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Abstract. We prove two versions of the Monotone Convergence Theorem for the vector in-
tegral of Kurzweil, [ r da(t) f(t), where R is a compact interval of R”, o and f are functions
with values on L(Z, W) and Z respectively, and Z and W are monotone ordered normed
spaces. Analogous results can be obtained for the Kurzweil vector integral, [ o(t)df(t),
as well as to unbounded intervals R.
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1. ORDERED NORMED SPACES

As basic references on ordered normed spaces we mention [2] and also [6].

Definition 1. An ordered normed space is a pair (Z, <) where Z is a normed
vector space and < is an ordering relation in Z such that

i) z < w implies z + z < w+ z for z,w,x € Z;

ii) z < w implies Az < Aw for z,w € Z and A real and non-negative;
iii) the “positive cone” C'={z € Z; z > 0} is closed in Z.

Remark 1. Let z,w € Z, where (Z,<) is an ordered normed space. Then
i) z < w is equivalent to w — z > 0;
) z<0if and only if 0 < —z;
iii) the cone C'is convex, C +C C C and C N (-C) = {0};
)

i

iv) every subspace of an ordered normed space is also an ordered normed space

with the induced order;
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v) every closed subspace of an ordered Banach space is also an ordered Banach
space with the induced order;

vi) if (Z,<z) and (W, <w) are ordered normed spaces, then Z x W with the or-
dering “(z1, 22) <zxw (w1, wq) if and only if 21 <zxw w1 and zo <zxw we”
is an ordered normed space.

Example 2. If (2, i) is a measure space and X is an ordered Banach space, then
L,(Q,X), 1 < p < oo, with the ordering “f < g if and only if f(¢) < g(t) p-almost
everywhere” is an ordered Banach space. If K is a complete metric space and X is
an ordered Banach space, then the space of all continuous functions from K to X,
C(K,X), is an ordered Banach space with the ordering “m-almost everywhere”,
m standing for the Lebesgue measure.

Definition 3. An ordered normed space (Z, <) is called monotone if and only if
0 < z < w implies |z]| < [lw]|.

Example 4. Let X be a Banach space and [a,b] a compact interval of R. By
BV, (]a,b], X) we mean the space of all functions f: [a,b] — X of bounded variation
(i.e., V(f) < 00) such that f(a) = 0. Then BV,([a,b], X) is a Banach space when
equipped with the norm || f|| = V(f). It is possible to have f,g € BV,([a,b], X) such
that f < g m-almost everywhere, but V(g) < V(f) and therefore ||g|| < || f|. Hence,
the ordering of BV, ([a,b], X') is not monotone.

Definition 5. Let (Z,<z) and (W, <) be ordered normed spaces and consider
a mapping T': Z — W. Then T is called increasing if and only if z; <z 29 implies
T(z1) <w T'(z2) and T is called positive if and only if z > 0 implies T'(z) > 0.

Remark 2. In Definition 5, if T is linear, then 7T’ is increasing if and only if 7" is
positive.

Definition 6. Let (Z,<) be a monotone ordered normed space and (z,)nen a
non-decreasing sequence in Z. We write 2,1 in Z. Then

i) 0 < 2,1 in Z is bounded if and only if sup ||z,| < oc;
n

ii) 0 < 2,7 in Z is upper bounded if and only if there exists z € Z such that z > z,
for every n € N;
iii) z = li7rlnzn if and only if ||z — 2| — 0 as n — oo;
iv) z = supz, if and only if z > z, for every n € N and w € Z with w > z, for
n

every n € N, implies w > z.
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Let (Z,<) be a monotone ordered normed space. If 2,7 in Z, then z = limz,
n

implies z = sup z,. Consider, however, the following properties which the space
n

(Z,<) may or may not possess:

A) if 2,7 in Z and there is z = sup z,,, then z = lim z,,;
n n

B

(A)
(B) if 2,7 in Z is a Cauchy sequence, then it is convergent;
(C) if 2,7 in Z is bounded from above, then there is z = sup z,;
(D)

)

D) if z,7 in Z is bounded from above, then there is z = lim z,,;
(E) if 2,7 in Z is bounded, then there is z = lim z,, = sup z,,.
n

Then (E) implies (B) and (D); (D) holds if and only if both (A) and (C) hold.

