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Abstract. Let n be a positive integer, and C,(r) the set of all n x n r-circulant matrices
n—1

over the Boolean algebra B = {0,1}, Gn = |J Cn(r). For any fixed r-circulant matrix C
r=0

(C # 0) in Gpn, we define an operation “x” in Gy as follows: A x B = ACB for any
A, B in Gn, where ACB is the usual product of Boolean matrices. Then (Gn,*) is a
semigroup. We denote this semigroup by Gn(C) and call it the sandwich semigroup of
generalized circulant Boolean matrices with sandwich matrix C. Let F' be an idempotent
element in G (C) and M (F') the maximal subgroup in G (C') containing the idempotent
element F. In this paper, the elements in M (F') are characterized and an algorithm to
determine all the elements in M (F') is given.

Keywords: generalized ciculant Boolean matrix, sandwich semigroup, idempotent ele-
ment, maximal subgroup

MSC 2000: 15A33

1. INTRODUCTION AND PRELIMINARIES

Let B = {0,1} be the binary Boolean algebra. The matrices which we consider in
this paper are n X n matrices over B, called Boolean matrices. Let r be a nonnegative
integer. An n X n r-circulant (generalized circulant) Boolean matriz is an n X n
matrix over B in which each row, except the first, is obtained from the preceding
row by shifting the elements cyclically r columns to the right, i.e., a;; = a;—1,j—r
for 2,5 = 0,1,...,n — 1, where the indices are reduced to their least nonnegative

remainder modulo n.

This work was supported by the Natural science Foundation of Fujian Province
(Z0511012) and Foundation to the Educational Committee of Fujian (JB05041), China.
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Let P be n x n 1-circulant with the first row (0,1,0,...,0). Then an r-circulant
matrix A with the first row (ag,a1,...,a,-1) can be written in the from

n—1
A=) aQ. P,
=0

where @, is the r-circulant matrix with the first row (1,0,0,...,0). Let A(A) =

n—1 )
{i: a; =1,0 < i< n—1} for the matrix A = > a;Q,P". Then A can be rewritten
i=0

A=Q, Z P

i€EA(A)

in the form

It is very easy to verify that the matrix A satisfies
(1.1) PA=AP".

Let C,(r) denote the set of all n x n r-circulant Boolean matrices, and G,, =
n—1
U Cn(r). Then Cy,(1) and G,, form semigroups, called the semigroup of circulant
r=0

Boolean matrices and the semigroup of generalized circulant Boolean matrices, re-
spectively, under matrix multiplication and using Boolean operations for the entries
of matrices. For an arbitrary but fixed element C € G,, (C # 0), we can define an
operation “x” in G,, as follows: For any A, B € G,,, A*x B = ACB, where ACB is
the usual product of Boolean matrices. It can be easily proved that G, is also a
semigroup under the operation “x”. We denote this semigroup by G, (C) and call
it a sandwich semigroup of generalized circulant Boolean matrices with sandwich
matriz C.

Let S be a semigroup. A subgroup M of S is called a maximal subgroup of S if it
is not properly contained in any other subgroup of S. Clifford and Preston proved
that a subgroup M of S containing an idempotent F' is a maximal subgroup of S if
and only if M = M(F) and

(1.2) M(F)={AeS: FA=AF=A XA=AY =F, for some X,Y € S}

(see [4], pp. 22-23). Montague and Plemmons [5] dealt with maximal subgroups
of the semigroup of relations. Kim and Schwarz [6] obtained the description of
maximal subgroups of the semigroup of circulant Boolean matrices. Zhang [3] gave
some necessary and sufficient conditions for an r-circulant Boolean matrix to be an
element of a maximal subgroup of G,, and generalized the corresponding results in [6].
The purpose of this paper is to describe the maximal subgroups of G,,(C). The main
results obtained in this paper are generalizations of the corresponding results in [3].
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The following notions and lemmas are used.

