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Abstract. In this paper, we prove a theorem for n-dimensional totally real minimal
submanifold immersed in quaternion space form.
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1. INTRODUCTION

Let M (c) denote a 4n-dimensional quaternion space form of quaternion sectional
curvature ¢ and let P(H) denote the 4n-dimensional quaternion projective space of
constant quaternion sectional curvature 4. Let N be an n-dimensional Rieman-
nian manifold isometrically immersed in M (c). We call N a totally real submanifold
of M (c) if each tangent 2-plane of NV is mapped into a totally real plane in M (c).Chen
and Houh [3] gave an inequality for totally real submanifolds of M(c). In particular
they considered the case when N was totally geodesic. Later, Sun [6] considered the
case when N was pseudo-umbilical and extended the theorem of Chen and Houbh;
he obtained two integral inequalities for compact totally real submanifolds of M (c).
There is other literature studying totally real submanifolds [4], [8], [9].

In this paper, we make use of Yau’s maximum principle to study the complete
totally real minimal submanifolds with Ricci curvature bounded from below and use
the method of proof which is given in [7]. Thus we obtain the following result.

Main theorem. Let M(c) denote a 4n-dimensional quaternion space form
of quaternion sectional curvature c. Let N be an n-dimensional totally real mini-
mal manifold immersed in M (c) with Ricci curvature bounded from below. Then

341



either N is totally geodesic or
. 1
(1.1) infr < ﬁ(3n—2)(n+l)c

where T is the scalar curvature of N.

2. LOCAL FORMULAS

We use the same notations and terminology as in [3], [6] unless otherwise stated.
Let M(c) denote a 4n-dimensional quaternion space form of quaternion sectional
curvature ¢ and let N be an n-dimensional totally real submanifold of M(c). We
choose a local field of orthonormal frames,

€1,...,€En, 61(1)2161, ey e[(n)zlen, eJ(l)ZJel, ey e'j(n)ZJen,
ex)y = Ke1, ..., exm) = Key,
is such a way that when restricted to N, eq,...,e, are tangent to N. Here I, J, K

are the almost Hermitian structure and satisfy
IJ=—JI=K, JK=-KJ=I, KIi=-IK=J I’=J°=K?=—-1.

We shall use the following convention on the range of indices:

AB,...=1,...,n, I(1),...,I(n), J(1),...,J(n), K(1),...,K(n),
a, 3, :I(l)v ) I(n)7 J(1>7 7‘](”)7 K(l)’ ) K(n)a
)y ...=1....,n, ®=I1J K

Let {wa} be the dual frame field. Then the structure equations of M (c) are given
by

dwg = — ZU)AB Awp, wap+wpa =0,
B
1
(2.1) dwap = f;wAc/\ch + igKABCDwC/\wDy

C
Kapep = Z((;AC(SBD —0apdpc +Iacipp — Iaplpc + 21alep + JacIBD

—JapJpc +2JapJop + KacKpp — KapKpe + 2KapKep).
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Restricting these forms to IV, we get the following structure equations of the immer-

sion:
Wa =0, Wai = Zh%wa" N A A O
d’wij = szk/\wkj + = ZRkalwk/\wl,
(2.2) Rijii = Kijr + Z (h§h$y — hith$y),

1
dweg = — Zw(w N wyg + 3 ZRaBijwi ANwj,

v ij

(2.3)  Rapij =K., + Z (hghiy; — hihis).

