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Abstract. The aim of the paper is to investigate the structure of disjoint iteration groups
on the unit circle S, that is, families .Z = {F": st —stve V} of homeomorphisms
such that

FU o FY2 = FU'TY2 g w9 €V

and each F" either is the identity mapping or has no fixed point ((V,+) is an arbitrary
2-divisible nontrivial (i.e., card V > 1) abelian group).
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degree, periodic point, orientation-preserving homeomorphism, rotation number, limit set,
orbit, system of functional equations

MSC 2000: 37E10, 20F38, 30D05, 37E45, 39B12, 39B32, 39B72

1. INTRODUCTION

Let X be a topological space and (V, +) a 2-divisible nontrivial (i.e., card V > 1)
abelian group.
Recall that a family {F¥: X — X; v € V} of homeomorphisms such that

FUIOFU2:FUI+U2, v1,03 €V

is called an dteration group or a flow (on X).
An iteration group {FY: X — X; v € V} is said to be disjoint if each of its
elements either is the identity mapping or has no fixed point (see [2] and also [18]).
Such iteration groups on open real intervals have been examined by M. Bajger and
M. C. Zdun in [3] and M. C. Zdun in [16], [17], [18] and [19]. Some results concerning
disjoint iteration groups on the unit circle S can be found in [2], [6] and [7].
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In this paper we give a complete description of disjoint iteration groups on the
unit circle. Our results generalize those obtained by M. Bajger in [2], where a special
case of disjoint iteration groups has been studied.

In Section 2 we recall the basic definitions as well as a result from [10, Lemma 1]
which serves as the main tool in the proof of the important Proposition 3. Next
(Section 3), we introduce the notion of a limit set of iteration groups under study.
This enables us to divide these iteration groups into three classes, which will be
considered separately in Section 4. The third class will be handled in much the same
way as in [2].

2. PRELIMINARIES

We begin by recalling the basic definitions and introducing some notation.

Throughout the paper N denotes the set of all positive integers. The closure of a
set A C S! will be denoted by cl A while A9 stands for the set of all cluster points
of A.

Following [2] and [6], we write
I: Rotr— e e8! and II:= ﬁ|[o,1)'

For any v,w,z € S! there exist unique t1,to € [0,1) such that wIl(t;) = 2 and
wll(t2) = v, so we can put

v<w=<z ifandonlyif 0<it; <ty
and
v=w=xz ifandonlyif ¢ <ty or t3=0.
A set A C S!is said to be an open arc if there are distinct v, z € S! for which
N L .
A=, z) ={weS*": v<w=<z}={II(t); t € (v, )},

where t,,t, € R are such that f[(tv) =, f[(tz) =zand 0<t,—t, <1.

Given a subset A of S! with card A > 3 and a function F mapping A into S! we say
that F' is increasing (strictly increasing) if for any v, w,z € A such that v < w < 2
we have F(v) < F(w) =< F(z) (respectively, F(v) < F(w) < F(z)).

For every homeomorphism F: A — B, where A = {II(t); t € (a,b)} and B =
{II(t); t € (c,d)} are open arcs, there exists a unique homeomorphism f: (a,b) —
(¢,d) with

(Foll)(z) = (ILo f)(x), x € (a,b).
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We say that f represents F, and if f is strictly increasing, then we say that the
homeomorphism F' preserves ortentation.

It is well-known (see for instance [1], [4] and [13]) that for every continuous map-
ping F': S — S! there is a continuous function f: R — R, which is unique up to
translation by an integer, and a unique integer k such that

F(II(z)) =0(f(x)), z€R
and
flz+1)=f(x)+k, xR

The function f is called a lift of F' and the integer k is called the degree of F', and
is denoted by deg F'.

If F: S' — S!is a homeomorphism, then so is its lift. Furthermore, |deg F/| = 1.

We say that a homeomorphism F': S — S preserves orientation if deg F' = 1,
which is clearly equivalent to the fact that the lift of F' is increasing.

For every such homeomorphism F' the number a(F) € [0,1) defined by

a(F) = Tim L&)

n— o0 n

(mod 1), z€eR

is called the rotation number of F'. This number always exists and does not depend
on z and the choice of the lift f. Furthermore, a(F') is rational (equal to zero) if and
only if F' has a periodic (respectively, fixed) point (see for instance [11] and [12]).

Finally, for the convenience of the reader we repeat the relevant, slightly modified,
material from [10] without proofs.

Let M be an arbitrary non-empty set and let F,: S' — S! for ¢t € M be
orientation-preserving homeomorphisms. Denote by N the set of all ¢ € M such
that F; have no fixed point and for any z € S! set

Cz):={(F o...0oF/*)(2); t1,...,tr €N, nq,...,np € Z, k € N}.

Lemma 1 (see [10]). Let F;: S* — S! for t € M be orientation-preserving
homeomorphisms such that

(1) FioF,=F,0F,, seM,teN.

