ring of subsets of a non empty set Q0. Given a vector measure
m: . — X, for each 7-continuous seminorm p on X, let m,: . — Xp be given by
my(E) = (Il,om)(E) for E € .. Then m,, is a Banach space valued vector measure
on .. We define the p-semivariation ||m/||, of m by

lmllp(E) = [lmy||(E) for E €.

and
[m]|p(2) = [[my|(2) = sup [[m,||(E)
FEes
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where ||m,|| is the semivariation of the vector measure m,, and is given by ||m,||(E) =
sup{|z* om’(E): x* e X;, ll*|| <1} (see p. 2 of [1]).

An X-valued vector measure m on a o-ring .% of subsets of € is said to be bounded
if {m(E): E € %} is bounded in X and equivalently, if ||m],(2) < oo for each
T-continuous seminorm p on X. When m is o-additive, then m, is a Banach space
valued o-additive vector measure on the o-ring . and hence by Corollary 1.1.19
of [1], [mllp(©) = Iyl () < 4sup ey [Im(E)|, < .

For the theory of integration of bounded .-measurable scalar functions with re-
spect to a bounded quasicomplete lcHs-valued vector measure on the o-ring ., the
reader is referred to [11] or [13]. We need the following results from Lemma 6 of [11]
and Proposition 7 of [13].

Proposition 4. Let X be a quasicomplete IcHs and let . be a o-ring of subsets
of Q. Then:
(i) If f is a bounded .-measurable scalar function and m is an X -valued bounded
vector measure on ., then f is m-integrable and

x </Qfdm> :/Qfd(x om)
for each x* € X*.

(ii) (Lebesgue bounded convergence theorem) If m is an X -valued o-additive vector
measure on . and (fy) is a bounded sequence of .#-measurable scalar functions
with lim,, f,(w) = f(w) for each w € Q, then f is m-integrable and

/Efdmzlimn/Efndm

The following result follows from the first part of Theorem 1 of [13], and is anal-

for each £ € 7.

ogous to Theorem VI.2.1 of [1] for IcHs-valued continuous linear maps on Co(T'). It
plays a key role in Sections 3 and 4.

Proposition 5. Let X be an IcHs. Let u: Co(T) — X be a continuous linear
map. Then there exists a unique X **-valued vector measure m on %(T') possessing
the following properties:

(i) z* om € M(T) for each * € X* and consequently, m: B(T) — X** is o-
additive in the o(X**, X*)-topology.
(ii) The mapping z* — z* om of X* into M (T) is weak*-weak* continuous. More-

over, u*x* = x*om, x* € X*.
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(iii) z*uf = [, fd(z* om) for each f € Co(T) and z* € X*.
(iv) {m(F): E € B(T)} is Te-bounded in X**.
(v) m(E) =u**(xg) for E € B(T).

Definition 2. Let u: Co(T) — X be a continuous linear map. Then the vector
measure m as given in Proposition 5 is called the representing measure of u.

Definition 3. A c-additive vector measure m: %y(T) — X (B(T) — X,
PB.(T) — X) is called an X -valued Baire (Borel, o-Borel) measure on T

Definition 4. Let . be a o-ring of sets in T with . D J# or 5. Let m: ¥ —
X be a vector measure. Then m is said to be .-regular (.7 -outer regular, ./ -inner
reqular) in E € % if, given a p in I and & > 0, there exist a compact K € ./
and an open set U € .¥ with K C E C U (an open set U € & with E C U, a
compact K € . with K C E) such that |m|,(U\ K) < € (|m|,(U\ E) < ¢,
|m|lp(E \ K) < e, respectively). Even though T' does not belong to . one can
define . -inner regularity of m in T as follows. Given p € I" and ¢ > 0, there exists a
compact K € .% such that ||m||,(B) < ¢ for all B € . with B C T'\ K. The vector
measure m is said to be Z-reqular (7 -outer regular, 7 -inner regular) if it is so in
each F € .. When ./ = B(T) (Bo(T), $.(T)), we use the term Borel (Baire,
o-Borel) regularity or outer regularity or inner regularity.

Remark 1. In the above definition one can replace I' by any other family of
continuous seminorms on X which induces the topology 7.

The following proposition on regular Borel and o-Borel extensions of an X-valued
Baire measure on T is well known and plays a key role in Section 4. It was first
proved in [3], [8] for Banach space valued Baire measures on 7' and extended to
group valued measures in [15]. For a simple and direct proof of the proposition
see [4]. Note that a highly technical operator theoretic proof is given in [13] as

mentioned in the introduction.