2. KURZWEIL AND HENSTOCK VECTOR INTEGRALS

Let X and Y be normed spaces and L(X,Y) the normed space of all linear con-
tinuous functions from X to Y. Throughout this section, we consider functions
a: R — L(X,Y) and f: R — X, where R is a compact interval of R” with sides
parallel to the coordinate axes. However, for simplicity of notation and proofs, we
work on the two-dimensional case. Thus, when ¢t = (t1,t2) and s = (s1, s2) are points
of R? such that t < s (i.e., t; < s;, i = 1,2), we denote by [t, s] the corresponding
closed interval and we write |[t, s]| = m([t, s]), where m denotes the Lebesgue mea-
sure.

Definition 7. Let Z(R) be the set of all closed intervals contained in R. A
division d of R is a finite set of nonoverlapping closed intervals of R whose union
is R and we write d = (J;) or simply (J;), where J; € Z(R). By nonoverlapping
intervals we mean that their interiors are pairwise disjoint. We say that d = (&, J;)
is a tagged division of R if (J;) is a division of R and &; € J; for every i. We denote
by TDg the set of all tagged divisions of R. A tagged partial division of R is any
subset of a tagged division of R and, in this case, we write d € TPDg. A gauge of
a subset S of R is any function d: S — ]0,00[. Given a gauge § of R, we say that
d=(&,J;) € TPDg is 0-fine if J; C {t € R; |t — &] < (&)} for every i. Let ¢ € R,
0 <c¢<1,and J € Z(R) with sides of the lengths h and k such that h < k. Then J
is called c-regular if and only if h/k > ¢; d = (&;,J;) € TPDp is called c-regular if
and only if J; is c-regular for every .

Let A(Z(R),X) be the set of all functions F': Z(R) — X which are additive
on intervals, that is, F'(J) = F(J;) + F(Jz2) for every J, Ji,J2 € Z(R) such that
J = J1UJy and J; and J, are nonoverlapping.
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Definition 8. Let a € A(Z(R),L(X,Y)). Then f: R — X is regularly
a-Kurzweil integrable (we write f € "K*(R, X)) with vector integral I € Y (we
write I = ™[, daf = [ da(t) f(t)) if for every ¢ > 0 and every 0 < ¢ < 1 there
exists a gauge § of R such that

‘ S al) (&) K/R daf

for every c-regular d-fine d = (&;, J;) € TDg.

<

We say that f: R — X is regularly a-Henstock integrable (we write f €
"H*(R, X)) if there exists F'* € A(Z(R),Y) (called the associated function of f)
such that given € > 0 and 0 < ¢ < 1, there exists a gauge § of R such that

Z (i) f (&) — F(Ji)l| <e

for every c-regular §-fine d = (&;, J;) € TDpg.
In what follows we put R = [a,b] = [a1,b1] X [ag, bs], where a = (a1,a2) and
b = (b1, bs) belong to R?.

Remark 3. Given a € A(Z(R), L(X,Y)), let 'T*(R, X) denote one of the spaces
"K(R, X) or "H*(R, X).
i) If f € T*R,X) and J € Z(R), then f € "T*(J,X); we define the indefinite
integral F*: Z(R) — Y of f € "K*(R,X) by F*(J) = ", daf, for every
J € Z(R).
iil) "H*(R,X) C "K*(R, X) and if f € "H*(R, X)), then the associated function F'®
is its indefinite integral.
iii) If Jy, J2 € Z(R) are such that J; and J; are nonoverlapping and J = J; U J3 is
an interval, then f € "T%(J, X) whenever f € T*(J;, X) for i = 1,2.

Remark 4. Given o € A(Z(R), L(X,Y)) and f € "K*(R, X), we define a function
fe: R—=Y by fo(t) = "Kf[a 9 daf for every t € R = [a,b]. We may associate f®
with a function of intervals which we still denote by f: Z(R) — Y. In this case,

F(Its)) = F(s) = f(tr, s2) = Flsu,t2) + f(2),

where [t,s] = [t1,s1] X [t2,82]. Reciprocally, it is possible to associate a function
F* e A(Z(R), X) with a function from R to X by the relation

F(t) = F*([a,t]) = F*([a, (a1, 22)]) — F*([a, (1, a2)]) + F*([a, a]).
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When a(t) = t, we write "K(R, X), "H(R, X) and f instead of "K®(R, X), "H*(R, X)
and f*, respectively. If moreover R = [a,b] C R, then a(J) = m(J) = |J| for
J € Z(R), and the regularity does not play any role. In this case, we denote by
K ([a,b], X) and by H([a, b], X) respectively the spaces of Kurzweil and of Henstock
integrable functions.