Let Z denote the set of all integers, and r € Z, U VW C Z. Let U+ V =
{fu+v:uwuelUwveV} U= {ru:uecU},u+V = {u} +V and let o(U)
be the greatest common divisor of the elements in U. Let n be a positive integer.
U is said to be included in V modulo n, denoted by U C V (mod n), if for each
u € U there exists a v € V such that u = v (mod n). U is said to be congru-
ent to V. modulo n, denoted by U = V (mod n) if U C V (modn) and V C U
(mod n). Clearly, this congruence relation is reflexive, symmetric, and transitive
(see [1]). Let M = {mg,mq,...,ms_1} be a set of integers. M (mod n) denotes
the set {mg,m1,...,M—1}, where 0 < My < n — 1, and M = my (mod n) for
k=0,1,...,t—1. Aset M = {mg,m1,...,my_1} of integers is called an arithmetic
progression modulo n with common difference d if the elements of M (mod n) con-
stitute an arithmetic progressions with the same common difference d and dt = n.

e—1
We denote | {iy,iu +d,... 0, + (m — 1)d}, the union of e arithmetic progressions
u=0

with the same common difference d, by (J{io,i1,...,%c—1,n,d,m} (see [3]). (n,r)
will denote the greatest common divisor of n and r.

Remark. Any integer set U = {jo,J1,---,Jt—1} € {0,1,...,n — 1} can be repre-
sented as a union of some arithmetic progressions modulo n with the same common
difference. The union of arithmetic progressions modulo n with the smallest common
difference d is called the final form of U and we denote d by d,,(U). For example, let
n=12and U ={0,1,3,4,6,7,9,10}. Then U = {0}U{1}U{3}U{6}u{7}U{9}u{10},
in this case, d = 12 and m = 1, and U = {0,6} U {1,7} U {3,9} U {4, 10}, in this
case, d = 6 and m = 2. Also U = {0,3,6,9} U {1,4,7,10}, in this case, d = 3 and
m = 4. Obviously, {0,3,6,9} U {1,4,7,10} is the final form of U and d12(U) = 3. If
U{éo, %1, - - ie—1,n,d,m} is the final form of U and J{jo, j1,---,Je;—1,n,d1,m1} is
not the final form of U, then it is easily verified that d | d;.

Let ¢, r and d be positive integers. An integer s, 0 < s < d, is called an invertible

integer relative to ¢, r and d if s satisfies s(cr — 1) = 0 (mod d) and there exists an
integer s’ such that s'cs = r (mod d).

Lemma 1.1 ([8], Proposition 3.3.1). Let s, d and r be integers, and s,d # 0.
Then the congruence sz = r (mod d) has solutions if and only if (s,d) | r.

Lemma 1.2. Let ¢, d and r be positive integers, and r(cr —1) = 0 (mod d). If
so Is the least positive integer such that so(cr — 1) = 0 (mod d), then each integer s
which satisfies s(cr — 1) =0 (mod d) is a multiple of s, and so = (1, d).

Proof. Since so(er — 1) = 0 (mod d) and s(cr — 1) = 0 (mod d), we have
so(er — 1) = kd and s(cr — 1) = k1d for some k, k1 € Z, and so skd = sso(er — 1) =
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sos(er — 1) = spk1d. Therefore sk = sok;. Since s is the least positive integer such
that so(cr — 1) =0 (mod d), we have (sg, k) = 1. Therefore s is a multiple of sg. In
the following we will prove that sg = (r, d).

Let dy = (r,d), r = pdy and d = hdy. Then (p,h) = 1. Since r(cr — 1) =0
(mod d), we have r(cr — 1) = md for some m € Z, and so pdi(cr — 1) =r(er — 1) =
md = mhdy. Therefore we have p(cr — 1) = mh. But (p,h) = 1, so we have
m = myp for some my € Z. Thus phdy(cr — 1) = mhd = pmyhd, and so di(cr — 1) =
mad, i.e., di(ecr —1) = 0 (mod d). Since sq is the least positive integer such that
so(er — 1) =0 (mod d), dy is a multiple of sg. Now, suppose dy = tsg, t € Z. Since
mid = di(cr — 1) = tsg(er — 1) = tkd, we have m; = tk. Hence t is a common
divisor of d; and m;. On the other hand, since (r,cr — 1) =1 and r = pd;, we have
(di,er — 1) = 1. Since dy(cr — 1) = mid = mydih, we have er — 1 = mih. But
(di,er — 1) =1, so we have (d1,m1) = 1, and so t = 1. Therefore so = dy = (r,d).
The proof is completed. O

Lemma 1.3. Let ¢, r and d be positive integers, and r(cr — 1) = 0 (mod d).
Let s be an invertible integer relative to ¢, r and d, and [ be an integer such that
l(cr —1) =0 (mod d). Then the equation scz =1 (mod d) has solutions.