Suppose also that
ﬂ cC(z) #0

z€S1!
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and for every z € S! the set C(z) is infinite. Then for every | € Z there exists a
unique pair (®,c) such that ®: S' — S is a continuous function of degree | with
®(1) =1 and c: M — S! satisfying the system of Schréder equations

O(F(2)) = c(t)®(z), z€S' te M.

Moreover,
c(t) = et e M.

Remark 1 (see [10]). Let Fy: S' — S! for t € M be orientation-preserving
homeomorphisms satisfying condition (1). If there exists a tg € M for which
a(Fy,) ¢ Q, then the assumptions of Lemma 1 are fulfilled.

3. LIMIT SETS
For any orientation-preserving homeomorphism F: S — S! put
Cp(z):={F"(2); neZ}, zecS.
If o(F) ¢ Q, then the non-empty set
Ly = C’F(z)d

(the limit set of F') does not depend on z € S!, is invariant with respect to F' (that
is F[Lp| = Lr) and either Ly = S! or Ly is a perfect nowhere dense subset of S*
(see for instance [11]).

3.1. Non-singular iteration groups.

Let us first observe (see also [15]) that every element of an iteration group . =
{Fv: S* — SY v € V} preserves orientation (we need the 2-divisibility of the
abelian group V only to establish this fact).

Proceeding analogously to the proofs of Lemmas 4 and 5 in [7] we obtain the
following two results.

Lemma 2. Let F = {F": S' — S!; v € V} be an iteration group. If vy € V is
such that a(F") ¢ Q, then

FU[LFvo]:LFvo, veV.
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Proposition 1. Let .# = {F?: S' — S!; v € V} be an iteration group. If
v1,v2 € V are such that o(F"), a(F"?) ¢ Q, then

LFvl == LFU2 .

Definition 1 (see also [7]). An iteration group % = {FV: S — S1; v € V} is
said to be non-singular if at least one of its elements has no periodic point, otherwise
Z is called a singular iteration group.

Clearly, an iteration group .# = {F?: S! — S!; v € V} is non-singular (sin-
gular) if and only if there exists an element of .# with irrational rotation number
(respectively, a(FV) € Q for v € V).

Non-singular iteration groups have been investigated in [2], where the structure of
such disjoint iteration groups for the case V = R was described.

If # = {F: S' — S!; v € V} is a non-singular iteration group, then, according

to Proposition 1, the set Lg» does not depend on the choice of FV € % such that
a(F?) ¢ Q. Thus, we can introduce the following definition.

Definition 2. By a limit set of a non-singular iteration group .% = {Fv: St —
St; v € V} we mean the set

Lg = LFv,
where FV € .7 is an arbitrary homeomorphism with an irrational rotation number.

As an immediate consequence of Definition 2, Lemma 2 and the properties of limit
sets of homeomorphisms we obtain

Remark 2. If # = {F?: S! — S'; v € V} is a non-singular iteration group,
then
(i) F”[Lg] =LgforveV,

(ii) either Ly = S* or L is a non-empty perfect and nowhere dense subset of S'.

Denote by O (z) the orbit of the iteration group .# = {FV: S — S!; v € V}
at z € S1, that is

Oz(z):={F’(2); veV}, zeS.

With this notation, we have the following lemma.
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Lemma 3. If # = {F": S! — S'; v € V} is a non-singular iteration group,
then
Lg:Og(z)d, z € Lg.

Proof. If a(F™) ¢ Q for a vy € V' \ {0}, then for each z € S' we have
Lg = Lpvw = Cgoo (Z)d - Og(Z)d

Now, fix a z € Ly and take a w € O#(z). Then there is a sequence (nj)ren of
non-zero integers and a v € V such that z = lim F™"(z) and w = F"(z). The

k—o0
continuity of F¥ now gives w = klim F™v0 (w). Therefore w € Cpvo (W)Y = Lpvy =
Lz and, consequently, Oz(z) C Lg. Finally, the fact that the set Lz is perfect
shows that Oz (2)4 C LY = L. O

3.2 Disjoint iteration groups.

The notion of a limit set of a singular iteration group will be introduced in a
particular case.

We start with

Lemma 4. If # = {F': S — S'; v € V} is a disjoint iteration group, then
the following conditions are equivalent:

(i) card Z# < Ry,

(ii) for every z € S, card Oz (z) < No,

(iii) for every z € SY, Oz (2)4 = 0.

Proof. We first show that conditions (i) and (ii) are equivalent. It is obvious
that (i) implies (ii). Now, assume that (ii) holds true and suppose, contrary to our
claim, that the set % is infinite. Then there exists a sequence (F"),en of elements
of .Z such that FU* #£ F for any distinct positive integers k and I. Fix a zo € SL.
Since card Oz (z9) < N, there are distinct ny,ne € N with F¥ni(z9) = FVrz2(zg).
This together with the fact that the iteration group # = {F?: St — S!; v € V}
is disjoint gives F'V»1 = F"»2 which is impossible. To complete the proof it suffices
to observe that conditions (ii) and (iii) are also equivalent. O

The proof of our next proposition is based on ideas similar to those in the proof
of Theorem 1 in [17].
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Proposition 2. If .# = {FY: S! — S!; v € V} is a disjoint iteration group,
then
(i) the set
L:=0g% (Z)d

does not depend on z € S,

(ii) FY[L]=L forveV,

(iii) either L is a non-empty perfect and nowhere dense subset of S' or L = S* or
L=0.

