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Abstract. For a pseudo MV-algebra </ we denote by £(</) the underlying lattice of <.
In the present paper we investigate the algebraic properties of maximal convex chains in
¢(<7) containing the element 0. We generalize a result of Dvurecenskij and Pulmannova.
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1. INTRODUCTION

Convex chains in MV-algebras have been investigated in [8]; the results concerned
the relations between convex chains in an M V-algebra o7 and direct product decom-
positions of 7.

The notion of a pseudo M V-algebra was introduced by Georgescu and Iorgules-
cu [5], [4], and by Rachtinek [9] (who applied the term ‘non-commutative MV-
algebra’); cf. also the forthcoming monograph [3] by Dvurecenskij and Pulmannova.
We apply the terminology and the notation from [3] and [5].

To each pseudo MV-algebra o there corresponds a distributive lattice £(27) such
that the underlying sets of 7 and of £(«/) coincide.

In the present paper we prove that Theorem 2.4 of [8] on convex chains remains
valid for pseudo MV-algebras. In the proof we apply a theorem from [7] dealing
with direct product decompositions of pseudo MV -algebras.

The main result of Section 6.4.3 in [3] is the following theorem:

(A) Let & be a pseudo MV-algebra such that
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(i) the lattice (/) is a chain;
(ii) ¢ is Archimedean.
Then o7 is an MV-algebra.
By applying [7], we sharpen Theorem (A) in proving that the condition (i) can be
replaced by the weaker condition
(i1) the lattice £(«7) is a direct product ot chains.
The substance of the assertion (A) consists in the fact that the operation @ in &7
is commutative.
We prove the following result (for the terminology, cf. Section 2):
(B) Let X be a maximal convex chain in a pseudo M V-algebra with 0 € X. Suppose
that each pair of nonzero elements of X is archimedean. Then

T1 P xo = 19 P 21 for each x1,x9 € X.

If X is a maximal convex chain in a pseudo MV-algebra <7, then either (i) X is
an underlying lattice of a pseudo MV -algebra, or (ii) X is a positive cone of a lattice
ordered group.

2. PRELIMINARIES

We recall some basic definitions and facts concerning pseudo M V-algebras (cf. [3],
and also [5] (Chapter 6) or [7]).
Let A be a nonempty set and let & = (A4,®,”,~,0,1) be a structure of type
(2,1,1,0 0). For each x,y € A we put
yor=(z @y )"

Assume that for each z,y, 2z € A the following axioms are satisfied:

(Al) 2@ (y @ 2) = (DY) B 2;

(A2) 200 =0® x = x;

(A3) zpl=1®z =1,

(Ad) 1~ =0; 1 = 0

(45) (== @y™)~ = (=~ © y™);

(A6):I:EB$ @y—y@y Or=z0y Gy=yOz D
(A7) z0@@” @y)=(@ay™) oy

(A8) (z7)~ ==.
Then the structure &7 is defined to be a pseudo M V-algebra.
With respect to (A6) we remark that the expression

zhxr” Oy
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is to be understood in the sense that it is equal to
& (27 Oy),

and similarly in further analogous situations.

In what follows we assume that ¢ is a pseudo M V-algebra.

For x,y € A we put z < y if x~ @ y = 1. Then the structure (&) = (4;<) is a
distributive lattice with the least element 0 and with the greatest element 1.

We consider a partial binary operation + on A which is defined as follows (cf. [3],
p. 427):

2.1. Definition Let z,y € A. Then z + y is defined if and only if x < y~ and
in this case we put

r+y=x>dy.

For lattice ordered groups we apply the notation as in [2]. In particular, the group
operation in a lattice ordered group is denoted by the symbol +, though it is not
assumed to be commutative.

The underlying lattice of a lattice ordered group G will be denoted by ¢(G).

Suppose that G is a lattice ordered group with a strong unit u. Consider the
interval [0, u] of G. We denote [0,u] = A; and for z,y € A; we put

~

r®y=(r+y)Au, 7 =u—z 7 =-x+u, 1l=u
The algebraic structure (A1;®,~,~,0,1) will be denoted by T'(G, u).

2.2. Proposition (cf. [5]). If G is a lattice ordered group with a strong unit u,
then I'(G, u) is a pseudo MV-algebra.

We have now the operation + in G; to avoid a confusion in the notation, let us
denote the binary operation from 2.1 by the symbol +, instead of +.
The notion of a subalgebra of a pseudo M V-algebra is defined in the usual way.