Definition 9. Given a: R — L(X,Y), let T*(R, X) denote one of the spaces
"K*(R, X) or "H*(R, X). Two functions g, f € T%(R, X) are equivalent if §* = f.
Then the space of all equivalence classes of functions of T*(R, X) endowed with the

Alexiewicz norm

~ rK
e T RX) o 1 fla = [Tl = sup{ dafs te R— [a,b]}

[a.t]
is denoted by "K*(R, X) 4 or by "H*(R, X) 4 depending on the choice of T%(R, X).
We write f € T%(R, X)4 to indicate that f = fo € ®, where & € 'T*(R, X) 4.

Example 10. With the notation of Definition 9 and the ordering “f < g m-almost
everywhere”, 'T*(R, X) 4 is an ordered normed space. Besides, if a: R — L(X,Y)
is such that «(J) is positive for every J € Z(R), then 'T*(R, X ) is monotone.

Definition 11. Let 0 < ¢ < 1. The c-variation V¢(F) of a function F €
A(Z(R), E) is the smallest p € [0,00] such that for every c-regular division (J;)
of R,

Y IFE@)] < p.
If V¢(F') < o0, then F is of c-bounded variation. If moreover
"'V(F) =sup{V(F); 0 <c<1} < oo,

then F is of regular bounded variation and we write F' € "BV(Z(R), X).

Definition 12. Let 0 < ¢ < 1. We say that a function F' € A(Z(R),X) is
c-differentiable at £ € R and f(§) is its c-derivative (we write DF(§) = f(&)) if for
every € > 0 there is a neighbourhood V' of ¢ such that for every c-regular J € Z(R)
with £ € J CV,

I1E(T) = FOIJ < el J].
If DF (&) = f(&) for every ¢, then F is regularly differentiable at £ € R and f(€) is
its regular derivative (we write 'DF(£) = f(€)). If F' is c-differentiable at £ for every
¢ € R, then F is c-differentiable at R. If F' is regularly differentiable at ¢ for every
£ € R, then F is regularly differentiable at R.
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3. MAIN RESULTS

Throughout this section we assume that W and Z are monotone ordered normed
spaces and Z satisfies property (B), that is, Z is also a Banach space. Other prop-
erties of W and Z will be considered later.

Lemma 13 (Saks-Henstock Lemma). Let o € A(Z(R), L(Z,W)), f € "K*(R, Z),

€>0,0<c<1andlet § be the gauge of R from the definition of f € "K*(R, Z).
Then, for every c-regular 0-fine d = (&;, J;) € TPDg,

Proof. It is sufficient to adapt the one-dimensional proof—see [7], Proposi-

S el f(E) — K/ da f]H e

%

tion 16—for the multidimensional case. O

The proof of the next result follows the ideas of [4], Theorem 6. We use the
notation 0 < « for a: R — L(Z, W) such that «(J) is positive, for every J € Z(R).

Theorem 14 [Monotone Convergence Theorem—version 1]. Let 0 < o €
"BV(Z(R),L(Z,W)) and 0 < f,1 in "K*(R, Z)4. Suppose Z and W satisfy prop-
erty A and there exists sup f,,(t) = f(t) for every t € R. Let I,, = ‘"KfR daf for every

n € N, and suppose there exists sup I, = I. Then f € "K*(R, Z) 4 and
n

rK rK
lim daf, =1= / daf.
R R

n

Proof. 1)If0 < «, then 0 < rKfRdaf, for every 0 < f in "K*(R, Z). Hence,
the regular vector integral of Kurzweil is positive and, therefore, 0 < f,,7T and 0 < «
imply I,,7 in W. By the hypothesis, there exists sup I, = I and W satisfies (A).

n
Thus I = lim I,, and then, for every € > 0, there exists n. € N such that for every
n

n 2 ne,
= 1I,] <.