We call h =} hiw;w;e, the second fundamental form of the immersed manifold N.
ijo
We denote by S = > (hg;)? the square of the length of .
Jo
If N is minimal in M (c), i.e., trace h = 0, then by the equations (2.1) and (2.2),
we have

(2.4) T= in(n +1)-S

where S is the scalar curvature of N. We define A}, and h;, by

(2.5) > hSwe = dhg = > hGwy — Y A + > hjwag
k 1 l B

and

D hfawn = dhfy, = Y hfsawn — Y hiwg — Y hwn + Y b was,
l l l l 8

respectively, where
a Lo
ijk = Tikj
and
hise — M = Z B Rkl + Z b j Bmikt — Z hijaﬁkL
m m Jel

Let H, and A denote the n x n matrix (hg;) and the Laplacian on N, respectively.
By a simple calculation, we have (cf. [1], [2], [5])

(2.6) AS > (hg)? n+1 )S + > tr(HoHp — HgHa)* = (tr HoHg)”.
ijka af af

In order to prove the main theorem, we need the following Lemmas.
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Lemma 1 [6]. Let H;, i > 2 be symmetric n x n matrices, S; =tr H?, S =" S;.
Then

3
2.7 tr(H;H; — H;H;)? — Y (tr H;H;)* > —=5°
(2.7) Z r( J i) Z( r i) 2S
ij ij
and the equality holds if and only if either all H; = 0 or there exist two H; different
from zero. Morever, if H # 0, Hy # 0, H; = 0,7 # 1,2, then S; = S and there
exists an orthogonal n X n matrix T' such that

VES0 o0 0 2000

0 /2 ... 0 S50 .00
THIT = 2 . THLIT = 2

Lemma 2 [7]. Let N be a complete Riemannian manifold with Ricci curvature
bounded from below and let f be a C?-function bounded from above on N, then for
all € > 0, there exists a point x € N at which

(i) sup f e < f(),
(i) [[Vf(@)] <e,
(iii) Af(z) <e.

3. PROOF OF THE MAIN THEOREM

In this section, the method of the proof used by Ximin in [7] is applied to a totally
real minimal submanifold immersed in quaternion space form.
From (2.6) and (2.7), we obtain

1 c 3
1 SAS > S(Sn+1) - 55).
(3.1) SAS > 8(Zn+1) 25)
We know that S = ¢n(n + 1) — 7. By the condition of the theorem, we conclude
that S is bounded. We define f = S and F = (f +a)? (where a > 0 is any positive

constant number). F is bounded. We have

(3.2) dF:%(fnLa)’%df,
AP = 2 (5 (T + ) FAFIP 4+ (F +a) 2 Af)
2 2
(33) = S(20dF + AR +a) E,
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ie.,

1 2
3.4 AF = —(=-2||dF Af).
3.4 L (—2laF|? +Ap)
Hence, FAF = — || dF|” + $Af or $Af = FAF + |dF|*>. Applying Lemma 2

to F', we have for all ¢ > 0, there exists a point x € N such that at x

[dF ()] <,
(3.6) AF(z) <e,
F(z) >supF —e¢.

From (3.5), (3.6) and (3.7), we have
1
(3.8) §Af<€2+F5:5(5+F).

We take a sequence {e,,} such that e, — 0 (m — o0) and for all m, there exists a
point @,,, € N such that (3.5), (3.6) and (3.7) hold. Therefore, &, (em + F(zm)) — 0
(m — o) (because F is bounded).

From (3.7), we have F (z,,) > sup F — &,,, because {F (2,,)} is a bounded se-
quence. So we get F' (x,,) — Fy (if necessary, we can choose a subsequence). Hence,
Fy > sup F. So we have

(3.9) Fy =supF.
From the definition of F, we get
(3.10) f(xm)— f=supf.

(3.1) and (3.8) imply that

(3.11) (G- gs) < %Af <e(e+F),
and
(3.12) Flarm) (Sn+1) gf(zm)> <22 4o Flam) <2+ e Fo.

Let m — oo, then &, — 0 and f(x,,) — fo. Hence,

(3.13) fo(§tn+1) 2 fo) <0
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(i) If fo =0, we have f = S = 0. Hence, M is totally geodesic.
(ii) If fo >0, we have  (n+1) — 3 fo <0 and

f0> (Tl+1),

c
6

that is, sup S > & (n + 1). Therefore, inf 7 < 75(3n—2)(n+1)c. This completes
the proof.
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