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WITH RETARDED ARGUMENTS
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Abstract. In this work we investigate some oscillatory properties of solutions of non-linear
differential systems with retarded arguments. We consider the system of the form

y;(t)fpi(t)yi-‘rl(t):o: 'L':1,2,...,TL*2,
(t) = Pr—1(®)lyn(hn(t))|* sgnlyn (hn(t))] =

y —1
yn (8)sgnlys (b1 ()] + pn()]y1 (1 (£))]° <0,

where n > 3 is odd, a > 0, 8 > 0.
Keywords: nonlinear differential system, oscillatory (nonoscillatory) solution

MSC 2000: 34K15, 34K40

1. INTRODUCTION

We consider systems of nonlinear differential inequalities with retarded arguments

of the form

<S) y;(t) _pi(t)yi-‘rl(t) :05 i = 1,27...,71—2,
Yn—1(t) = Prn1(8) |yn (len (£))|* sgn[yn (hn (£))] = 0,
Y (t) sgnlyr (7 (8))] + pa ()91 (ha (1))]° <0,

where the following conditions are always assumed: n > 3 is odd, a > 0, 8 > 0,
pi: |a,00) — [0,00), a € R, i =1,2,...,n, are continuous functions not identically
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equal to zero on any subinterval of [a, 00),

o0
/ pit)dt =00, i=1,2,...,n—1,
a

hi: [a,00) = R, hy: [a,00) — R are continuous nondecreasing functions and hq (t) <
t, hp(t) < t on [a,00), tlim hi(t) = tlim hn(t) = co. Denote by W the set of
all solutions y(t) = (y1(t),...,yn(t)) of the system (S) which exist on some ray
[Ty, 00) C [a,00) and satisfy sup{ Slyi@)]: t = T} >0 for any T > T,.

i=1

As far as the autors know there is no oscillatory result for the system (S) in the
case when n > 3 is odd. It is to be pointed out that Theorems 1 and 2 extend the
result of Theorem 3 in [4]. Moreover, Theorems 3 and 4 consider the case when
af =1, which is not treated in [4].

Definition 1. A solution y € W is called oscillatory (weakly oscillatory) if each
component (at least one component) has arbitrarily large zeros. A solution y € W is
called nonoscillatory (weakly oscillatory) if each component (at least one component)
is eventually of a constant sign on some interval [tg, o0), to = a. We define

Ip=1

and
t
Ik(t7 SiPky - 7p1) = / pk(x)lkfl(xy Sy Pk—1,--- 7p1) dI’, k= 17 s, = 2.
Lemma 1. Suppose that

(1) y:(yl,---,yn)EW

is a nonoscillatory solution of (S) and

(2) (—1)" "y ()1 (t) >0 on [tg,00), to = a,i=1,...,n.
Then
(3) y1(ha(t)) sgnlys (ha(1))]

t
> |yn(hn(t))|a/ Pn—1(x)Ln—2(z, h1(t); pp—2,....p1) dx
hl(t)
for all large t.
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Proof. Letty<s <t Itis evident that

u(s) = (t) - / vl () da = g (1) / p1(@)y2(2) de.

We calculate the second integral by parts. Denote

o) = [ pi(r)dr = Liw,sip), ule) = yalo).

Then we get
t
y1(s) = y1(t) —y2(t) 11 (t, s5p1) +/ ya(x) 1 (z, s3p1) da

=y1(t) —y2(t)11(t, 5;p1) +/ p2(x)ys(x) 11 (z, s;p1) da.

Applying further (n — 3)-times the method of integration by parts to the last integral
we obtain the identity

y]+1 (tvsapjv"'vpl)

pn 1 |y’ﬂ ’ﬂ(w))|aSgn[y’ﬂ(hn(x))]l’ﬂ—Q(‘r?S;p’n—Qv'--7p1)d$7
tp < s <t

\OM'

In view of (2) and the monotonicity of y,(t), we obtain for T > ¢, sufficiently large,

y1(s) sgnlyi(s ) yj1(t) sgnlys ()] (t, 85955 - - -, p1)

Z
=0
/ |yn n(w))|al’ﬂ—2(w’s;pn—2v---7p1)dwa

y1(ha(t)) sgufyi (h1(?))]

t
> Jyn (i ()] / Dot ()T (s i Prss oo sp1) dy 5 T
hi(t)

The proof is complete. O
The following notation will be used:
Pi(t) = min{p;(s): hi(t) <s<t}, t>a, i=1,...,n—1,
Po_1(t) = pn—1(t)Pn—2(t) ... p1(t).
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Lemma 2. Suppose that assumptions (1) and (2) are fulfilled. Then

@ sl 0)] > R Ol )

for all large t.
Proof. In view of (3) we get

t

y1(h1(t)) sgnfyi(ha(t))] > |yn(hn(t))|apn—l(t)/h " Ly _o(x, hi(t); pr—2,...,p1)dx.

Integrating by parts we obtain

y1(hi(t)) sgnlyi(h1(t))]

> |yn(hn(t))|a25n—1(t)/h " (t — 2)ppn—2(x)Ln—_3(x, h1(t); pn—3,...,p1) dx

> > |yn(hn(t))|apn,1(t)...pl(t)/ (Gl iy

hy (n—2)!
Calculating the last integral we have

(t—ha(t)"""
(n—1)!

WV
~

y1(ha(t)) sgnly1(ha(2))] = Poa@)lyn(hn ()%, ¢

where T is sufficiently large. O

The next lemma follows from Theorem 3 in [4].