2) fn € 'K%(R, Z), for every n € N. Then for each € -2 and each ¢, 0 < ¢ < 1,
there is a gauge d,, of R such that for every c-regular §-fine d,, = (§;,,J;,) € TDg,
5

< —.
on

> ali)falé,) = I

in
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3) From the facts that f,,1 in "K*(R, Z) 4, there is sup f,,(t) = f(t) for every t € R,

and Z satisfies (A) it follows that f(¢) = lim f,(¢) for every ¢ € R. Hence, given
n
t € R, there exists n(t) > n. such that

1f(t) = fary ()]l <e.

4) Let 0 < ¢ < 1 and ¢ be a gauge of R defined by d(t) = d,,()(t) for every ¢t € R.
Then, for every c-regular §-fine d = (&;, J;) € TDg,

‘ > al)fal) - IH < ‘

%

D alT) fal) =Y ali,) Fagen (i)

% in

rK
o) e (€)= 30 [ daf

rK

K2
"

Since a € "BV(Z(R), L(Z,W)), then Y ||a(J;)|| < "V(«). Then it follows by 3) that

daf IH = ().
Ji

the first summand of (x) is smaller than

D M) = fagen )l < & V().

%

We may rewrite the second summand of (x) as

£ s o

non(&)=n :
which is smaller than > e/2" by 2) and by the Saks-Henstock Lemma (Lemma 13)

applied to each > .
n(&)=n
5) Let v = inf{n(&;)} and p = sup{n(&)}. Then I, < I,. By 3), n(&) > n. for
i i

every i. Hence v > n. and therefore it follows by 1) and from the fact that I,,7 in W

that I —e < I,,. Besides, I, < I, since supl, =I. Thus I —e < I, <1, < I and

the third summand of (%) in 4) is smaller than . This completes the proof. O

With the notation of Theorem 14 we now consider 0 < f,,T in "K*(R, Z) 4 upper

bounded, 0 < o € "BV(Z(R), L(Z,W)) and Z and W satisfying property (D) instead
of property (A). Then,

1’) if I, is upper bounded, then there exists I = lim I,, (since W satisfies (D)) and

n

we have 1);
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2") fn € "K¥(R, Z) 4 for every n € N, and we have 2);
3') if f,7 is upper bounded, then given ¢ € R, there exists f(¢) = lim f,(t) (since
Z satisfies (D)) and we have 3); "
4"y a € '"BV(Z(R), L(Z,W)) and we have 4).
Thus, we proved the following

Theorem 15 (Monotone Convergence Theorem—version 2). Let 0 < «o €
"BV(Z(R),L(Z,W)) and let 0 < f,] in "K*(R, Z)a be upper bounded. Suppose
Z and W possess property (D). Let I,, = rKfR daf for every n € N, and suppose
the sequence (I, )nen is upper bounded. Then there exists f € "K*(R,Z)a with
fit) = lign fn(t) for every t € R, and

rK

rK
lim daf, = / daf.
R R

n

An example by Birkhoff (see [1]) shows that even in the one-dimensional case, if
Z possesses property (E) (which implies properties (A), (B), (C) and (D)), then the
Monotone Convergence Theorem need not be valid for the Henstock integral and,
therefore, for the Henstock vector integrals.

Proposition 16. If f € "H(R, Z), then there exists "Df (t) = f(t) for m-almost
every t € R.

For a proof of Proposition 16, see [5], Theorem 2.2, or alternatively see [3] for the
analogue of this result concerning vector integrals.

Example 17. Let

Z = ZQ(IN) = {Z = (Zn)neN, zn € R; Z|Zn|2 < OO}

n

1/2
be equipped with the norm ||z]| = (Z |zn\2) . Then Z possesses property (E).
By e;; we mean the doubly infinite set of orthonormal vectors of Z. We define a
function f: [0,1] C R — Z by
f = Z fia
i

where f;(t) = 2%e;; for 27 <t <j-27"4+1-272 and j =0,1,2,...,2" — 1. Given
neN, let f, = fi+ fo+ ...+ fn. Then each f, € H([0,1], Z). However, we assert
that f ¢ H([0,1], Z). Indeed, in [1], Birkhoff showed that f is nowhere differentiable.
Thus, by Proposition [16], the result follows.
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