Proposition 6. Let m be an X-valued Baire measure on T and let X be a
quasicomplete IcHs. Then m is Baire regular in T'. Moreover, there exists a unique
X-valued Borel (o-Borel) regular o-additive extension m (m.) of m on B(T) (A.(T),
respectively). Moreover, m| BT

= Me.

)
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3. SOME LEMMAS

Throughout this section X denotes a quasicomplete lcHs with the topology 7. Let
u: Co(T) — X be a continuous linear map with the representing measure m. Let
mo = m|@O(T) and m, = m’@c(T)'

Let & = {A C X*: A equicontinuous}, and let pa(z) = sup,.c4 |z*(z)| and
pa(z™) = sup,.c 4 [2**(2*)| for A € &, v € X and z** € X**. Then the family of
seminorms 'y = {pa: A € &} induces the topology 7 of X and 7. of X**.

Let X4 = X,,/p;'(0) and let Y4 = X 4, the completion of the normed space X 4.
For E € #(T),

[mp, [I(E) = sup{|y" e m[(E): y" € Ya", [ly"[| < 1}.

Lemma 1. Let A € &. Then:
(i) For E € #B(T)

[mpal[(E) = [[m|[p.(E) = sup{|z™ o m|(E): " € A}.
(ii) For FE € B.(T)

[(me)pall(E) = Imellpa (B) = sup{|z” o mc|(E): 2™ € A}
sup{|z* om|(F): z* € A}

where |x* o m.|(E) = var(z* o m¢, B.(T))(E).
(iii) For E € %y(T)

1(m0)pa [ (E) = [lmollp, (E) = sup{[z™ o mo|(E): 27 € A}
sup{|z* om|(E): z* € A}

where |z* o mo|(E) = var(z* o mg, Zo(T))(E).

Proof. Each element ¥ € X, is of the form & = z + ps~1(0) for some
x € X and it is easy to show that the quotient norm ||Z||,, = pa(z). For z* € A, let
U, (z4+pa—t(0)) = 2*(z). Then ¥, «: X4 — Cis well defined and linear. Moreover,
for z* € A,

Vo +pa™ (0)] = |27 (@)] < pal@) = |z +pa™ (0)pa

< 1. Then by continuity ¥, has a unique continuous linear

and hence ||¥,-
extension to the whole of Y4 with the norm less than or equal to one and we denote
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this extension again by W,.. Clearly, the mapping z* — W . of A into Y4* is
injective. For # = x + pa~1(0) € X4 with x € X we have

1Z]pa = llz+pa™  (O0)lps = palz) = sup " ()]

A
= sup |V, (7)] < sup ly* (@) = |Z[|p.a
€A y*EYA®, [ly*[I<1
and hence
(1) [Z]lps = sup [Wo(T)]-
T*€A

Let us write U «(y) = 2*(y) for 2* € Aand y € Y4. Let y € Y4 and let € > 0. Since
X 4 is dense in Yy, there exists & € X 4 such that |y —Z|,, < e. Then by (1) we have

[9llpa <&+ |1Zllps =+ sup [¥o- (2)]
z*€A
S<e+ sup (U (T —y)| + sup [V (y)|
T*€EA z*€A
S e+ 12 = yllpa + sup [z7(y)| < 2e + sup [z"(y)|
T*€EA z*€A
and hence
[9llpa = sup |- (y)| = sup |27 (y)]
T*€A z*€A
fory € Y4. Thus {¥,-: z* € A} is a norm determining subset of {y* € Y4*: ||y*|| <
1}. Using this result and writing ¥,«(y) = z*(y) for all 2* € A and y € Y4 in the
proof of the first part of Proposition 11 of [1], one can show that
(2) [mllpa(E) = [lmp, [[(E) = sup{[¥s- om|(E): 2" € A}
= sup{|z* om|(E): z* € A}
for E € B(T). Thus (i) holds.

Replacing m by m. (by mo) and B(T) by B.(T) (by HBo(T)) in the above argu-
ment, similarly we have

[(me)pall(E) = [[mellpa (E) = sup{la™ o me|(E): z* € A}
for E € B.(T) and
1(m0)p4 |(E) = [[mollp. (E) = sup{|z” o mo|(E): ™ € A}

for E € %o(T). Now a reference to Proposition 1 completes the proofs of (ii) and
(iii) of the lemma. O
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The following result is the same as Lemma 2 of [13].

Lemma 2. u*A is bounded in M(T) for each A € &.

Notation 1. %, denotes the family of all open Baire sets in T'.