Proof. First we shall show that for any invertible integer s relative to ¢, r and
d, the equation scx = r (mod d) has solutions if and only if the equation scy = sg
(mod d) has solutions, where sq is the least positive integer such that so(cr —1) =0
(mod d). From Lemma 1.2 we know that so | s and so = (r,d). Let now r = r1sp,
d = dysg, s = s150, where r1, di and s; are positive integers. Then (r1,d;) = 1. If
the equation scx = r (mod d) has some solution zg, then sczy = r (mod d), and so
sicxg = r1 (mod dy), i.e., sicxg = 11 + tdy for some ¢t € Z. But (r1,d1) = 1, so we
have (s1¢,d1) = 1. Then there exist p, ¢ € Z such that psic+qd; = 1. It follows that
(ri —Dpsic+(ri1—1)gdy =r1 —1. Sory — (r1 — 1)psic— (r1 —1)gdy =11 — (r1 — 1).
By using 1 = sjcxo —tdy, we have sycxg —tdy — (r1 —1)psic— (r1 —1)gd; = 1 and so
so81¢x0 — Sotdy — (r1 — 1)pspsic— (r1 — 1)gd1so = sp. Hence scxg —td — (r1 — 1)psc—
(r1 — 1)gd = sg, and so sc(xg — (r1 — 1)p) = sp (mod d). Let yg = 29 — (r1 — 1)p.
Then yo is one of solutions for the equation scy = s (mod d). Conversely, if yo is a
solution of the equation scy = s¢ (mod d), then, it is clear that © = r1yo is a solution
of the equation scx = r (mod d).

In the following we show that the equation scz =1 (mod d) has solutions. If [ = 0,
then 0 is a solution of this equation. We now suppose [ # 0. Since s is an invertible
integer relative to ¢, r and d, there exists an integer s’ such that scs’ = r (mod d),
i.e., the equation scx = r (mod d) has solutions, and so the equation scy = sg
(mod d) has solutions. Let yg be a solution of the equation scy = s¢ (mod d). Then
scyo = sp (mod d). Since [ satisfies I(cr — 1) = 0 (mod d), by Lemma 1.2, we have
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I = gsg for some q € Z. Let zg = yog. Then scyoq = ¢sp (mod d), i.e., zp is a solution
of the equation scz =1 (mod d). This completes the proof. O

Lemma 1.4. Let ¢, r and d be positive integers, and r(cr —1) = 0 (mod d), and
s be an invertible integer relative to ¢, r and d. Then the equations scx = r (mod d)
and z(cr — 1) =0 (mod d) have common solutions.

Proof. Let so be the least positive integer such that so(cr — 1) = 0 (mod d).
Since s is an invertible integer relative to ¢, r and d, we have s(cr —1) = 0 (mod d).
From Lemma 1.2, we have s = (r,d) and so | s. Let s = s189, 7 = r15¢ and
d = dysg, where s1,71,d; € Z. Then (r;,d;) = 1. In the following we shall show
that the equation scz = r1 (mod d;) has solutions. Since s is an invertible integer
relative to ¢, r and d, there exists an integer s’ such that scs’ =r (mod d). Then we
have s1sgcs’ — r1sg = pdisp for some p € Z, i.e., sics’ —r1 = pdy. But (r1,d1) =1,
so we have (sic,d;) = 1. It follows that (s1,d1) = 1, and so (s,d) = sp. Since
(ryer —1) =1 and sg | r, we have (sg,cr — 1) = 1. Since s(cr — 1) =0 (mod d), we
have s(cr—1) = qd for some g € Z. Then s15¢(cr—1) = qd; o, and so s1(cr—1) = ¢d;.
But (s1,d1) = 1, so we have dy | (er —1). Since (sg,cr —1) = 1, we have (sg,d;) = 1.
Since (s1¢,d1) = 1, we have (s1spc,dy) = 1, i.e., (s¢,d1) = 1. By Lemma 1.1, we
have that the equation scz = r1 (mod d;) has solutions. Suppose that k (k € 7Z)is a
solution of the equation scz = r1 (mod dy), i.e., sck =r; (mod dyi). Then scksy = r
(mod d), and so ks is a solution of the equation scx = r (mod d).