2.3. Proposition (cf. [3], p. 443, Exercise 7). Let </ be a pseudo MV -algebra.
Then there exists a lattice ordered group G with a strong unit u such that <7 is a
subalgebra of T'(G,u). Moreover, we have

(i) the lattice (%) is a sublattice of the lattice ¢(G);
(ii) let x,y € A; then x +, y exists iff x +y < u, and in this case * +, y = x + .

Below we again apply the phrase “x + y is defined in A (or exists in A)” meaning
that  + y < u. Further, G is always as in 2.3.
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Let ge G, n€eN, g, =gfori=1,2,...,n. We denote
ng=gi+gz+...+gn

If a € A and if na € A (i.e., na < u), then we say that na exists in 7.
A pseudo MV-algebra & is called Archimedean if, whenever a € A and na exists
for each n € N, then a = 0.
A pair (g,g’") of elements of A is called Archimedean if, whenever for each n € N
the element ng exists and ng < ¢/, then g = 0.
It is easy to verify that the following conditions for .o/ are equivalent:
(i) « is Archimedean.
(ii) Each pair of nonzero elements of A is Archimedean.

3. AUXILIARY RESULTS

In this section we apply the notation as in Section 2 with one distinction. Namely,
for z,y € A with x < y we put

[,y ={z€ A: 2 < z< y}.
In view of [3], p. 427 we have
3.1. Lemma. Let x,y € A. Then x + y is defined iff t <y~ iff y < z™.

3.2. Lemma (cf. [3], 6.4.5). Let x,y € A. Then x < y if and only if there is an
element b € A with x + b =y. In that case, b is uniquely determined.

3.2.1. Lemma. Let z,y € A. Then z < y if and only if there is an element
b1 € A with by + x = y. In that case, by is uniquely determined.

Proof. The assertion ‘if’ is obvious. For proving the converse assertion it
suffices to use the method of the proof of 6.4.5 in [3] and to apply the Axiom (A6)
and 3.1. O

Under the notation as in G, we have
(1) b=-x+y, b=y—=x

3.3. Lemma. Let a € A. There exists ¢ € A such that c < a anda+c¢c=a® a.

Proof. Since a®a = (a+ a)Awu, the relation a < a @ a is valid in G. Hence
according to 2.3, this relation holds in the lattice (<) as well. Then 3.2 yields that
there is ¢ € A such that a + ¢ = a ® a. Thus in G we have a + ¢ < a + a, whence
¢ < a, and this inequality holds also in ¢(«7). (]
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3.4. Lemma. Let a and ¢ be as in 3.3. Further, let t € [0,c]. Then a + t exists
in o/ and a+t € [a,a + ].

Proof. Sincet < ¢ and a+ c exists in .7, in view of 2.3 we conclude that a + ¢
also exists in /. Further, we obviously have a +t < a + c. O

For each t € [0,¢] we put ¢(t) =a +t.

3.5. Lemma. ¢ is an isomorphism of the lattice [0, ¢] onto the lattice [a,a + ¢].

Proof. It is obvious that ¢ is a mapping of the set [0, ¢] into the set [a,a + c].
If ty,t2 € [0,c] then
t1 <to & p(t1) < o(t2).
Let z € [a,a + ¢]. Hence in view of 3.2 there exists b € A with a + b = z. Thus
a+b<a+c, whence b < ¢. Then ¢(b) = z and so ¢ is an epimorphism. Therefore
© is an isomorphism of [0, ¢] onto [a,a + ¢]. O

3.6. Corollary. If an interval [0,a] is a chain, then the interval [a,a @ a] is a
chain as well.

3.7. Lemma. If an interval [0, a] is a chain, then the interval [0,a @ a] is a chain
as well.

Proof. Assume that [0,a] is a chain. By way of contradiction, suppose that
the interval [0, a @ a] fails to be a chain. Then in view of 3.6 there exists an element
b € A such that a and b are incomparable and b < a 4 ¢. Put

(2) aNb=u;, aVb=w.
Hence v € [a,a + ¢]. In view of 3.5 there exists ¢ € A with ¢ < ¢ such that
v=a+t<a+ec
Hence t = —a + v. The relations (2) yield
—a+v=—-u;+b,
thus b = u; +t.
Since t < a, according to 3.2.1 there exists us € A with a = us + t.
Now, from the fact that a and b are incomparable we conclude that u; and us are

incomparable. Both u; and ug belong to the interval [0, a], which is a chain; so we
have arrived at a contradiction. ]
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3.8. Lemma. Let a,b € A. Suppose that both [0, a] and [0,b] are chains. Then
either (i) a Ab =0, or (ii) a and b are comparable.