Lemma 3. Suppose mo(%) C X. Then:
(i) mg is o-additive in %, in 7. That is, given a disjoint sequence (U,)$° in Y,
then mo(U7" Un) = 37" mo(Uy) (in the topology 7).
(if) If (U,)$° is a disjoint sequence in %y, then, for each A € &, lim,, ||mo||p, (Un) =
0.

Proof. (i) By Proposition 5 (i), * om € M(T) for 2* € X* and hence

oo

(z* omy) (U Un) = Z(x* omyp)(Uy)
1 1
for each z* € X*. By hypothesis, mo(%) C X and hence by the Orlicz-Pettis
theorem we conclude that mo (U7 Un) = 37 mo(Uy) in the topology 7. Thus
(1) holds.

(ii) If possible, let inf,, ||mo|lp, (Un) > 49 > 0 for some A € &. Then by Lemma 1
we have sup,.c 4 |* omg|(U,) > 49 for all n. Then there exists an z}, € A such that
|2y, o mol(Un) > 46. Consequently, suppcg, (1), pcu, |(T5, ©mo)(B)| >  and hence
there exists B,, C U, in %y(T) such that |(z} o mg)(By)| > 0. Since x} o myg is a
(o-additive) scalar Baire measure, it is Baire regular and hence there exists an open
Baire set G, with B,, C G,, C U, such that |(z% o mo)(G,)| > §. Consequently,
inf,, |(z} 0 mo)(Gy)| > ¢. This is absurd, since |(z}, 0 mo)(Gn)| < [|mo(Grn)|lpa — 0
by (i) as (G,,) is a disjoint sequence in %. O

Lemma 4. mg is Baire inner regular in E € %(T) if and only if, for each
A € & and € > 0, there exists a compact K € J#; with K C FE such that
sup,c,- 4 l|(E'\ K) < ¢; i.e. if and only if, for each A € &, u* A is uniformly Baire
inner regular in E in the sense of Definition 1 of [12].

Proof. Let mg be Baire inner regular in F € %,(T'). Given A € & and ¢ > 0,
by Definition 4 there exists K € %, with K C E such that ||mo|p,(E \ K) < e.
Then by Lemma 1 and Proposition 5 (ii) we have

[mollps (E\ K) = sup |z" om|(E\ K) = sup |u|(E\K) <e.
z*€A peEU* A

The converse is immediate from Definition 4 and Lemma 1 as u*A = {z*om: z* € A}
by Proposition 5 (ii) and 'y = {pa: A € &} induces the topology 7. of X**. O
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In the proofs of Lemmas 5 and 6 below we use, respectively, the implications
(iii) = (iv) and (iv) = (v) of Theorem 1 of [12].

Lemma 5. Let mo(%) C X. Then:
(i) my is Baire inner regular (in 7.) in each U € %.
(ii) For each e > 0 and for each A € &, there exists a K € J such that ||m||,, (T \
K)=sup,.c|z* om|(T\ K) <e.

Proof. Let A € &. Then by Proposition 5 (ii), u*A = {z*om: z* € A} and by
Lemma 2, u*A is bounded in M(T). By Proposition 1, Lemma 1 and Lemma 3 (ii),
for each disjoint sequence (Uy,) of open Baire sets we have lim,, sup,,.¢ 4 |t*om|(Uy) =
limy, sup .« 4 |4/(Un) = 0. Thus by the implication (iii) = (iv) of Theorem 1 of [12]
the result holds. O

Lemma 6. Suppose my is Baire inner regular in each U € % with respect to the
topology 1. of X** and, for each € > 0 and for each A € &, suppose there exists K €
Jo such that ||mol[p, (T \ K) =sup,.cs{|z* om|(B): BCT\K, Be %(T)} <e¢
(note that the range of my is contained in X**). Then mg is Baire inner regular in
PBo(T) with respect to 7.

Proof. Let A€ &. Then by Lemma 2, u*A is bounded in M (T'). Since myg is
Baire inner regular in each open Baire set, Lemma 4 implies that u*A is uniformly
Baire inner regular (in the sense of Definition 1 of [12]) in each open Baire set.

Claim 1.

3) [mllpa(T\ K) = sup |z"om|(T'\ K) = sup [u[(T\K) <e.
z*€A peEU* A

In fact, by the second hypothesis, by the Borel regularity of |z* o m|, by Theo-
rem 50.D of [7] and by Lemma 1 (i), Proposition 1 and Proposition 5 (ii), we have

[mllpa(T\ K) = sup [z om|(T'\ K)

z* €A

- ap s |l(©O)
peu*A Cet',CCT\K

- wp sp |l
peur*A CeHy, CCT\K

= sup sup |z* 0 mg|(C)
z*€A CeHy, CCT\K

<eE.