Proof. If the set .Z is finite, then, by Lemma 4, assertions (i) and (ii) hold
true and, moreover, L = ().

We now turn to the case when .# is infinite. Since the iteration group % is disjoint,
there exists a v € V'\ {0} such that F”(u) # u for u € S1. Fix z,w € S! and observe
that for any F'¥ € .% having no fixed point there is a v9 € V with

FP(w) € [z, F'(2)) == (2, F’(2)) U {z}.

—
Indeed, if it were true that [z, F¥(z)) N Oz (w) = 0, then from the fact that F™ is
strictly increasing for each non-negative integer n we would have

0=F"[[z,F'(2)) NOz(w)] = F"[[z, F"(2))] N F"[0%(w)]

= [F"(2), F"(2), F"*D%(2)) N Oz (w),

and consequently

U [F™(2), F"V%(2)) N Oz (w) =0,
n=0

which contradicts the equality

U [F™ (), F"Dv(2)) =St

n=0

Now, it is easy to check that

(P) for any z,w € S' and vy, vy € V with F"* # F"2 thereisav €V

such that F(w) € [F"(2), F" (z)).

Next, fix z,u € S' and observe that the fact that the set .# is infinite yields
Oz(2)4# 0. Take a w € Oz(z)? and let a sequence (v,)nen of elements of V
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be such that lim F"(z) = w,

F(2) #w, neN,

and either
-—_
Forti(z) € (F"(2),w), neN
or

BN

Fi(z) € (w, F*(2)), neN.

Since F'(z) # F'n+1(z) for n € N, from (P) it may be concluded that there exists
a sequence (U, )nen of elements of V' for which either

Fo(u) € [F'"(2), F""*+'(z)), néeN

or

Fo(u) € [F'+1(2), F"(2)), neN.

The fact that lim F¥»(z) = w now leads to lim F"»(u) = w. As it is easily seen

n—oo

that F7»(u) # w for n € N, we finally obtain w € O%(u)!. Therefore Oz (2)? C
O#(u)d, and (i) is proved.
Fix v € V, z € S.. Since F" is a homeomorphism, we have

FU[L) = F'[0#(2)"] = (F’ [0z (2))" = 0z (2) = L,

which completes the proof of (ii).
In order to show (iii) fix v € V, w € S! and take a z € L = Oz (w)?. Then there
is a sequence (vp,)nen Of elements of V' such that lim F»(w) = z and

n—oo

F'"(w) # 2z, neN.
Consequently,

lim FU(F""(w)) = lim F't""(w) = F(2)
and

FUTn(w) £ F¥(2), neN
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We conclude from this that F¥(z) € Og(w)? = L, hence O(z) C L, and finally
L =0z%(2)% c L. On the other hand we also get

L= (0 ()Y Cc Oz (2)? = L,

and therefore the set L is perfect.
Next, assume that L is not nowhere dense. Then L being closed it is not a border
set, and therefore it contains an open arc A. Fix a zg € S'. Since O#(2)! = L,

there are v1,vy € V such that F¥*(z9) # F'2(z9) and [F"*(20), F'2(z0)) C A. With
_

the notation z := F"'(2g), v := vy — v; we have [z, FY(z)) C A, which together

with (ii) gives

ey

[F™(2), F" DY (2)) = F™[[2, F(2))] € F™[A] € F™[L] = L, neNU{0}.

We thus get
St=J [F"(2), P (2)) C L
n=0
and, consequently, L = S'. O

Proposition 2 enables us to introduce the following definition.

Definition 3. By the limit set of a disjoint iteration group .# = {F?: St —
S'; v € V} we mean the set
Lz = 0z(2)4,

where z is an arbitrary element of S*.

3.3. Classification of iteration groups which are non-singular or dis-
joint.

Let us first note that although Definitions 2 and 3 are different, Lemma 3 shows
that in the case when the iteration group # = {F": S! — S!; v € V} is both
disjoint and non-singular they determine the very same set.

Definition 4 (see also [7]). A non-singular or disjoint iteration group % =
{Fv: S' — S'; v € V'} is called

o dense, if Lgy =S,

e non-dense, if ) # Ly # S,

o discrete, if Lz = (.

We will consider the above three classes of iteration groups separately.
Observe also that Remark 2 makes it obvious that every discrete iteration group
is both disjoint and singular.
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Lemma 5. If # = {F": S — S!; v € V} is a dense or non-dense iteration
group, then
Lg = CIOQ(Z), z€ Lg.

Proof. Assume that # = {F": S! — S!; v € V} is a non-singular (disjoint)
iteration group and fix a z € L. By Lemma 3 (respectively, Definition 3) we see at

once that
La = Og(z)d C clOg(2).