Lemma 3. Suppose that 0 < o < 1 and

(5) /Too(hl(t))(n1)ﬁpn(t)(Pn1((h1(t)))ﬁ dt—oo. T>a

Then every nonoscillatory solution of system (S) has the property tlim ye(t) = 0,
k=1,2,...,n, and (2) holds.

The next lemma is derived from Theorem 2 in [1].
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Lemma 4. Assume that g € C([a,0),[0,00)), § € C([a,0), R), tlim o(t) = oo,
d(t) <t fort < aand

! 1
1iminf/ g(s)ds > —.
5

() e

Then the functional inequality
y' () +9(t)y((t) <0, t=>a,
cannot have an eventually positive solution and
y' () +9(t)y((t) >0, t=>a,
cannot have an eventually negative solution.
The next lemma is presented in [4] as Lemma 1.

Lemma 5. Let y = (y1,...,Yn) € W be a weakly nonoscillatory solution of (S),
then y is nonoscillatory.

Theorem 1. Suppose that 0 < o < 1, (5) holds and
t s B 1
(6) hmiﬂf/ Pn(s) {/ Pn—1(2)In—2(x, h1(8); pn—2,...,p1)dz| ds> —.
700 Jhn (o) ha(s) €
Then all solutions of system (S) are oscillatory.

Proof. Assume that the system (S) has a solution y = (y1,...,yn) € W at
least one component of which is eventually of constant sign. Then by Lemma 5 y is
nonoscillatory. We may suppose that y1(t) > 0 for ¢t > ¢y > a. By Lemma 3 the
solution y has the property

tlim ye(t) =0, k=1,2,...,n

and(2) holds. Applying Lemma 1 to the nth inequality of the system (S) we obtain

t

Yo (0) + 2 (i (6)) (1) [ /

J6;
Pn1(17)1112($7h1(t);pn2,-~-7p1)d117] <0,
1(t)
t=>T >

= to.
With regard to the facts that 0 < o < 1 and tlim yn(t) = 0, we get

t

N

Ié;
Dot () (s B (0 Py 1) dw} i (hn(8)) < 0,

t>T,

(7)) +palt) [ /

1(t)
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where T is sufficiently large. By Lemma 4 the inequality (7) cannot have a positive
solution. This contradicts the fact that y,,(t) > 0 for t > T. The proof is complete.
O

Theorem 2. Suppose that 0 < o < 1, (5) holds and

® [ o) R () ds > D

t—oo n(t) e

Then all solutions of system (S) are oscillatory.

Proof. Assume that the system (S) has a solution y = (y1,...,yn) € W at least
one component of which is nonoscillatory. Then by Lemma 5 y is nonoscillatory. We
may suppose that y1(t) > 0 for t > tg > a. Due to Lemma 3 the solution y has
the property tlirglo ye(t) =0, k =1,2,...,n, and (2) holds. Applying (4) to the nth
inequality of (S) we get

_ (n—1)B
)+ e P OO0 () <0 02T > 1

By virtue of the conditions 0 < o8 < 1 and tlim yn(t) = 0, we obtain
— 00

_ (n=1)8
O 0+ S P OO 0) <0, ¢

where T is sufficiently large.
By Lemma 4 the inequality (9) cannot have a positive solution. This is a contra-
diction with property (2). O

The next lemma follows from Lemma 2 and Lemma 5 in [4].

Lemma 6. Suppose that the assumption (1) of Lemma 1 is fulfilled. Then there
exists | € {1,2,...,n}, l is odd and ty > a such that

(10) yi(t)y1(t) >0 on [tg,00) fori=1,2,...,1,
(11) (=1)"y;(t)y1(t) >0 on [tg,00) fori=1+1,...,n,
and

(12) lyi(t/2)| = c;it" " PL_ (t)|yn ()| fort >to, i=1,2,...,1—1,
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where

2—2(n—i)

= , =1,2,...,n—1
R O T e | L A A

Pl (t) =Dp 1 (O)Pp_o(t)...Pi(t) fori=1,2,....n—1,
Pé—l(t) = Pn1(t).

Remark. The inequality (10) implies
ly:(B)] = |yi(t/2)] fori=1,2,...,1—1.
Hence(12) can be written in the form
(13) lys ()] = ct™ " P () |yn(t)|* fort >tg, i=1,...,1—1.

Theorem 3. Suppose that o8 =1, (6) holds and

(14) lim inf /h [h1 ()] VB[P, _1(h1(5))]Ppn(s) ds > Lﬁ

t—o0 1(t) eC1

Then all solutions of the system (S) are oscillatory.

Proof. Assume that the system (S) has a solution y = (y1,...,yn) € W at
least one component of which is nonoscillatory. Then by Lemma 5 the solution y is
nonoscillatory. We may assume that y;(¢t) > 0 for ¢ >ty > a and y1(h1(¢)) > 0 for
t > t1 > to. Then the nth inequality of (S) implies that y/, (t) < 0 for ¢ > ¢; and it
is not identically zero on any subinterval of [t1,00]. As y1(t) > 0 and y),(t) < 0 for
t > t1, then by Lemma 6 we get (10), (11), and (12) or (13).

Let [ > 2. From (13) we have for i = 1,

yi(t) = et TP (W (), t=ta >t
Then the nth inequality of system (S) implies
Yo () + [ ()] [P (h (8))pa () [yn (a ()] S O, > t3 > to.
This inequality by Lemma 4 cannot have an eventually positive solution y,,(t), which

is a contradiction. The case when [ = 1 is also impossible. This case can be treated
as in the proof of Theorem 1. So the proof is complete. O
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Theorem 4. Suppose that a3 =1 and (5), (8), (14) hold. Then all solutions of

system (S) are oscillatory.

The result of the theorem follows from Theorems 3 and 2.
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