Hence the claim holds.

106



Thus, in virtue of (3), the hypotheses of the lemma show that u*A satisfies the
hypothesis of the statement (iv) of Theorem 1 of [12]. Consequently, by (iv) = (v)
of Theorem 1 of [12], ©* A is uniformly Baire inner regular in each E € %,(T). Since
this holds for all A € & and since I's induces the topology 7., Lemma 4 yields that
myg is Baire inner regular in %, (7). O

Lemma 7. Suppose m (m., mg) is Borel (o-Borel, Baire) inner regular (in 7.) in
B(T) (B(T), $o(T)). Then m (m., mgy, respectively) is o-additive in 7.

Proof. Let A€ & andlete > 0. Let ¥ = B(T) and vy =m (¥ = B.(T) and
v =me; & = Bo(T) and v = my, respectively). Since [|[V(E)|p, < |7llpa(E) for
E € .7, it suffices to show that lim, |||y, (En) = 0 whenever (E,,) is a decreasing
sequence in .¥ with (]° E,, = (. By hypothesis, for each n there exists a compact
K, € &% with K,, C E,, such that |||, (En \ K») < £/2". Then adapting suitably
the proof at the end of p. 158 and at the top of p. 159 of [1], we can show that there
exists ng such that ||v||,,(Er) < € for n > ng. Hence the lemma holds. O

4. CHARACTERIZATIONS OF WEAKLY COMPACT OPERATORS ON Cy(T)

Let X be a quasicomplete IcHs. Using Propositions 1-6 and Lemmas 1-7 of the
preceding sections and Theorem 1 of [11] we will obtain below all the 35 charac-
terizations given in [13] for a continuous linear map u: Co(T) — X to be weakly
compact. As mentioned at the outset, the Borel extension theorem (Proposition 6)
for o-additive X-valued Baire measures on T plays a key role in the present proof in
contrast to the proofs of the characterization theorems of [13].

Theorem 1. Let u: Co(T) — X be a continuous linear map, where X is a
quasicomplete IcHs. Let m be the representing measure of u and let me = m| 1)

and my Then the following assertions are equivalent.

= m’%’(,(T)'
(i) w is weakly compact.

(ii) The range of m is contained in X.

(iii) The range of m. is contained in X.

)
)
)
iv) The range of myg is contained in X.
(v) m(U) € X for all open sets U in T.
)
)
)
)
)

(vi) m(F) € X for all closed sets F' in T

(vil) m(U) € X for all o-Borel open sets U in T.

(F)
)
(viii) m(U) € X for all open Baire sets U in T.
(U) € X for all open sets U in T which are o-compact.
(F) € X for all closed sets F' in T which are Gs.

(ix) m

(x) m
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m(U) € X for all open sets U in T which are F.

For each increasing sequence (f,)5° C Co(T) with 0 < fp, < 1, (ufyn)
converges weakly in X.

m is o-additive in the topology 7. of X**.

i)
xiv) m, is o-additive in the topology 7. of X**.
(xv) myg is o-additive in the topology 7. of X**.
(xvi) m is strongly additive in the topology T, of X**.
(xvii) m. is strongly additive in the topology 7. of X**.
(xviii) my is strongly additive in the topology T, of X**.
(xix) m is Borel regular in 7. of X**.
(xx) m is Borel inner regular in 7, of X**.
(xxi) m is Borel inner regular (in 7.) in each open set U in T.
(xxii) m is Borel outer regular (in 7.) in each compact set K in T and Borel inner
regular (in 7.) in the set T
(xxiii) m. is o-Borel regular in 7, of X**.
(xxiv) m, is o-Borel inner regular in 7. of X**.
(xxv) my, is o-Borel inner regular (in 7.) in each o-Borel open set U in T and in
the set T'.
(xxvi) m, is o-Borel outer regular (in 7.) in each compact set K in T and o-Borel
inner regular (in 7.) in the set T'.
(xxvii) myg is Baire regular in 7, of X**.
(xxviii) my is Baire inner regular in 7. of X**.
(xxix) myg is Baire inner regular (in 7.) in each open Baire set U in T' and in the
set T'.
(xxx) my is Baire outer regular (in 7.) in each compact G5 in T and Baire inner
regular (in 7.) in the set T
(xxxi) All bounded Borel measurable scalar functions f on T are m-integrable
and [, fdm e X.
(xxxii) All bounded %.(T)-measurable scalar functions f on T are m.-integrable
and [ fdm. € X.
(xxxiii) All bounded Baire measurable scalar functions f on T are my-integrable
and [ fdmy e X.
(xxxiv) All bounded scalar functions f belonging to the first Baire class in T are
mo-integrable and [ f dmg € X.
(xxxv) v**f € X for all bounded scalar functions f belonging to the first Baire
class in T
Proof. 1In the sequel we will prove only those implications which are not
obvious.
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(i) = (ii): By (i) and Proposition 2, v**C§*(T) C X and by Proposition 5 (v),
m(E) =u**(xg) for E € B(T). As B(T) C C5*(T), (ii) holds.