On the other hand from Remark 2 (respectively, Proposition 2) we deduce that the
set L is closed and contains Oz (z), and therefore

clOg(z)CclLg = Lg.

4. MAIN RESULTS

We start with three auxiliary lemmas. The first is valid without any assumption
on the iteration group .# = {FV: S1 — St; v € V}.

Lemma 6. If % = {F": S — S!; v € V} is an iteration group, then the set
Hg :={a(F"); veV}
is either dense in [0,1) or equal to {k/n, k=0,...,n— 1} for an n € N.
Proof. We first show that the set

G:={a(F°)+k; veV; kel}

is a subgroup of the group (R,+). From Theorem 1 in [8] it follows that for any
v1,v2 € V, k1, ko € Z there exists an integer k3 such that

a(F™) + Ky + a(F) + ky = a(F™ o F*) + ki + k2 + ks
= a(F""T2) + Ky + ko + ks,

which gives a(F"') + k1 + a(F"?) + ko € G. Now, fix v € V, k € Z. Clearly, if
a(F?) =0, then —(a(FY)+k) = —k € G. If a(F") # 0, then Corollary 1 in [8] leads
to

—(a(F")+k)=—(1-a(F ") +k)=aF ") -k—-1€G.
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Next, note that G being a subgroup of R it is either a dense subset of R or equal
to pZ := {pk; k € Z} for a non-negative real number p (see for instance [5]). Since
1 € G, in the latter case there is a positive integer n for which p = 1/n. The equality
G N[0,1) = Hz now completes the proof. ]

Lemma 7. If 7 = {F": S — S!; v € V} is a disjoint iteration group, then

3

Fvt = FY2 for any vi,ve € V such that a(F"') = a(F"?).

Proof. Letvi,ve €V be such that a(F") = a(F¥?). If a(F") = a(F¥?) =0,
then both F'* and F"? have fixed points, which together with the fact that the
iteration group .# is disjoint gives F'V* =id = F2.

Now, assume that a(F"') = a(F"?) # 0. Then Corollary 1 in [8] implies that

a(F) 4+ a(F~"2) -1 =0,
and Theorem 1 in [8] leads to
0=a(F" o F~") = a(F"™").
Therefore F'*~2 = id, and consequently F* = F2. O
Lemma 8. Ifc: V — S! is a function such that cardIm c = Xy and
c(v1 4+ v2) = c(v1)e(va), wv1,v2 €V,

then clIme = S1t.

Proof. An easy computation shows that the set clIm ¢ is a closed subgroup of
the group (S, -). Since (see for instance [14]) every such subgroup is either finite or
equal to S', and clIm c is infinite, we get clImc = S™. O

4.1. Discrete iteration groups.
First, we shall consider the easiest case, namely we will deal with discrete iteration
groups.

Lemma 9. Let % = {F": S' — S!; v € V'} be a disjoint iteration group. Then

the iteration group % is discrete if and only if Hg = {k:/n, k=0,...,n— 1} for a
positive integer n.

Proof. From Lemma 4 it follows that Lg = 0 if and only if the set .#
is finite. Since, by Lemma 7, a: % —— Hg is a bijection, this is equivalent to
the fact that card Hg# < Ny, which, on account of Lemma 6, holds if and only if
Hg:{k/n; k=07...n—1} for a positive integer n. ]
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Theorem 1. Assume that F = {F": S! — S1; v € V'} is a discrete iteration
group and let n be a positive integer for which H g = {k/n, k=0,....,n— 1}. Then
there exists a mapping m: V — {0,...,n — 1} such that F* = G™®) for allv € V
and a homeomorphism G € .F with o(G) = 1/n (mod 1).

Proof. Fixa G € % for which a(G) = 1/n (mod 1) and take a k € {0,...,n—
1}. Obviously, G¥ € . and, by Theorem 1 in [8], a(G*) = k/n. This together with
Lemma 7 shows that .% = {G¥; k=0,...,n — 1}, and therefore there is a function
m: V —{0,...,n — 1} such that F¥ = G™") for v € V. O

4.2. Dense iteration groups.
Our next proposition serves as an important tool in the investigation of iteration
groups which are dense or non-dense.

Proposition 3. If # = {F": S' — S'; v € V'} is a dense or non-dense iteration
group, then there exists a unique pair (p#,cg) such that pz: St — Sl is a
continuous function of degree 1 with (1) = 1 and cz: V — S! satisfying the
system of functional equations

(2) 0z (F'(2)) =cez()pz(z), z€S'veV.

The mapping c# is given by

and fulfils the equation

(3) cz(vi +v2) = cz(vi)eg(v2), vi,v2 € V.

The function p g is increasing and

(4) pz[Lz] =S

Moreover, ¢ & is a homeomorphism if and only if the iteration group ¥ is dense.