In the following we shall show that the equations scxz = r (mod d) and y(cr—1) =0
(mod d) have common solutions. Since sg is the least positive integer such that
so(cr —1) =0 (mod d), we have ksg(cr — 1) =0 (mod d). Then ksq is a solution of
the equation z(cr — 1) = 0 (mod d). Therefore the equations scx = r (mod d) and
x(er —1) =0 (mod d) have common solutions. This completes the proof. O

Lemma 1.5. Letn, r, s and ¢ be positive integers such that r(cr—1) = 0 (mod d)
and s(er —1) =0 (mod d). Let U, V be two subsets of Z. If (c(crU + V), n) = d,
then d | (o(csU + sV),n).

Proof. Let so be the least positive integer such that so(cr — 1) = 0 (mod d).
Then, by Lemma 1.2, we have s = ¢sg and sg = (r,d), where ¢ € Z. Let r = ry5o,
d = diso, where r1,dy € Z. Then (r1,d;) = 1. Since (o(crU + rV),n) = d, we
have d | (eru + rv) for any v € U and v € V. And so cru + rv = my,d for some
My € Z. Tt follows that cru + rv = crisou + 1180V = MyudiS9. Then we have
eriu + rv = mypdy. But (r1,dy) = 1, so we have 71 | my,. Let my, = ml, .
Then cu+v =m],,di, and so so(cu+v) = som/),di = ml,,d. Since s = ¢gsg, we have
s(cu+v) = gso(cu+v) = gm!, d. Hence for any u € U, v € V, we have d | (scu+ sv),
and so d | (o(esU + sV'),n) (because d | n). The proof is completed. O
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Lemma 1.6. Let U be a union of some arithmetic progressions modulo n with
common difference and d = d,,(U). Let k € Z. Then k+U = U (mod n) if and only
ifd| k.

Proof. The proof is omitted. (]

Lemma 1.7 ([7], Lemma 1.2). Let n be a positive integer. Let M = {mg,m1, ...,
mi—1} C Z, where 0 < mg < m; < ... < mg_1 < n—1, and let N =
{no,n1,...,ni—1} be a set of nonnegative integers. Let d = (c(N),n), s = n/d.
Then the following are equivalent:

(1) N+ M =M (mod n).
(2) For all f€{0,1,...,1—1}, we have ny + M = M (mod n).

(3) M is a union of arithmetic progressions modulo n with common difference d.

Lemma 1.8. Let U C {0,1,2,...,n — 1} be a union of some arithmetic pro-

> P,

gressions modulo n with common difference and d = d,,(U). Let A = QT(
ieU

B= QS(Z Pi) € G,. Then A= B if and only if r = 5 (mod d).
ieU

Proof. Necessity: Let A = B. Obviously, we have A(4) = A(B) = U.
We know that the second row of A is obtained from the first row of A by shifting
the elements cyclically r columns to the right and the second row of B is obtained
from the first row of B by shifting the elements cyclically s columns to the right.
Since the second row of A is equal to that of B, we have A(A) +r = A(B) + s
(mod n), ie., U4+7r = U+ s (mod n). It follows that (r —s) + U = U (mod n).
By Lemma 1.7, U is an union of some arithmetic progressions modulo n with the
same common difference d; = (r — s,n). Since d = d,(U), we have d | d;. Hence
d| (r—s),ie,r=s (modd).