(viii) = (iv): In fact, by hypothesis (viii) and by Lemmas 5 and 6, mg is Baire
inner regular in 7. of X**. Given K € %, by Theorem 50.D of Halmos [7] there
exists U € % such that K C U and hence mo(K) = mo(U) — mo(U \ K) € X.
Thus mo(%) C X. Let E € %o(T). Let D(E) = {K € #,: K C E} and let
K1 > K5 for K1,Ks € D(E) if K1 D Ko. Then by the Baire inner regularity of mg
in E, limpg) mo(K) = mo(E) so that the net {mo(K): K € D(E)} is 7.-Cauchy
with the limit mo(E). Since by Proposition 5 (iv), m has 7.-bounded range in X**,
mo(H#p) is 7-bounded in X. Thus there exists a 7-bounded closed set H in X such
that mo(#(T)) C H. Since X is quasicomplete, we conclude that mo(F) € H C X.
Thus mg has the range in X.

(iv) = (i): In fact, by hypothesis, Proposition 5 (i) and the Orlicz-Pettis theorem,
myg is o-additive in 7. Then by Proposition 6 there exists a unique X-valued Borel
regular o-additive extension m of my on Z(T). As each f € Co(T) is a bounded
Baire measurable function by Theorem 51.B of Halmos [7], by Proposition 5 (iii) we
have

sruf = [ fa@om) = [ @t omo) = [ fa@om. fe o),

Since z* om € M(T) by Proposition 5 (i) and since 2™ o € M(T) as v is Borel
regular and o-additive, it follows by the uniqueness part of the Riesz representation
theorem that * o m = 2™ o m for each * € X*. Since m has the range in X** and
m has the range in X we conclude that m = m and hence m not only has the range
in X but also is g-additive in #(T') in 7. Thus, given a disjoint sequence (U,,) of
open sets in T, m(U7" Up) = Y.7° m(U,) and in particular, lim,, m(U,) = 0. Thus,
for each equicontinuous subset A of X*, Proposition 5 (ii) yields lim, ||m(Uy,)||p, =
lim,, sup,.c 4 [(* 0 m)(Uy)| = lim,, sup ¢« 4 |[4(Un)| = 0. Moreover, by Lemma 2,
u*A is bounded in M(T). Therefore, by Proposition 3, u*A is relatively weakly
compact in M (T'). Consequently, by Proposition 2, u is weakly compact. Thus (i)
holds.

(x) = (xi): Let U be an open set in 7" such that it is a countable union of closed
sets. Then T'\ U is a closed set which is G5 and hence by hypothesis (x) we have
m(U) =m(T) —m(T \U) € X. Hence (xi) holds.

(ix) = (viii): by § 14, Chapter III of Dinculeanu [2].

(i) = (xii): Let (fn) be as in (xii). Then lim, f,(t) = f(t) exists in [0,1]
for each t € T and f is Borel measurable. Then the hypothesis (ii) combined with
Proposition 5 (i) and the Orlicz-Pettis theorem implies that m is o-additive in B(T).
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Consequently, by Proposition 4 we obtain

lim/fndm:/fdeX.
noJr T

Then by Propositions 4 (i) and 5 (iii) we have

lima"uf, zlign/Tfnd(x* om) = 1" (liin/Tfndm) =" </dem>

for all * € X*. Thus (xii) holds.

(xii) = (viii): Let U € %. Then by § 14, Chapter III of Dinculeanu [2], there
exists a sequence (K,) C J# such that K,, / U. By Urysohn’s lemma we can
choose an increasing sequence g,, of non negative continuous functions with compact
supports such that g, / xy. Then by hypothesis there exists a vector xy € X
such that lim, z*ug, = x*z¢ for all z* € X*. Therefore, by the Lebesgue bounded
convergence theorem and by Proposition 5 we have z*zg = lim, fT gnd(z* om) =
x*m(U) for all z* € X*. Since m(U) € X**, it follows that m(U) = z¢ € X. Hence
(viii) holds.