Proof. We first show that the assumptions of Lemma 1 are fulfilled. Since
Lz # (), we see at once that N # (). If .# is non-singular, then our assertion follows
immediately from Remark 1. If the iteration group % is disjoint, then it is easy to
check that for every z € S! we have O (2) = C(z), and consequently each set C(z)
is infinite and

0#Lz C [ clC(2).

z€S?
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Thus the assumptions of Lemma 1 are satisfied, and therefore there is a unique
pair (¢.#,cs) such that pz: S' — S! is a continuous function of degree 1 with
0z(1) =1 and cgx: V — S! satisfying system (2). Moreover, the mapping cz is
of the desired form, and Theorem 1 in [8] now shows that (3) holds true.

In the proof of Lemma 1 (see [10]) it is also shown that the function ¢ & has an
increasing lift 3: R — R with 3(0) = 0. To see that the mapping ¢ & is increasing,
fix u,w, z € S! for which u < w < z and let t,,t,,t. € [0,1) be such that I1(¢,) = u,
II(t,) = w and II(t,) = z. From Lemma 2 and Remark 3 in [6] it follows that we
may assume that 0 < ¢, < t,, < t, < 1. Then, using the facts that the function
B: R — R is increasing, 3(0) = 0 and deg po = 1, we get

and consequently p.z(u) < vz (w) 2 pz(z) as claimed.
Now, fix a z € Lg. Since the pair (¢, cg) satisfies system (2), we have

07[07(2)] = pz(2)cx V] = o7 (2)[Hz],

which together with the compactness of S! and the continuity of the functions II and

Yz gives

ez (2)l[cl Hz] C pz(2) cdll[Hz] = cl(pz (2)II[Hz])
= clpz[0z(2)] = pz[clOz(2)].

As Lg # 0, it follows from Lemmas 9 and 6 that the set Hg is dense in [0,1).
Therefore Lemma 5 now leads to

S'= 07 (2)S" = o7 (2)[[0,1)] = ¢z (2)I[cl Hz]
Cpz[clOz(2)] = pz[Lz],

and (4) is proved.

If o is a homeomorphism, then (4) makes it obvious that Lz = S'. Now, let
Lz = S' and suppose, contrary to our claim, that the mapping ¢ & is not invertible.
Then there exist distinct 21,22 € S! such that ¢z (21) = ¢#(22). We shall show

that the function ¢4 is constant on [zl, 22) or [22, zl). If this assertion were false

then, by (4), there would be w € (21, 22), u € (22,21) for which gz (21) # vz (w) #
pz(u) # @g(21). Therefore we would have w < 2o < u, u < 21 < w, and, by virtue
of the fact that ¢4 is increasing,

pz(w) 2pz(22) 2pz(u) and pz(u) 2 pz(2) 2 pz(w).
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Since pz(z1) = @z (22) and vz (21) # vz (W) # z(u) # ¢z(z1), from Lemma 3
in [6] we would thus get

pz(w) < pz(21) <pz() and pz(u) <pz(2) < pz(w),

which is impossible. Denote by A an open arc such that ¢ is constant on A and
fix a zg € S. Assuming that the iteration group .7 is disjoint (non-singular) we see
that since A CS'= Lz and Lz = O%(20)! (Lz = Crvo(20)? for an F*0 € .F with
a(F") ¢ Q), there exist u,w € AN Oz (z9) (respectively, u,w € AN Cpvo(20)) for
which v # w. u and w, being elements of Oz (zp) (Crvo(20)), may be written as
u = F"(z0), w = F(20) for some v, v,, € V (respectively, v, = nvg and v,, = muvg
for some integers n, m). But p#(u) = p.#(w) since we also have u,w € A. Therefore
it follows from (2) that

ez (20)ca (V) = 0z (F" (20)) = 7 (W) = vz (u) = pz(F"(20))

= ¢z (20)cz (vu),

and, consequently,
(a(F™)) = cz(vu) = cz(vw) = I(a(F)).

This clearly forces a(F"*) = a(F""), and Lemma 7 (or Theorem 1 in [8]) now yields
Fv« = FY»  which contradicts the fact that u # w. d

The mappings ¢.# and c# guaranteed by the above lemma enable us, among other
things, to give a necessary and sufficient condition for conjugacy of disjoint and dense
(or non-dense) iteration groups (see [7] for the case when V' = R and the iteration
groups are non-singular, and [9] for the general case).

Regarding the structure of dense iteration groups we have the following theorem,
which follows immediately from Proposition 3.

Theorem 2. If .7 = {F": S' — S!; v € V} is a dense iteration group, then
there exists a unique orientation-preserving homeomorphism ¢z : S' — S! having

a fixed point 1 such that

FY(2) = o5 (M(a(F*)pz(2)), 2€S) veV.
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Corollary 1. Every dense iteration group % = {F: S1 — S'; v € V} is
disjoint.

Proof. Fix zg € SY, vg € V such that F°(zy) = 2o and note that Theorem 2
implies that zp = gp}l (TII(a(F“))pz(20)). Therefore II(a(F*)) = 1, and applying
Theorem 2 again we obtain F'"° = id. O

4.3 Non-dense iteration groups.

Finally, we turn to non-dense iteration groups.