Sufficiency: Let r = s (mod d), i.e., d | (r—s). By Lemma 1.6, we have (r—s)+U =
U (mod n). Since A(A) = A(B) = U, it follows that A(A)+r = A(B)+s (mod n).
That is, the second row of A is the same as the second row of B. Similarly, we
can prove that the ith row of A is the same as the ith row of B for i = 3,4,... n.
Therefore A = B. This proves the lemma. g

2. A CHARACTERIZATION

In order to characterize the elements in M (F'), we need the following lemmas.
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Lemma 2.1. Let C = Qc( > Pk) € G,. Then F is an idempotent of G, (C)
kEA(C)
if and only if F' can be written in the form:

e;1—1

u=0
where d; = (o(crA(F) +1rA(C)),n), d1 | (r’c —7), and n = myd;.

Proof. By Theorem 2.2 and Lemma 3.4 in [7], we can obtain the lemma. O

Lemma 2.2. Let n, c and r be positive integers. Let C = Qc( > Pk> e G,
keA(C)

and F = Qr( ) Pi) be an idempotent of Gn(C). If A = Q,( Pj> is
1EA(F) JEA(A)
an element in the maximal subgroup M (F') of G, (C) containing F, then A(A) =

A(F) +1 (mod n) for some integer I.

Proof. Since A is an element of M (F), by (1.2), we have Ax F = A, and there
exists an element in G,,(C) such that X « A = F, i.e. ACF = Aand XCA =F. Let

now X = Qt< > Pf>. Then, by (1.1), we have
fea(x)

ACFQSCT( Z Pl)Qs( Z PJ)
l€erA(A)+rA(C)+A(F) JEA(A)

and

XCA= ths( > Pl) = QT( > Pi).

lEcsA(X)+sA(C)+A(A) iEA(F)

Therefore, crA(A)+rA(C)+A(F) = A(A) (mod n) and csA(X)+sA(C)+A(A) =
A(F) (mod n). Thus, VI € erA(A)+rA(C) and I’ € esA(X) + sA(C), and we have

I+ A(F) C A(A) (mod n) and I’ + A(A) C A(F) (mod n).

It follows that
I+ +A(A) Cl+ A(F) (mod n),

and so
I'+14+ A(A) C A(A) (mod n) (because [ + A(F) C A(A) (mod n)).

Hence
I+ + A(A) = A(A) (mod n).
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Thus we have
A(A) =1+ (I'+ A(A)) (mod n) C 1+ A(F) (mod n) C A(A) (mod n).

Therefore A(A) = A(F) + 1 (mod n) for some integer {. This completes the proof.
O

Theorem 2.1. Let C = Qc( > Pk) € G, Let F = QO( > Pi) be an
kEA(C) I€A(F)
idempotent element in G, (C). Then the maximal subgroup in G, (C) containing the

idempotent element F' is {F'}.

Proof. If F = 0, clearly M(F) = {F}. Now suppose that F # 0. Let

A= QS( ) PJ‘) € M(F). By (1.2), we know that A # 0 and A% F = ACF = A.
JEA(A)
Hence

AACFQS( 3 Pj>Qc< > Pk>Q°< 2 Pi)

JEA(A) keA(C) iEA(F)

_ Qs~c~0< Z PO-c-j+0»k+i)

JEA(A), kEA(C), iEA(F)

:QO( Z Pi) =F

i€EA(F)

Conversely, if A = F, then clearly A € M (F). Therefore M (F') = {F'}. This proves
the theorem. d

Theorem 2.2. Let C = QC< > Pk> € Gy, and let F = Qr< > Pi>
keA(C) 1EA(F)

(r # 0) be an idempotent element of G,,(C). Then A = QS( > Pj) is an element
JeA(A)
of the maximal subgroup M (F') of G, (C) containing F' if and only if

(2.1) s is an invertible integer relative to ¢, r and d;

(2.2) A(A) = A(F) 4+ 1 (mod n)for some | with 0 <1< n—1;

(2.3) the integer | in (2.2) satisfies [(cr — 1) = 0 (mod d), where d is the
common difference of A(F') in the final form. i.e., d = d,,(A(F)).