(i) = (xiii): By (ii) m has the range in X and hence by Proposition 5 (i) and
the Orlicz-Pettis theorem m is o-additive in 7. Since 7.|x = 7, (xiii) holds.

(xv) = (i): Let Y be the completion of (X** 7.). Then by hypothesis
mo: Bo(T) — Y is o-additive in 7. and hence by Proposition 6 there exists a
unique Y-valued Borel regular o-additive (in 7.) extension m of mg on Z(T). Each
f € Co(T) is a bounded Baire measurable function by Theorem 51.B of Halmos [7]
and consequently, by Proposition 5 (iii) we have

x*ufz/de(x*om):/de(x*omo):/de(x*ofn)

for each f € Co(T'). By Proposition 5 (i), z* o m € M(T). Since each z* € X* is
Te-continuous in X**, it follows that z* o m is a o-additive regular Borel complex
measure on 7" and hence z* om € M(T'). Thus the continuous linear functional z*u
on Cy(T) is represented by both z* o m and z* o 7 belonging to M (T) and hence
x*om = z* om for all z* € X*. Since m takes values in X** and m takes values
in Y, it follows that m = 7 so that m has values in X**. Moreover, m (= m)
is o-additive in 7.. Consequently, given a disjoint sequence (U, ) of open sets in
T, by Proposition 5 (ii) we have lim, ||m(Uy)|lp, = lim, supg.c4 |(z* o m)(Uy)| =
limy, Sup ¢ 4 [11(Un)| = 0 for each A € &. Moreover, for such A, by Lemma 2, u*A
is bounded in M(T). Then by an argument similar to that in the end of the proof
of (iv) = (i) we conclude that u is weakly compact. Hence (i) holds.
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(xviii)) = (i): Let 3(%o(T)) be the Banach space of all bounded complex func-
tions which are uniform limits of sequences of %, (T")-simple functions, with pointwise
addition and scalar multiplication and with the supremum norm ||-||7. Let

Vf=/demo, f € S(Zo(T)).

By Proposition 5 (iv), mg is a 7.-bounded vector measure and hence, by Lemma 6
of [11], V is a well defined X**-valued continuous linear map. Then as the repre-
senting measure mg of V' (see Definition 2 of [11]) is strongly additive by hypothe-
sis (xviil), by Theorem 1 of [11] V is a weakly compact operator. By Theorem 51.B
of Halmos [7] each f € Cy(T') is Baire measurable and bounded and hence is the
uniform limit of a sequence of Baire simple functions. Hence Co(T") C (%o (T)).
In particular, V|¢, (1) is weakly compact. Moreover, by Propositions 4 (i) and 5 (iii),
we have

V= [ Faom) = [ fa@ om) =atus. fecym)

for each z* € X*. Since Vf € X** and uf € X, we conclude that Vf = uf for
each f € Co(T'). Consequently, u = V¢, (1) and hence {uf: | f|lr < 1} is relatively
o(X**, X***)-compact. Since u(Co(T)) C X, it follows that {uf: || f|lr < 1} is
relatively weakly compact in X. Thus u is weakly compact. Hence (i) holds.

(i) = (xix): By (ii), Proposition 5 (i) and the Orlicz-Pettis theorem, m is
o-additive in B(T) in the topology 7 of X. Then my is o-additive in %y(T) and has
the range in X. Therefore, by Proposition 6 there exists a unique Borel regular X-
valued o-additive (in 7) extension 7 of mo on Z(T"). Then by Proposition 5 (iii) and
by the fact that each f € Cy(T) is bounded and Baire measurable (by Theorem 51.B
of [7]), we have

x*uf:/de(x*om):/de(x*omo):/de(x*om)

for each z* € X* and f € Co(T). Since z* om € M(T) by Proposition 5 (i) and
since x* o1 € M(T) as v is Borel regular and o-additive in 7 with values in X,
we conclude that z* o m = x* o for each #* € X*. Since by hypothesis m has the
range in X and m in X, it follows that m = m. Thus m is Borel regular in 7 and
hence m is Borel regular in 7. as 7| + = 7. Thus (xix) holds.

(xxi) (or (xxv), (xxix)) = (xxviili): Let U € % or let U = T. Let A € &
and € > 0. Then by hypothesis and by Theorem 50.D of Halmos [7] there exists
a compact G5 K such that K C U and ||m|,, (U \ K) < € (||mellp. (U \ K) < ¢,
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lmollp. (U \ K) < €, respectively). Thus, in particular, |mgll,.(E) < € for all
E € %(T) with E C U\ K. Since this holds for all U € % and for U = T, the
conditions of Lemma 6 are satisfied by mg. Therefore, mg is Baire inner regular in
PBo(T). Hence (xxviii) holds.