In this case, according to Definition 4, Remark 2 and Proposition 2, the limit set
of the iteration group .# = {Fv: S! — S!; v € V} is a non-empty perfect and
nowhere dense subset of S', and therefore we have the decomposition

(5) 81\1497 = U qu

qeQ

where I, for ¢ € QQ are open pairwise disjoint arcs.

Lemma 10. Assume that # = {F": S' — S!; v € V} is a non-dense iteration
group and let the pair (¢.#,cz) be such that pg: S' — S! is a continuous function
of degree 1 with ¢ #(1) =1 and c#: V — S! satisfy system (2). Then

(i) for every q € Q the mapping v is constant on I,
(ii) if A C S! is an open arc such that ¢z is constant on A, then A C I, for a
e @
(iii) for any distinct p,q € Q, pz[I,] Nez[1,] =0,
(iv) for any g € Q, v € V there exists a p € Q with F[I;] = I,
(v) the sets Imcg and
Kg = gpf/[Sl\Lf/]

are countable,
(vi) Kz -Imcg = Kz,
(vii) the sets Imcg and K& are dense in S*.

Proof. Analysis similar to that in the proof of Proposition 2(a) in [2] shows
that (i) holds true.

(ii) Let A be an open arc such that ¢ & is constant on A. Since Lz is a border
—_—

set, there exists a ¢ € Q for which I, N A # 0. Write I, = (a,b), take a zo € A\ {a}
and assume that the iteration group .# is disjoint (non-singular). As a € L# and
Lz = Oz(20)? (Lg = Crw(z0)? for an F* € F with o(F*) ¢ Q), there is a
sequence (vg)gen of elements of V' (respectively, vy, = nivo for some integers ny)
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such that FVs(zg) # a for k € N and kli)nolo F¥%(z9) = a. We shall show that a ¢ A.
To obtain a contradiction, suppose that a € A. Then there exists a positive integer kg
with FVk(z9) € A for k > ko, and the fact that the function pg is constant on the
arc A leads to

7 (F" (20)) = ¢z (20), k> ko.

On the other hand, (2) shows that
w7 (F* (20)) = W(a(F™))p.7(20), keN.

Combining these equalities we deduce that II(«a(F"*)) = 1 for any k > ko and, conse-
quently, a(F?*) = 0. The disjointness of the iteration group % (or the irrationality
of a(F") together with the fact that «(F*) = niya(F*)(mod 1), which follows
from Theorem 1 in [8]) now gives FU* = id, and therefore a = klim FvUk(20) = o,
which is impossible. Similarly, b ¢ A, and so A C I,,.

(iii) Fix two distinct p, ¢ € Q. Obviously, I, NI, = () and moreover, card gz [Ip] =
cardpg[ly] = 1, which is clear from (i). Suppose, contrary to our claim, that

_—
ozl = ozl = {20} for a zo € S! and choose z1 € I,,, 25 € I,. Since (z1,22) N
_—

Lg #0 # Lz N (zz,zl), (ii) makes it obvious that the function ¢4 is constant

B — B — D —
neither on (21,2,’2) nor on (22,2’1). This together with the equality ¢ & [(zl,ZQ)] U

————
oz [(22, zl)] = S'! shows that there are z5 € (zl, zz), Z4 € (22, zl) for which

o7(23) # 20, wF(24) # 20, p7(23) # pz(24)-

Therefore we have
z4 <21 <23, 23 <29 =< 24,

and using the facts that the mapping ¢ & is increasing and ¢ (21) = ¢ (22) = 20
and Lemma 3 in [6],

pz(21) = pz(21) R pz(23), wz(23) < pz(22) < pz(24).

Consequently,

o7 (21) € (pz(24),07(23)), wz(22) € (pz(23), 0.7 (7)),

which contradicts the equality ¢z (21) = v (22).
Proceeding analogously to the proof of Proposition 2 in [2] we obtain (iv), the
equality card Kz = Ny and the inequality cardImcg < Ng. To complete the proof
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of (v) it suffices to check that cardImcg > Rg. For this purpose, let us first observe
that since Lz # (), Lemmas 9 and 6 show that the set Hg is dense in [0,1). This
together with Proposition 3 and the fact that the mapping II is bijective gives

cardImcg = cardII[Hz| = card Hg > o,

and (v) is proved.

As in the proof of Proposition 2(f) in [2] we can see that (vi) holds true.

(vii) Since the function c&#: V — S! satisfies equation (3) and cardIm cg = N,
it follows from Lemma 8 that the set Im c g is dense in S, and consequently, by (vi),
so is the set K #. O

Assume that .# = {F": S! — S!; v € V'} is a non-dense iteration group and let
I, for ¢ € Q be open pairwise disjoint arcs for which (5) holds true. According to
Lemma 10 we can correctly define the bijection ® #: () — K& and the mapping
Tz: Q x V — Q by putting

(6) {®z(q)} =vz[l), qcQ
and
(7) Tz(q,v) = 5 (Pz(q)cz(v), qe@Q; veV.