Proof. Assume that a Ab = wu; > 0. In view of 3.2 there exist x,y € A such
that
utz=a, u+y=>

Hence x = —u1 + a, y = —u1 + b and thus
z Ay =0.
We have uy,x € [0, a], hence
either x <wuy, or wu; <uw.
Similarly we obtain that
either y <wu;, or wu; <uy.

a) If u3 < z and u; <y, then uy < 2 Ay =0, which is a contradiction.

<
< y. Then both x and y belong to the interval

b) Assume that z < u; and wu;
[0,b]. Hence they cannot be incomparable. Therefore some of them is equal to 0.
Then either a = u; or b = u;. This yields that ¢ and b are comparable.

c¢) The case y < u; and u; < « is analogous to the case b).

d) Suppose that £ < u; and y < wy. Since [0,u1] is a chain, we conclude that
z and y are comparable. Then some of these elements must be equal to 0. Hence,

similarly as in b), the elements a and b are comparable. O

A chain X in 4(&7) is convex if, whenever 1,29 € X, y € A and 21 < y < 22,
then y € X. A convex chain X in ¢(&/) is called maximal convex if, whenever Y is
a convex chain in ¢(«) with X C Y, then X =Y.

From Axiom of Choice we conclude that for each convex chain X in ¢(«/) there
exists a maximal convex chain Y in ¢(&/) with X C Y. From this and from 3.8 we

infer

3.9. Lemma. Let X be a chain in {(«/) with 0 € X. Then there exists a unique
maximal convex chain'Y in £(</) such that X CY.

3.10. Lemma. Let X be a maximal convex chain in {(«/) with 0 € X. Then
X is closed with respect to the operation @.

Proof. Let a,b€ X. Without loss of generality we can suppose that b < a. In
view of 3.6 and 3.9 we obtain a ®a € X. Further, a®b < a®a,thusa®be X. O
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We denote by %, the set of all maximal convex chains in ¢(¢/) containing the
element 0.

3.11. Lemma. Let X € %,, and let 1 be the greatest element of X. Then

r1Dr1 = 271.

Proof. We have 1 < x1 @ x1. According to 3.10, 1 @ 21 € X, hence
1 Dy <x1. Thus 1 & 21 = 21. O

4. DIRECT PRODUCT DECOMPOSITIONS

The notion of the direct product of pseudo MV -algebras is defined in the usual
way (cf., e.g., [6]). We apply the standard notation

G X oy X ... X G oOr H,;z%i.
icl

If ¢ is an isomorphism of a pseudo MV-algebra & onto [] <%, then we say that
QeI
the relation

(1) (,DJZ{—>H,Q{Z

icl

is a direct product decomposition of <.

An analogous terminology will be used for lattices.

Suppose that L is a distributive lattice with the least element 0 and the greatest
element u. Let a and b be complementary elements of L, i.e.,

aANb=0, xVb=u.
The following assertion is well-known.
4.1. Lemma. For each x € L let ¢(z) = (x ANa,x Ab). Then
¢: L —1[0,a] x [0,b]

is a direct product decomposition of the lattice L.

Again, let &7 and G be as in the previous sections.
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4.2. Lemma (cf. [6], 4.2). Assume that e is an element of A which has a
complement in the lattice (/). Put A. = [0, ¢e] and

r¢=—x+e a"°=e—u.
Then the algebraic structure o, = (Ae;®,”¢,~,0,¢e) is a pseudo MV -algebra.
4.3. Corollary. Let e be as in 4.2. Then e ® e = e.

4.4. Lemma. Let e be an element of A such that e ® e = e. Then e has a
complement in the lattice ¢(<).

Proof. Denote e Ae™ =p. Thus p < e~ and hence

e+tp=edp<ede=ce.