(xxvill) = (xv): by Lemma 7.

(xxii) = (i): Let K € # and let A € &. Given € > 0, by hypothesis there
exists an open set U in T such that ||m/|,,(U \ K) < e. Then by Lemma 1 (i) and
Proposition 5 (ii) we have sup{|z* om|(U \ K): 2% € A} = sup,,c,«4 [#|(U\ K) <¢
and by Lemma 2, ©*A is bounded in M (T'). Thus condition (iv) (a) of Proposition 3
is satisfied by u*A. Since m is inner regular in T, there exists a compact set C
such that ||m|,,(T \ C) < € so that by an argument similar to that above we
have sup,,c,+ 4 [|(T"\ C) < e. Therefore, condition (iv) (b) of Proposition 3 is also
satisfied by u* A. Hence by Proposition 3, u* A is relatively weakly compact in M (T')
and consequently, by Proposition 2, u is weakly compact. Thus (i) holds.

(ii) = (xxiil): Proceeding as in the proof of (ii) = (xix), we have m = 7 on
HB(T). Since 1|z, () is o-Borel regular by Proposition 6, we conclude that m, is
o-Borel regular in 7 and hence in 7.. Thus (xxiii) holds.

(xxiv) = (xiv): by Lemma 7.

(xxiii) implies the first part of (xxv) and (xix) implies the second part of (xxv).
As (xxv) = (xxviii), it follows that (i) < (xxv).

(xix) = (xxvi): Given K € ', A € & and ¢ > 0, then by hypothesis there
exists an open set U with U D K such that |m||,, (U \ K) < €. By Theorem 50.D of
Halmos [7] we can choose a V' € %4 such that K C V' C U so that ||me|[p, (V\K) < e.
Thus m, is o-Borel outer regular in K. Clearly, m,. is o-Borel inner regular in 7" as
m is, by hypothesis, Borel inner regular in 7. Hence (xxvi) holds.

(xxvi) = (i): Let K € J#. Proceeding as in the proof of (xxii) = (i),
we have ||mc|lp, (U \ K) < €, where U is a 0-Borel open set containing K. Thus by
Lemma 1 (ii) and Proposition 1 we have ||mc||p, (U\K) = sup,.c4 [z om |(U\K) =
Sup,«¢ 4 |2* om|(U \ K) < e. Hence, by Proposition 5 (ii), sup,,c,- 4 [1[(U \ K) <e.
Since u*A is bounded in M(T) by Lemma 2, condition (iv) (a) of Proposition 3 is
satisfied by u*A. Again by hypothesis, there exists a compact C such that ||[me||p, (T'\
C) < e. Thus for each compact K C T'\ C, by Lemma 1 (ii) we have sup,.c 4 [z* o
m|(K) < e. As |z* o m| is Borel regular by Proposition 5 (i) for each z* € A,
and z* om = u*z* by Proposition 5 (ii), it follows that sup,.c4 |z* om|(T'\ C) =
sup, e+ 4 [/(T\ C) < €. Thus condition (iv) (b) of Proposition 3 is also satisfied by
u*A. Therefore, u* A is relatively weakly compact in M (T') for each A € &. Now by
Proposition 2 we conclude that u is weakly compact. Hence (i) holds.

(xv) = (xxvii): Since myg is o-additive in 7., by the first part of Proposition 6,
myg is Baire regular in 7.. Thus (xxvii) holds.
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(xxix) = (xxviii): by Lemma 6.

(xix) = (xxix): Let U € %, A € & and ¢ > 0. By hypothesis, there exists a
compact K C U such that |m||,,(U\ K) < e. By Theorem 50.D of Halmos [7] there
exists a compact C' € % such that K C C' C U. Then |[mgl|p, (U \ C) < . Hence
my is Baire inner regular in U. As m is Borel inner regular in 7', there exists K € ¢
such that |[|m/||,, (T \ K) < e. By Theorem 50.D of Halmos [7] there exists C' € J£
such that K C C and hence ||mgl|p,(B) < ¢ for all B € %y(T) with B C T\ C.
Thus my is Baire inner regular in T'. Hence (xxix) holds.

(xix) = (xxx): Let K € J#5, A € & and € > 0. By hypothesis and by Theo-
rem 50.D of Halmos [7] there exists U € % with K C U such that |m|,,(U\K) < ¢
so that by (i) and (iii) of Lemma 1 we have ||mgl|,(U \ K) < e. Similarly, we can
show that mg is Baire inner regular in 7. Hence (xxx) holds.