The following lemma is an immediate consequence of (7) and the properties of the
function cg.

Lemma 11. If = {F": S' — S!; v € V} is a non-dense iteration group,
then

(i) T#(T#(q,v1),v2) = Tz (q,v1 +v2), ¢ € Q, v1,v2 €V,

(ii) T#(q,0) =q, ¢ € Q.

Proceeding analogously to the proof of Lemma 6 in [2] we also obtain

Lemma 12. If = {FY: S' — S!; v € V} is a non-dense iteration group,
then
FU[Iq]:ITg(q,v)v qEQ, velV.

Before we state our next result we recall one more definition from [2].

Let A := (v, z) be an open arc and let t,,t. € R be such that v = II(t,), z = II(t.)
and 0 < t,—t, < 1. A mapping F: A — S'is said to be linear if there are a,b € R,
a > 0 with

F((z)) = O(ax +b), € (t,,t,).
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Proposition 4. Assume that % = {F": S' — S!; v € V} is a non-dense
iteration group and let the pair (¢.#,c) be such that pg: S' — S is a continuous
function of degree 1 with p#(1) = 1 and c: V — S! fulfil system (2). Then there
exists a unique family & = {P": S' — S'; v € V'} of continuous mappings such
that for any g € Q, v € V,

(8) P"  is linear on I,
and
(9) PU[Iq] = IT.g(qw)v

where I, for ¢ € Q are open pairwise disjoint arcs satisfying (5), and Tz is given
by (7).
Moreover,

(10) 07 (P'(2)) = cz()pz(z), z€S,veV

and the family & is a disjoint, non-dense iteration group. If the iteration group %
is non-singular, then so is &?. Otherwise the iteration group & is singular.

Proof. Proceeding analogously to the proof of Lemma 13 in [6] (see also
Proposition 3 in [2]) we show the existence and uniqueness of a family &2 = {P":
St — S!; v € V'} of continuous functions satisfying conditions (8) and (9) as well
as the fact that this family is a disjoint iteration group for which (10) and

(11) P'S'\Lg]=S'\Lgz, veV

hold true (to prove that the functions B,: S'\ Ly — S'\ Ly for v € V can be
extended to strictly increasing mappings PV: S' — S1 it suffices to apply Lemma 12
in [7]). We will now prove that the iteration group & is non-dense. To do this,
let us first observe that L # S In fact, since P': S' — S! for v € V are
homeomorphisms, (11) yields

PU[Lg]:Lg, veV.

Consequently, fixing a zop € Lg we see that O (z9) = {P"(2); v € V} C Lz,
which together with Definition 3 and the fact that L& is a perfect nowhere dense
subset of S! gives

Ly =0g(20)CcLy =Lg #Sh
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It remains to show that Lg # 0. But if this assertion were false, from (10) and
Lemma 4 we would have

cardImcg = card(pz(2) Imcg) = card p #[0O 2(2)]
< cardOx(2) < Ng, z€SH

contrary to Lemma 10(v).

Next, assume that the iteration group .# is non-singular and let vg € V' be such
that a(F") ¢ Q. Suppose, contrary to our claim, that a(P?) € Q for v € V. Then
(Pv0)mo(2) = zo for some ng € N, zg € S1, and (10) gives

7 (20) = 9z (P""(20)) = pz(20)cz (novo).

This clearly forces cg(novp) =1 and (3) now shows that

1 =cg(novo) = ez (v)™ = II(a(F))" = II(nga(F™)).

Thus noa(F*) € Z which, in view of ng # 0 and «(F") ¢ Q, is impossible.
Finally, assume that .% is a singular and disjoint iteration group and suppose,
contrary to our claim, that a(P") ¢ Q for a vg € V. Since a(F") € @, there are
no € Z\{0}, 2o € St such that (F'*°)"0(zy) = 2, and therefore a( F™?0) = 0. Propo-
sition 3 now gives ¢z (novg) = 1, which together with (7) leads to T'# (g, novo) = ¢
for ¢ € @. From this and (9) we deduce that P™0"[[,] = I, for ¢ € Q. By virtue of
the fact that the function P™°" is linear on each arc I, we thus get P"°"° = id and
consequently a(P?) € Q, a contradiction. O

The piecewise linear iteration group & = {P": S! — S1; v € V} described by
Proposition 4 is called the generating iteration group of a non-dense iteration group
F ={F": S' — S1; v € V} (see [2] and also [18]).

It is worth pointing out that the generating iteration group of .# = {Fv: S! —
St; v € V} is disjoint even when .Z is not.

Proposition 5. Let & = {F': S! — S, v € V} and 4 = {G”: S! —
S'; v € V} be non-singular (or singular but not discrete) disjoint iteration groups
and assume that there exists a pair (p,c) such that p: S — S is a continuous
mapping of degree 1 and c: V — S! satisfy the system

P(F(2)) = ¢(2)c(v)

zeSh veV
p(G"(2)) = SD(Z)C(U)}
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Then L = Lo and there is an orientation-preserving homeomorphism I': S' —
S! with

(12) I'(z) =2, z€Lgz
and
FoF"=G"ol, veV.
If moreover the iteration groups % and & are non-dense, then
(13) F[Iq] = Iq» qe @,

where I, for ¢ € Q are open pairwise disjoint arcs for which (5) holds true.