Therefore p = 0. From the relation e A e~ = 0 and from [3], Proposition 1.20 we
infer that

u=ede =eVe .
Hence e~ is a complement of the element e in ¢(<7). O

Let a,b and ¢ be as in 4.1. Further, let <7, and % be defined analogously to <7,
in 4.2. Then we have

4.5. Proposition (cf. [7], 4.3). The relation
p: A — Ay X A

expresses a direct product decomposition of the pseudo MV -algebra <7 .

If o7, is as in 4.5, then it is called a direct factor of o7.

Now let %, be as in Section 3 and let X € %,,. Assume that X has a greatest
element a. Then according to 3.11 and 4.4, the element a has a complement in the
lattice (7). Hence in view of 4.2 we can construct the pseudo MV-algebra «7,. If
we put &7, = X,, then X is the underlying lattice of the pseudo M V-algebra X,.

From 4.5 we conclude

4.6. Theorem. Let X € 6, such that X has the greatest element a. Then the
pseudo MV -algebra X, is a direct factor of the pseudo MV -algebra <7 .

It is obvious that each direct factor of a pseudo MV-algebra must have a greatest
element. Therefore 4.6 is a generalization of Theorem 2.4 in [8] concerning direct
product decompositions of M V-algebras.
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Now let us suppose that the lattice ¢(%7) is a direct product of chains. It means
that there are linearly ordered sets L; (i € I) and a direct product decomposition

(1) p1: L — HLi,
icl

where L = {(«/). Since the lattice L is bounded, all L; must be bounded; let us
denote by 0% and 1? the least element or the greatest element of L;, respectively.

For i € I we denote by u’ the element of L such that
or(u'); =1" and @1(u’); =07 if jel, j#i.

Further, put A; = [0,u’]. Then A; is a lattice under the partial order induced by
that from L. It is obvious that A; is isomorphic to L;.
Let x € L. We put

p(z) = (x Au)ier.
Applying (1) we obtain by simple steps
4.7. Lemma. The relation
(2) p: L — H A;
iel
is a direct product decomposition of the lattice L.

For each i € I, the element u’ has a complement in the lattice L. Hence we can
construct the pseudo M V-algebra .o7,: as in 4.2; the underlying lattice of .27,,: is equal
to A;.

Let z,y,z € A;. Then the validity of the relation x < y in A; is equivalent to the
validity of this relation in ¢(). Similarly, © & y = z holds in <, iff this equality
holds in «.

In view of the definition of the Archimedean pseudo M V-algebra we conclude

4.8. Lemma. Suppose that the pseudo MV -algebra «f is Archimedean. Then
all «7,;; are Archimedean.

4.9. Lemma. Suppose that o/ is Archimedean. Then all <7, are commutative.
Proof. Thisis a consequence of Theorem (A) (cf. Introduction) and of 4.8. O
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Further, from 4.7 and Theorem 6.4 of [7] we obtain

4.10. Lemma. The relation
Vv o — H,wa
il
is a direct product decomposition of the pseudo MV -algebra < .
Summarizing, 4.9 and 4.10 yield
4.11. Theorem. Let </ be a pseudo MV -algebra such that

(i1) the lattice £(<?) is a direct product of chains;
(iiy) & is archimedean. Then </ is commutative (i.e., it is an MV -algebra).

This generalizes Theorem 6.4.3 in [3].

5. AN ALTERNATIVE FOR ELEMENTS OF %,

Let %,,, be as in Section 3 and let X € %,,,. The investigation of the present section
would be trivial in the case X = {0}; thus let us suppose that X has more than one
element. Consider the following condition for X:

(o) There exists a € X and a positive integer n such that na is not defined in A.

We will deal separately with the case when « is valid and with the case when
(«) does not hold.

a) First suppose that the condition («) is satisfied. Then there exists the least
positive integer n such that n > 1 and na is not defined in A for some a € X.
Hence (n — 1)a is defined in A; denote (n — 1)a = b. Then in G we have

b<b®a< na.

Put
cp=-b+(b®da), c2=—-(bPa)+na.