Proof. Sufficiency: Suppose that the conditions (2.1), (2.2) and (2.3) hold.
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Since F' is an idempotent in G, (C) by Lemma 2.1, we know that F' can be
written in the form: F = Qr( Z (Piv 4 Pietdi 4 |+ Pi“"’(ml_l)dl)), where

dy = (o(crA(F) +rA(C)),n), and r?c=r (mod dy), and n = myd;.

Let U{é0,%1,---,%c—1,n,d,m} be the final form of A(F). Then we have d | d;.
Hence r?c = r (mod d) and n = md for some m. In the following we will prove that
(1.2) holds.

First, we show that A« F' = A.

Since F'x F' = F, we have

F*FFOFQT26< > Pt)F,
teerA(F)+rA(C)+A(F)
and so
(2.4) reA(F) +rA(C) + A(F) = A(F) (mod n).

Since A(F) can be represented as the union of some arithmetic progression modulo n
with common difference d and d = d,,(A(F)), by the condition (2.3) and Lemma 1.6,
we have crl + A(F) =1+ A(F) (mod n). By the condition (2.2), we have

reA(A) +rA(C) + A(F) = re(A(F) + 1) +rA(C) + A(F) (mod n)
reA(F) + rA(C) + (erl + A(F)) (mod n)
=rcA(F) +rA(C) + A(F) + 1 (mod n)
=A(F)+1 (mod n) (by (2.4)).

Hence
A*FAC’FQSCT( > Pt>Qm< > Pt>.
tecr A(A)+rA(C)+A(F) teA(F)+1

Since s is an invertible integer relative to ¢, r and d, we have s(cr —1) =0 (mod d).
By Lemma 1.8, we have

A*F:ACF:QSCT( Z Pt):QS< Z Pt):Qs<Z Pt)_A
teA(F)+l1 teA(F)+1 teA(A)

Secondly, we prove that F'x A = A.

By the condition (2.1), we have s(cr—1) = 0 (mod d). Since r?c = r (mod d) and
d|dy = (o(crA(F)4+rA(C)),n), by Lemma 1.5, we have d | (0(csA(F)+sA(C)),n).
By Lemma 1.6, we have

(2.5) scA(F) + sA(C) + A(F) = A(F) (mod n).
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Hence

F*AFC’AQT< > Pi)Qc( > Pk>QS< 2 Pj)

1EA(F) keA(C) JEA(A)

= Quer ( > Pt)

tEscA(F)+sA(C)+A(A)

= Q( > Pt) P! (by the condition (2.2))
tescA(F)+sA(C)+A(F)

~0u( X )Pt)Pl (by (2.5))

tEA(F

— QS( > Pt>Pl (by Lemma 1.8)
teA(F)

=A.

Finally, we shall show that there exist X,Y € G, (C) such that X * A = F and
AxY =F.

Since s is an invertible integer relative to ¢, r and d, and r?c = r (mod d), the
equations scx = r (mod d) and z(er — 1) = 0 (mod d) have common solutions by
Lemma 1.4. Let s’ be a common solution of them, i.e., s'cs = r (mod d) and s'(cr —
1) =0 (mod d). By Lemma 1.3, we can find an integer w such that scw =1 (mod d)
and [ satisfies the condition (2.3). Hence

esA(F) + sA(C) + A(F) + 1+ esd — csw
A(F)+1—csw (mod n) (by (2.5))
A(F) (mod n) (because csw =1 (mod d)).

Also, by Lemmas 1.5 and 1.6, we have
(2.6) cs' A(F) + §'A(C) + A(F) = A(F) (mod n).