Proof. Let us first observe that if (1) = 1, which we may assume, then
Proposition 3 implies that ¢ = p2 = py and ¢ = ce = cy.

If the iteration group .%# is dense, then analysis similar to that in the proof of
Proposition 4 in [2] shows that ¢ is a homeomorphism and the iteration group ¥ is
dense. Thus FV = G? for v € V and I' := id has all the desired properties.

Now, assume that the iteration group .# is non-dense. As in the proof of Propo-
sition 4 in [2] we can see that Lz = Ly, which, on account of (7) and (6), allows us
to assume that T'¢ = Ty.

Introduce the following equivalence relation on Q

pZq if and only if there is a v € V such that p = Tz (q,v),

and let F be a subset of () having exactly one point in common with each equivalence
class with respect to the relation %Z. Denote by [g]# the equivalence class of ¢ € Q
and let () 3 ¢ — v, € V be a mapping such that

gl NE ={T#(q,vq)}, q€Q

Putting

(14) I(z) :=

(G0 FY)(2), z€l,, g€,
Z, ZeLg

we conclude from Lemmas 12 and 11 that conditions (12) and (13) hold true. We
shall next show that I': S! — S! is an orientation-preserving homeomorphism. To
do this, let us first observe that since for every ¢ € ), G2 and F"2 are orientation-
preserving homeomorphisms, it follows from Lemma 5 in [6] that so is I';,. Now,
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we prove that the mapping I': S! — S is strictly increasing. For this purpose, fix
z,w,z € S with w € (E,—;) and consider the following five cases.

(i) {z,w, 2} C I, for a g € Q.

Putting

te =117 42), ty =T Y(w), t, =),

we have either t, < t, < t,, or t, < t, < tg, or t, < t, < t,. Assume, for
instance, that ¢, < t, < t. and let f, represent the homeomorphism I'; . Since
I'|;, preserves orientation, we see that f,(t.) < fy(tw) < fy(tz), and (13) leads to
fa(ts), fo(tw), fq(tz) € (t1,t2) for some t1,to € R with 0 < ¢t3 — ¢1 < 1. Therefore

T(f,(tw)) € (TI(fy(tz)), TI(f,(t.))), and consequently T'(w) € (T'(z),T'(2)).
(ii) card({z,w,z} NI;) =2 for a ¢ € Q.

According to Lemmas 1 and 2 in [6] we may assume that z,w € I;. Fixing a

u € I, for which w € (z,u) we conclude from (i), (13) and (14) that
—_
Iw) € T'(z),I'(w) C I, and TI'(z) ¢ I,,
—_

and, consequently, I'(w) € (I'(z),T'(z)).

(ili) card({z,w, z} N I;) = card({x, w, z} N I,) = 1 for some distinct p,q € Q.

We can assume, in view of Lemmas 1 and 2 in [6], that € I, w € I,. Since
r < w < z, we have I; < I, < I(z), where

L., zel., reQ,
I(z) :=
{z}, z€Lg.
Therefore, by (13) and (14), we get I'[I] < I'[I,] < I'[I(2)], and consequently I'(z) <
I'(w) < I'(2).
(iv) card({z,w, 2z} N Lg) = 2.
On account of Lemmas 1 and 2 in [6] we may assume that z,z € Lg and w € I,

for a ¢ € Q. As I, is an open arc, we see that I, C (z,z). Hence, by (13) and (14),
we obtain

F[Iq] =1, C (x,Z) = (F<$)5F(Z))7

and therefore I'(w) € (T'(z),T'(2)).

(v) {z,w,z} C Lg.

From (14) we have I'(z) = z, I'(w) = w and I'(z) = z, and our assertion follows.

We have thus proved that the function I': S' — S' is strictly increasing. Since,
by (13) and (14), we also have ImI' = S!, Remark 3 in [7] and Lemma 4 in [6]
show that I is a homeomorphism. Finally, it follows from Lemma 11 in [7] that this
homeomorphism preserves orientation.

The rest of the proof runs as in the proof of Proposition 4 in [2]. O
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The following facts follow immediately from Propositions 3, 4 and 5.

Corollary 2. Assume that % = {F": S' — S!; v € V'} is a non-dense disjoint
iteration group and let & = {PV: S' — S!; v € V} be its generating iteration
group. Then

Lz =L

and the iteration group & is non-singular if and only if so is .%.

Theorem 3. Assume that F = {F": S' — S'; v € V'} is a non-dense disjoint
iteration group and let & = {P": S' — S1; v € V} be its generating iteration
group. Then there exists an orientation-preserving homeomorphism I': S! — S
such that

ToFY=P'ol, veV

and conditions (12) and (13) are satisfied, where I, for ¢ € Q are open pairwise
disjoint arcs for which (5) holds true.
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