Then ¢; > 0, ¢ > 0 and ¢; € A. Further,

¢ < —=b+na=a,

c1+co =a.
From these relations we obtain that co belongs to A as well. Denote
z=0b®da)”, p=(bda)Az.
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Suppose that p > 0. Put ¢ = p A co. Hence either ¢ = p or ¢ = ¢ and thus
0 < q < co. Moreover, ¢ < z and hence the element

b@a)+q

is defined in &7
Since
(b@a)+q< (bda)+ca=na,

we obtain
bda<(bda)+g<narhu=((n—1Na+a)Au=0b+a) \u=>bda,

which is a contradiction.
Therefore we must have p = 0, hence

(bda)ANz=0.
Then according to [5], Proposition 1.20 we have
b@a)Vz=0b®a)+2z=(bDa)®z=u.
If r € A, b®a < r, then the distributivity of £(%7) yields that the elements
bda, rANz
are incomparable. Hence r cannot belong to X. We have proved

5.1. Lemma. Let («) be valid and let n,a be as in the condition («)). Then the
element xog = ((n — 1)a) @ a is the greatest element of X.

By applying 5.1 and 4.6 we conclude

5.2. Theorem. Let () be valid and let zo be as in 5.1. Then X is the underlying
lattice of the pseudo MV -algebra X, and this is a direct factor of the pseudo MV -
algebra o7 .

b) Now let us suppose that the condition («) fails to be valid for the chain X.
Hence for each a € X and each n € N the element na is defined in A. Then we have

20=a+a=a®a, 3a=a+at+a=adada,...

Thus from 3.10 we infer
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5.3. Lemma. Assume that («) does not hold for X. Then for a € X, all elements
na belong to X.

5.4. Lemma. Assume that («) does not hold for X. Let x1,29 € X. Then
x1 + xo is defined in A and x1 + 22 € X.

Proof. Without loss of generality we can suppose that 1 < x2. Then in view
of 5.3, 2z exists in A and 225 € X. Since z1 + z2 < 225 < u, according to 2.3 we
get 1 + 22 € A and 1 ® 2 = 21 + x2. We know that X is closed with respect to
the operation @®; therefore x1 + z2 € X. O

5.5. Corollary. Assume that («) does not hold. Then X is a subsemigroup of
the group G.

Denote Y = X U(—X). The set Y is partially ordered by the relation of partial or-
der induced from G. Then Y is linearly ordered. Applying 5.5, by simple calculation
we can verify that Y is closed with respect to the operation +. Thus we have

5.6. Lemma. Y is an {-subgroup of the lattice ordered group G.

Summarizing, we obtain

5.7. Theorem. Assume that the condition («) does not hold for X. Then there
exist an {-subgroup Y of G such that Y is linearly ordered and Y+ = X.

The following example shows that there exist a pseudo M V-algebra o/ and a chain
X € G, such that X does not satisfy the condition («).

Example. Let X; be the additive group of all reals with the natural linear order
and Y7 = X;. Put G = X; oY;, where o denotes the operation of lexicographic
product. Put v = (1,0). Then w is a strong unit in G and hence we can construct
the pseudo MV-algebra o/ = I'(G,u); in fact, o/ is an MV-algebra. Put

X={0,9): 0<yeY}.
Then X is a maximal convex chain in ¢(«) with 0 € X, and X does not satisfy the
condition («).

Let (B) be as in Section 1.

Proof of (B). Let X be as in the assumption of (B). We distinguish two cases.
a) Suppose that X satisfies the condition («)). We apply 5.2. Under the notation
from 5.2, X has the greatest element xy. Since ¢(X,,) = X, in view of the remark
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at the end of Section 2 we conclude that the pseudo M V-algebra o7 is Archimedean.
Hence (A) yields that the operation @ in X is Abelian.

b) Suppose that X does not satisfy the condition («). Then we can apply 5.7.
The assumption of (B) implies that the linearly ordered group Y is Archimedean.
It is well-known that each Archimedean lattice ordered group is Abelian. Hence for
each x1,z2 € X we have

T1Dx2 =21 +2x2 =22+ X1 =T2D X1

O

Added in Proof. This is a correction concerning Section 3 of the au-
thor’s paper State homomorphisms on MV -algebras. Czechoslovak Math. J. 51(126)
(2001), 609-616. Lemma 3.2 of this paper is not correct; the author is indebted to
A. DiNola and M. Navara for this observation. In Section 3 it should be added
the assumption that the state homomorphism m is, at the same time, an MV-
homomorphism of & into [0,1], and that .# is the set of all morphisms with the
mentioned properties.
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