(xxx) = (xxix): Clearly, it suffices to show that mg is Baire inner regular in each
open Baire set. Given A € & and € > 0, by the hypothesis of Baire inner regularity
of mg in T and by Theorem 50.D of Halmos [7] there exists a compact Q € % such
that ||mo||p, (T'\ Q) < /2. Let U € % such that U is relatively compact.

Claim 1. my is Baire inner regular in U.

In fact, by Theorem 50.D of Halmos [7] we can choose a compact C' € J# such
that U C C. Then U = C'\ (C\U) and C\ U € % by Theorem 51.D of Halmos [7].
Therefore, by hypothesis there exists W € % with W > C'\U such that ||mgl|,, (W\
(C\U)) <e. NowU = C\(C\U) D C\W and C\W € %, again by Theorem 51.D
of Halmos [7]. Moreover, U\ (C\W)=UN({(T\C)UW)=UnNW. On the other
hand, W\ (C\U) D WNU. Therefore, ||mol|p, (U \ (C\ W)) < e. Thus the claim
holds.

Now let U € %. Choose by Theorem 50.D of Halmos [7] a relatively compact
open Baire set V' such that 2 C V. Then U NV is relatively compact and belongs
to %y. Therefore, by Claim 1, mg is Baire inner regular in U NV and hence there
exists a compact K € £ with K C U NV such that ||mol,,(UNV)\K) <e/2.
Then K € U and [[moflp, (U \ K) < [mollp, (U1 V) \ K) + [[mollp, (U\ 9) < <.
Therefore, myg is Baire inner regular in each open Baire set and hence (xxix) holds.

(ii) = (xxxi), (xxxii) and (xxxiii): By (ii), Proposition 5 (i) and the Orlicz-
Pettis theorem m is X-valued and o-additive in 7. Since every bounded Borel (o-
Borel, Baire) measurable scalar function is the uniform limit of a sequence of Borel
(o-Borel, Baire) simple functions and m is a 7-bounded X-valued vector measure,
[ is m-integrable (see Definition 1 of [11]) and [ fdm € X (f is m,-integrable and
Jp fdme € X, fis mo-integrable and [, f dmg € X, respectively).
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(xxxi) (or (xxxii), (xxxiii)) = (i) ((iii), (iv)): Let E € B(T) (E € B.(T),
E € $y(T)). Then by hypothesis, m(E) (m.(E), mo(E)) belongs to X. Thus (ii)
((iii), (iv), respectively) holds.

(xxxiv) = (viii): Let U be an open Baire set. Then by § 14, Chapter III of
Dinculeanu [2], there exists an increasing sequence K, of compact G5 sets such that
U = U7" K,. Then by Urysohn’s lemma we can choose non negative continuous
functions g, with compact supports such that g, / xy. Thus xy belongs to the
first Baire class and is bounded. Then by hypothesis, mo(U) € X. Thus (viii) holds.

(i) = (xxxv): If u is weakly compact, then by Proposition 2, u** has the range
in X. Since the bounded scalar functions of the first Baire class belong to C5*(T),
(xxxv) holds.

(xxxv) = (viii): By Proposition 5 (v), u**(xv) = m(U) for U € %,. As observed
in the proof of (xxxiv) = (viii), xy is bounded and belongs to the first Baire class.
Hence, by hypothesis, m(U) € X. Thus (viii) holds.

This completes the proof of the theorem. O

Remark 2. As in [13], the strict Dunford-Pettis property of Co(T') is an imme-
diate consequence of the above theorem and the proof of the latter is not based on
this property unlike the proof of Theorem 6 of Grothendieck [6]. Theorem 5.3 of
Thomas [16] is also deducible from the above theorem by the same argument as that
used in the proof of Theorem 13 in [13].

Remark 3. All these 35 characterizations are given in [13] in Theorems 2-9.
Some of the proofs given here are the same as those in [13] (for example, (i) =
(if) = (iii) of Theorem 2 of [13], (i) < (xi) of Theorem 3 of [13] and Theorem 9
of [13]) but, for the sake of completeness, we have given the proofs of all non obvious
equivalences of these 35 characterizations. In the present proof the use of Theorems 1
and 2 of [12] has been dispensed with unlike the proof in [13] and instead, the Borel
extension theorem has been used along with the first part of Theorem 1 of [13],
Lemma 1 and Theorem 2 of [6], Theorem 1 of [11] and Lemmas 1-7.
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