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Abstract. We study asymptotic properties of solutions of the system of differential equa-
tions of neutral type.
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1. INTRODUCTION

We consider systems of neutral differential equations of the form

(A) (@1(t) = po1(t = 7))" = a1 (t) fr(22(g2(1))),
wy(t) = — az(t) fa(z1(91 (1))

and the following conditions are assumed to hold without further notice:
(a) p, T are positive numbers, 0 < p < 1;
(b) a; € C(Ry,Ry), ¢ = 1,2, are not identically zero on any subinterval [T, 00) C

(0,00) and .
/ a1(s) ds = oo;

(¢) gi € C(Ry, Ry), lim gi(t) = o0, i=1,2
(d) fi € C(R,R), fi(u)u > 0 for u # 0 and there exist positive constants K, L such
that |f1(u)| = Llul, |f2(v)| = K]v| for u,v € R.
The problem of oscillation of neutral functional differential equations has received
considerable attention in the last few years (see for example [3] and the references
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cited therein). However, very little has been published on systems of neutral differ-
ential equations [1], [6]-[10].

Our aim in the present paper is to establish sufficient conditions under which
all proper solutions of (A) are oscillatory. By a proper solution of (A) we mean a
continuous vector function & = (21, 22) on [t;, c0) such that 1 (t) — pz1(t —7), 22(t)
are continuously differentiable,  satisfies system (A) for all sufficiently large t > ¢,
and sup{|xi ()| + |z2(t)|: t = T} > 0 for any T > t,. Such a solution is called
nonoscillatory if there exists a Ty > t, such that its every component is different
from zero for all ¢t > Tp, and it is called oscillatory otherwise.

2. PROPERTIES OF NONOSCILLATORY SOLUTIONS

Let © = (z1,z2) be a nonoscillatory solution of the system (A). For any z1(t) we
define u;(t) by

(1) ui(t) = w1(t) — pr1(t — 7).

It follows from (A) that the function w1 (¢) is eventually monotone, so that uq(¢) has
to be of constant sign. Therefore, either

(2) xTq (t)ul(t) > 0,
(3) T (t)ul(t) <0

for all sufficiently large t. Denote by N* or N~ respectively the set of all nonoscil-
latory solutions @ = (1, 22) of system (A) such that (2) or (3) is satisfied. Denoting
by N the set of all nonoscillatory solutions of (A) we have N = NTUN"™.

If x € N then for every T > to and every integer n > 0 there exists T}, > T such
that ¢t —n7 > T and

(4) |1 (t) Zp lui(t — j7)| for t > T,.
7=0

Similarly, if @ € N~ then for every T" > ty and every integer m > 0 there exists
Ty, = T such that

(5) ENOIEDD [ G0l
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A simple known lemma given below indicates that an additional restriction upon p
may lead to some properties of the nonoscillatory solutions. (See for example [6].)

Lemma1l. LetO<p<1holdandx € N~. Then tlim x1(t) =0, tlim ui(t) = 0.

3. MAIN RESULTS

Theorem 1. Let 0 < p <1 and let the following assumptions hold:
(i) 91(t) >0, t > to;
(i) there exist an integer number n > 0 and T > to such that g2(g1(t) —iT) <t for
t>T,i=0,...,n.
If

(6) | (et 9i(5) )as =

T - 4K Lgi(s) Z?:o plai(gi(s) —ir)

then for every nonoscillatory solution (x1,x2) of (A) its both components tend to

zero for t — oo.

Proof. Let = (z1,22) be a nonoscillatory solution of (A) and let x;(¢) > 0
for t > to. It follows from the system (A) that x3(¢) is decreasing and hence there
exists such a t; > to that there are two possibilities for z5(t):

1. x2(t) <0 for t > tq,

2. xa(t) > 0 for t > t;.

Assume that 1 holds. Then there exist a constant ¢ < 0 and ¢y > ¢; such that
22(t) < ¢, x2(g2(t)) < cfor t > to. Using (d) and the first equation of the system (A)
we get

>
2

up(t) — uq(te) < Lc/ ay(s)ds.

to

Letting ¢ — oo, in view of (b) we have tlirgo u1(t) = —oo. This means that x € N~ |
which contradicts Lemma 1.

We assume now that 2 holds and consider the following cases:

a) Let ® € N~. The function z5(t) is positive, decreasing and so there exists
tlirgo x2(t) = d > 0. We shall show that d = 0. Suppose the contrary. Then there
exists to > 1 such that x2(t) > d, x2(g2(t)) = d for ¢ > t5. Using (d) we obtain from
the first equation of (A)

up(t) —uy(te) = Ld/ a1(s) ds.

to
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With regard to (b), letting ¢ — oo we have tlim u1(t) = oo, which contradicts the
negativity of u;(¢). Therefore tlim x2(t) = 0. Because of © € N~ | using Lemma 1
we have tlim ui(t) =0, tlim x1(t) = 0.

b) Let € NT. We define the function

Ft) = z2(t)g1(t)

R 3 phus(an() — i7

.t

Then F(t) > 0 and using the first equation of (A) we have

(7) F/(t) _ 7&2(15)]02(171(91(15)))‘91 (t) gll(t) <F(t) 7F2(t) Z?:Oplu/l(gl(t) - ZT))

S pun(on(t) — 1) gi(D) 2(t)

In view of (4), (d) there exist an integer number n > 0 and ¢2 > t; such that
(8) Fa@1(91(1) = K Y plua(gi(t) —ir), t2>to.
i=0

Taking into account the monotonicity of x2, (ii), (d) we obtain from the first equation
of the system (A)

uy (g1(t) —i7) = a1(g1(t) — i7) fr(22(g2(g1(t) — 7))
(9) 2 La1(91 (t) — ’L'T)CL‘Q(t), t 2 tg.