Let now X = Qs ( > P””) andY = Qy( Py> € G,(C). Then

z€A(F)+d—w YyEA(F)—ls'c

we have

vassea( g (5 (3 )

z€A(F)+d—w keA(C JEA(A

= Qm< > Pt)

tecsA(F)+sA(C)+A(A)+csd—csw
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= Qs’cs( Z Pt> (by the condition (2.2))

tecsA(F)+sA(C)+A(F)+l+csd—csw

Qm< > Pt)

tEA(F)
(by the fact that csA(F) 4+ sA(C) + A(F) + 1+ csd — csw
= A(F) (mod n))

— Qr< Z Pt) (by Lemma 1.8 and the fact that s'cs =r (mod d))

tEA(F)
=F,
and
AxY = ACY = QS< > Pj)QC( > Pk)QS,< > Py>
JEA(A) kEA(C) yEA(F)—ls'c
= Qscs/ < Z Pt)
t€cs’/ A(A)+s'A(C)+A(F)—ls'c
= Qscs’ ( Z Pt> (by the condition (2.2))

tecs' A(F)+s' A(C)+A(F)

~0ue( X ) v 20)

teA(F)

— Qr< Z Pt) (by Lemma 1.8 and the fact that s'cs =r (mod d))
teA(F)
=F.

Therefore A is an element of the maximal subgroup M (F) of G,,(C).
Necessity: Suppose that A is an element in M(F). By Lemma 2.2, we have
A(A) = A(F) 41 (mod n). This means that the condition (2.2) holds.

Since A F = A (by (1.2)) and A% F = ACF = Q.. ) Pt) =
tecrA(A)+rA(C)+A(F)
Qscr( Z Pt> andA:Qs( Z Pj>:QS( Z Pj>,we
tecrA(F)+rA(C)+A(F)+crl JEA(A) JEA(F)+I

have crA(F) +rA(C)+ A(F) +crl = A(F) +1 (mod n). By (2.4), we have A(F) +
erl = A(F)+1 (mod n). By Lemma 1.8, we have scr = s (mod d), i.e., s(ecr—1) =0
(mod d). By Lemma 1.6, we have I(cr — 1) =0 (mod d).

There exists an X € G,(C) such that X + A = F. Let X = Qsl( > Pm>.

zEA(X)
Then X + A = XCA = Q( > Pt). Since F = QT( > Pi),
tescA(X)+sA(C)+A(A) 1EA(F)
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we have ercs( Pt> = QT( 3 Pi). Hence scs’ = r (mod d)

tEscA(X)+5A(C)+A(A) iEA(F)
by Lemma 1.8. These mean that the condition (2.1) and the condition (2.3) hold.
This proves Theorem 2.2. (|

In Theorem 2.2, if C'= E (F is the identity matrix), then G,,(C) = G,. In this
case, we have the following corollary.

e—1

Corollary 2.1 ([3], Theorem 2). Let F = QT(Z(P“ + Phtd 4 4

u=0
Piﬁ(m*l)d)) be an idempotent in G,,. Then A = QS< > Pj> is an element of
JjeA(A)
the maximal subgroup M (F') of G,, containing F' if and only if

(1) s is an invertible integer relative to r and d;
(2) there exists an integer [, 0 < 1 < n — 1, such that A(A) = A(F) +1 (mod n);
(3) the integer | in (2) satisfies [(cr — 1) =0 (mod d).

3. ALGORITHM AND EXAMPLE
For any fixed r-circulant matrix C' € G,, we will present an algorithm to find all

the elements in the maximal subgroup M (F') in the semigroup G, (C) containing F'.
Let

OQC( > P’“),

keA(C)
e—1
F=Q (Z(P“ ppiutd 4 Piu+<m—1>d)), n = md.
u=0
Step 1. Compute all the invertible integers relative to c,r and d, say sg, s1,...,5g—1-
Step 2. Compute all integers | such that [(cr — 1) =0 (mod d), say lo,l1,...,lp—1.

Step 3. Form all elements of

e—1

M(F> = {qu = Qsp (Z(Piu + plutd +.o+ Piu+(m1)d)) Pl

u=0

p=0,1,...,9—1, q:O,l,...,h—l}.

Example. Let n = 144, C = Q2(P3? + P°®) € G144, we can verify that F =
5

Qs ( > P3+24“> is one of the idempotent elements in G144(C).

u=0
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Step 1. The invertible integers relative to 2,8 and 24 are {8,16};
Step 2. All integers which satisfy [(2-8 — 1) =0 (mod 24) are {0, 8,16};

5
Step 3. M(F) = {QSP SO (P34 Pla; 5 =8 16, I, = 0,8, 16}.

1]

u=0
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