Combining (7), (8), (9) we get

F'(t) < — Kax(t)g1(t)

- iq i 91 (t) F(t) 2
#L3 vt -0 (T O~ P 0)
< — Kay(gi(t) + 91(t) t > ts.

4Lg1(t) Yoo plar (g1 (t) —iT)’
Integration of the last inequality from to to ¢ yields
t

(10)  F(t) < F(t3) - K t (az(s)gl(S) T ALK g1 (s) Zr_lgi(;i)al(gl(s) — ir)) ds.

Letting ¢ — oo then by virtue of (6) we have F(t) — —oo, which contradicts the
positivity of F(¢). O
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The conclusion of Theorem 1 can by strengthened as follows.

Theorem 2. In addition to the conditions of Theorem 1, assume that

(1) g2(t) <,
(ii) there exists an integer number m > 1 such that ¢1(t) +mr < t.
If

' ' 1 pm(1—p)
(11) limsup/ al(s)/ az(u)duds > —————=
t—oo  Jgi(t)+mT g2(s) KL 1-p

then every proper solution of (A) is oscillatory.

Proof. Taking the proof of Theorem 1 into account, it is sufficient to show the
impossibility of the case 2a).

Suppose the contrary. Let the system (A) have a solution with the properties
x2(t) > 0, z1(t) > 0, u1(t) < 0 for t > T, T sufficiently large. With regard to (A)
x2(t) is a decreasing function and u4 (¢) is an increasing function and from (5) we get

(12) r1(g1(t)) = —Aur(g1(t) +m7), t=>T,

m .
where A = > 1/p. Integrating the second equation of (A) from s > T to ¢t > s and
j=1
using the monotonicity of u1(t), g1(¢), (d) and (12) we have

—29(s) < wa(t) — x2(s) < KAui(g1(t) + mT)/ as(u) du.

Putting this inequality into the first equation of (A) we get
t
uy(s) = —KLAu1(g1(t) + m7)a; (s)/ as(u)du

92(s)

and integration from ¢, (¢) + m7 to ¢ yields

—u1(g1(t) +m7) > ua(t) — ur(g1(t) +m7)

¢ ¢
> — KLAu(g1(¢t) + mT)/ al(s)/ az(u) duds
g1(t)+mT g92(s)
and so
¢ ¢
1> KLA/ al(s)/ as(u) duds,
g1(t)+mm1 g2(s)

which contradicts (11). O
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Remark 1. If the system (A) is equivalent to the differential equation

(x(t) = px(t — 7))" + a(t)z(g(t)) =0
then Theorems 1, 2 generalize the results for this equation given in the paper [2].

Theorem 3. Let p =1 and let the assumptions (i), (ii) and (11) of Theorem 1
hold. Then first component of every nonoscillatory solution = (x1,x2) of (A) is
bounded.

Proof. Let x = (z1,22) be a nonoscillatory solution of (A) and let x1(¢) > 0
for t > tg. Then z5(t) is a decreasing function and there exists such a ¢; > ¢¢ that
there are two possibilities for zo(t):

1. a9(t) <0 for t > ty,

2. x9(t) >0 for t > ty.

We consider the case 1. Then x2(t) < x2(t1) = ¢ < 0 and the first equation of (A)
and (d) imply

¢
up(t) — uy(t2) < Lc/ ai(s)ds, t>=ta>t.
ta
In view of (b) we see that u;(t) < 0, tlirgo u1(t) = —oo. Therefore z1(t) < x1(t—7) for
all large ¢. This implies that z1(¢) is bounded, which contradicts tlirgo u (t) = —oo.
Now we assume that 2 holds and we consider the following cases:
a) Let * € N*. Then uy(t) is a decreasing function and by (4), (A), (d) the

inequalities
(13) z1(91(t)) 2 Zul(gl(t) —i7),
i=0

vh(t) < — Kay(t ngl —iT)

uy(g1(t) —iT) = Lai(g:(t) — ”)m(t)

hold for ¢ > T'. Analogously as in the proof of Theorem 1 we define the function

o
0= untm@ —m = °

In a similar manner as in the proof of Theorem 1 in the case 2b), using the inequal-
ities (13) we get (10), which leads to contradicion.
b) Let « € N~. Then x;(¢) < x1(t — 7), which implies that x;(¢) is bounded. O
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Theorem 4. In addition to the conditions of Theorem 3 assume that

(ii) there exists an integer number m > 1 such that g1(t) + m7 < t.
If

t t
1

(14) limsup/ al(s)/ az(u)duds > ——

t=oo Jgy(t)+mr 42(5) mKL

then every proper solution of (A) is oscillatory.

Proof. Let = (z1,22) be a nonoscillatory solution of (A) and let x;(¢) > 0

for t > tyg. Taking the proof of Theorem 3 into account, it is sufficient to show that

the case 2b) is impossible. On the contrary we suppose that x1(¢t) > 0, u1(t) < 0,

x2(t) > 0 for t > T > to. By virtue of (5) and the monotonicity of u; we get

inequality (12) from the proof of Theorem 2 in the form

z1(91(t)) = —mur(¢:1(t) + mr).

Repeating the corresponding part of the proof of Theorem 2 we obtain

¢ ¢
mKL/ al(s)/ az(u)duds < 1,
g1(t)+mt g2(s)

which contradicts (14). O
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